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Abstract. This paper introduces a novel method for solving the generalized total least squares problem,
an extension of the total least squares problem. The generalized total least squares problem emerges
when solving overdetermined linear systems with the multiple right-hand sides AX ≈ B, where both the
observation matrix B and the data matrix A contain errors. Our approach involves extending the Taylor
series expansion to reformulate the generalized total least squares problem into a linear problem, allowing
us to employ the tensor form of the generalized least squares algorithm for efficient computation. This
technique streamlines the computational process and enhances solution accuracy. For a more detailed
survey, we compare the proposed method for solving the generalized total least squares problem with
one of the matrix format methods for the associated total least squares problem. Empirical results show
that our method significantly improves computational efficiency and solution precision. Additionally, we
demonstrate its practical application in the context of image blurring.

Keywords: Least squares problem, total least squares problem, tensor form of the generalized least squares problem,
Taylor series expansion, image deblurring.
AMS Subject Classification 2010: 34A34, 65L05.

1 Introduction

The least squares (LS) method is a widely used technique in solving mathematical and statistical prob-
lems, particularly for fitting models to data and solving equations, considering the vector equation

Ax = b+ f.
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In the LS approach, the data matrix is assumed to be free from errors, with all errors being limited to
the observation vector. The LS is aimed for solving the optimization problem{

min
f
‖f‖2,

s.t. Ax = b+ f,

where A ∈ Rm×n, x ∈ Rn and b, f ∈ Rm (m≥ n) [3, 4].
Many problems in applied statistics and error regression arise where this assumption is often unre-

alistic because the coefficient matrix is not constant. In such cases, a better and more general fitting
technique, known as the total least squares, minimizes the errors. The total least squares problem is a
well-studied topic in mathematics and statistics. It deals with finding the best-fitting line (or hyperplane
in higher dimensions) that minimizes the sum of the squares of the perpendicular distances from the data
points to the line. This problem arises in various applications such as data fitting, regression analysis,
and signal processing. The total least squares problem has garnered significant attention in the academic
community. Researchers persistently investigate and expand their knowledge about total least squares
and its uses. The total least squares problem literature encompasses theory, computational methods, var-
ious field applications, and comparisons to alternative regression techniques. Researchers have analyzed
the robustness of various total least squares algorithms and their properties. Now, the total least squares
problem is defined as follows:

Definition 1. [7] Let A ∈ Rm×n and b ∈ Rm with m≥ n. Then the total least squares (TLS) problem ismin
E,f
‖[E, f]‖F ,

s.t. (A+E)x = b+ f,
(1)

where E ∈ Rm×n, x ∈ Rn and f ∈ Rm.

The TLS method, introduced by Golub and Van Loan, is a powerful tool for estimating parameters in
linear models with errors in both the observation vector and the data matrix [9,10]. Golub and Van Loan
proposed a numerical algorithm that uses singular value decomposition (SVD) of the augmented matrix
[A,b] which is described in the following theorem [32].

Theorem 1. Let C = UΣVT be the singular value decomposition of the matrix C = [A,b] ∈ Rm×(n+1),
where

Σ = diag(σ1, ...,σn,σn+1), σ1 ≥ ·· · ≥ σn ≥ σn+1 > 0.

Let vn+1 be the last column of V and vi,n+1 be the i-th component of vn+1. If vn+1,n+1 6= 0 and σn > σn+1,
then the TLS problem (1) has a unique solution xT LS, which is given by

xT LS =−
1

vn+1,n+1
[v1,n+1, · · · ,vn,n+1]

T ,

with the corresponding correction matrix [E, f] =−σn+1un+1vT
n+1 for which ‖[E, f]‖2

F = σ2
n+1.

The TLS problem remains a versatile tool for modeling residual equation errors. Mathematical ad-
vances have led to the improvement of more efficient and effective algorithms and tools. Because of its
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dynamic nature, TLS can adapt to developments in technology and research. The use of TLS and errors-
in-variables (EIV) modeling has seen a rise in popularity in recent years, thanks to the development of
new algorithms based on the singular value decomposition method [9]. Total least squares have been
widely used in computer vision [21], image reconstruction [8, 22], voice and audio processing [14, 18],
modal and spectrum analysis [30, 31], linear system theory [5, 6], and system identification [19, 25].

Markovsky et al. [20] presented a novel rank-revealing method for addressing the total least squares
problem found in considerable applications. Accurately determining the rank of the data matrix enhances
the effectiveness of total least squares problem solutions. They have presented a new method of rank
recognition for more accurate solutions for the total least squares problem making it a valuable tool
for researchers and practitioners in various fields. Van Huffel et al. [27, 29] explored the challenges
and solutions to the total least squares problem from a computational standpoint. The authors proposed
methods for efficiently solving the total least squares problem. The paper underscores the significance
of computational considerations in addressing the total least squares problem and provides valuable
insights into the optimization and analysis of related algorithms. Golub et al. analyzed the mathematical
fundamentals and features of the total least squares problem in their article. They studied the connection
between the TLS problem and the least squares problems. The study enhances the comprehension of
the total least squares issue and its ramifications for diverse applications, paving the way for additional
investigation in this domain [10]. The issue with the proposed methods for the total least squares problem
is that computing a full SVD can be expensive when the matrix A is large. One way to improve this is
by calculating a partial SVD using Householder transformations [28] or Lanczos bidiagonalization, as
introduced by Golub and Kahan [11]. One possible improvement is the employment of the Rayleigh
quotient iteration [2] or the Gauss-Newton iteration [7, 26].

The problem of finding the solution x for the TLS problem is equivalent to the solution of the fol-
lowing minimization problem [10]:

min
x

η(x) =
‖Ax−b‖2√

1+xTx
.

The Gauss-Newton method is an influential algorithm for solving nonlinear optimization problems. It is
one of the proposed methods for obtaining the solution to the total least squares problem [7]. In more
recent years, Bagheri et al. [1] proposed alternative Arnoldi process for ill-conditioned tensor equations
with applications to image restoration. They illustrated how the tensor alternative Arnoldi process can
be exploited to solve ill-posed problem. Also, Han et al. [13] presented the tensor regularized TLS and
structured tensor TLS methods for solving ill-conditioned and structured tensor equations, respectively,
adopting a tensor-tensor-product.

A generalized total least squares problem mathematically characterized many recent data analysis
models. The Generalized Total Least Squares (GTLS) is a method for solving overdetermined sets of
linear systems with multiple right-hand sides AX ≈ B. It is suitable when there are errors in both the
observation matrix B and the data matrix A.

Golub et al. [10] introduced numerical analysis to solve generalized total least squares problems
and presented an algorithm based on singular value decomposition. Their presented paper extends TLS
computations to solve these problems. They described the properties of those problems and showed that
the proposed generalization of the TLS criteria remains optimal for any number of observation vectors
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in B. In this paper, we consider the generalized total least squares problemmin
E,F
‖[E,F]‖F ,

s.t. (A+E)X = B+F,

where A,E ∈ Rm×n, X ∈ Rn×s and B,F ∈ Rm×s.
Inspired by the Gauss-Newton method for total least squares problem, we prepose the Gauss-Newton-

type method for solving the nonlinear generalized total least squares problem, namely the GN-GTLS
method. In the next step, we transform the generalized total least squares problem into a linear problem
by extending the Taylor series expansion. Then, the solution of the general least squares problem is
obtained by solving the tensor equation.

The rest of this paper is organized as follows. In Section 2, we present some basic definitions and
lemmas. The third section reviews the Gauss-Newton method for solving the total least squares problem.
In Section 4, we introduce the GN-GTLS method for solving the generalized total least squares problem.
In Section 5, we provide some numerical examples of the feasibility and efficiency of our proposed
method. Also, as an application example, we implement the GN-GTLS method to restore gray-scale and
color images. Finally, we conclude some remarks in the last section.

2 Preliminaries

In this section, we briefly introduce some fundamental concepts and the notations used throughout the
paper. We use the following notations: R denotes the real field, and N represents positive integer num-
bers. We employ lowercase, uppercase, Greek lowercase letters and bold lowercase letters to denote
scalars in R and vectors, respectively. Matrices are denoted by bold uppercase letters, while tensors are
represented in calligraphic font. We denote Im the identity matrix of size m. Also, A j denotes the matrix
form of A (:, :, j). Let A ∈ Rn×m and B ∈ Rn×k. The MATLAB notation [A,B] is an augmented matrix
where the columns of B add to the ones of A.

A tensor is a mathematical tool widely used to describe physical properties in multidimensional
systems. Tensors can be defined as vectors (first order), matrices (second order), or even more complex
multidimensional objects (higher orders). The definition of tensor as an array is given below.

Definition 2. [17] For a positive integer N, an order N tensor A = (ai1···iN ) ∈ RI1×···×IN is a multidi-
mensional array with ∏

N
i=1 Ii entries in the real field R.

Let M,N be the positive integers, A ∈RI1×···×IN×J1×···×JN and B ∈RJ1×···×JN×K1×···×KM , the Einstein
product of A and B is defined by operation ∗N via

(A ∗N B)i1···iNk1···kM = ∑
j1,··· , jN

ai1···iN j1,··· jN b j1··· jNk1···kM , 1≤ ji ≤ Ji, i = 1, . . . ,N,

thus (A ∗N B) ∈ RI1×···×IN×K1×···×KM and the associative law of this tensor product holds [4].

Definition 3. Let X ∈ Rm×n, the column-vector operator on a matrix X is an mn× 1 vector which is
denoted by vec(X) = (XT

.1,XT
.2, . . . ,XT

.n)
T , where X.k = (x1k, . . . ,xmk)

T .
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Definition 4. Let A ∈ Rn×n. The trace of A is defined as the sum of its diagonal components: tr(A) =

∑
n
i=1 aii.

A few utile properties for trace:

tr(A) = tr(AT ), tr(ABC) = tr(BCA) = tr(CAB), tr(A+B) = tr(A)+ tr(B).

Definition 5. Let A = (amn) be an m× n matrix and B = (bpq) be a p× q which is denoted A⊗B is
defined as

A⊗B =


a11B . . . a1nB
a21B . . . a2nB

...
. . .

...
am1B . . . amnB

 .
Considering the matrix equation AXB = C, according to the definition of the Kronecker product, the

following equivalent equation holds

vec(AXB) = (BT ⊗A)vec(X). (2)

Theorem 2. Let A ∈ Rm×n be a matrix of rank r. Then there exist unitary matrices U ∈ Rm×m and
V ∈ Rn×n such that

A = UΣVT , (3)

where Σ ∈ Rm×n, Σ = diag(σ1,σ2, · · · ,σr), and σ1 ≥ σ2 ≥ ·· · ≥ σr > 0. The σi are called the singular
values of the matrix A. The decomposition (3) is the singular value decomposition (SVD) of the matrix
A.

Definition 6. [16] Let f : Rn→ Rm be a mapping with y = f(x). The partial derivative of the vector y
with respect to the vector x is defined by

∂y
∂x

=


∂y1
∂x1

∂y1
∂x2

· · · ∂y1
∂xn

∂y2
∂x1

∂y2
∂x2

· · · ∂y2
∂xn

...
...

...
...

∂ym
∂x1

∂ym
∂x2

· · · ∂ym
∂xn

 ,
where ∂y

∂x ∈ Rm×n is the first-order partial derivates of the transformation from x to y. The matrix ∂y
∂x is

called the Jacobian matrix of the transformation f .

Definition 7. [16] Let A ∈ Rm×p be a function of vector x ∈ Rn. The partial derivative of matrix A(x)
with respect to the vector x is defined by

∂A
∂x

=


∂a11
∂x

∂a12
∂x · · · ∂a1p

∂x
∂a21
∂x

∂a22
∂x · · · ∂a2p

∂x
...

...
...

...
∂am1
∂x

∂am2
∂x · · · ∂amp

∂x



=


∂a11
∂x1

· · · ∂a11
∂xn

∂a12
∂x1

· · · ∂a12
∂xn
· · · ∂a1p

∂x1
· · · ∂a1p

∂xn
∂a21
∂x1

· · · ∂a21
∂xn

∂a21
∂x1

· · · ∂a21
∂xn
· · · ∂a1p

∂x1
· · · ∂a1p

∂xn
∂am1
∂x1

· · · ∂am1
∂xn

∂am2
∂x1

· · · ∂am2
∂xn
· · · ∂amp

∂x1
· · · ∂amp

∂xn

 ∈ Rm×pn.
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Note that the partial derivative ∂A
∂x can be reduced to a third order tensor in Rm×n×p.

Definition 8. [12] If Y = (yi j)∈Rp×q and X = (xi j)∈Rm×n, the derivative of the matrix Y with respect
to the matrix X is defined as follows

∂Y
∂X

=


∂Y

∂x11

∂Y
∂x12

· · · ∂Y
∂x1n

∂Y
∂x21

∂Y
∂x22

· · · ∂Y
∂x2n

...
...

...
...

∂Y
∂xm1

∂Y
∂x32

· · · ∂Y
∂xmn

Rmp×nq,

where

∂Y
∂xi j

=


∂y11
∂xi j

∂y12
∂xi j

· · · ∂y1q
∂xi j

∂y21
∂xi j

∂y22
∂xi j

· · · ∂y2q
∂xi j

...
...

...
...

∂yp1
∂xi j

∂yp2
∂xi j

· · · ∂ypq
∂xi j

 .

Lemma 1. [16] If A ∈ Rm×n, b ∈ Rn and x ∈ Rp, then the partial derivative of the product of matrix A
and vector b with respect to the vector x is defined by the following rule

∂Ab
∂x

= (bT ⊗ Im)
∂A
∂x

+A
∂b
∂x

.

Considering Eq. (2) and the chain rule, the following Lemma can be easily proved.

Lemma 2. Let X∈Rm×n, Y∈Rn×v and Z∈Rp×q. Then the following rule for the derivative of a matrix
product with respect to another matrix applies

∂XY
∂Z

= (YT ⊗ Im)
∂X
∂Z

+(Iv⊗X)
∂Y
∂Z

.

Lemma 3. Let A = A(x) ∈ Rm×n be a differentiable function of each of the elements of x, then

∂ tr(A(x))
∂ x

= tr(
∂ A(x)

∂ x
).

Proof. The trace of A(x) is given by tr(A(x)) = ∑
n
i=1 aii(x). Then

∂ tr(A(x))
∂ x

=
∂

∂ x

n

∑
i=1

aii(x) =
n

∑
i=1

∂aii(x)
∂x

= tr(
∂A(x)

∂x
).

This shows that the differential of tr(A(x)) with respect to x is simply the sum of the differentials of the
diagonal elements of A(x).

Considering Lemma 3, the properties of the matrix trace and the chain rule, the following proposition
can be easily shown.
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Proposition 1. Suppose A,B and C are matrices in Rn×n, the following relations hold:

a. ∂

∂X tr(AXBX) = AT XT BT +BT XT AT ,

b. ∂

∂X tr(BXTX) = XBT +XB,
c. ∂

∂X tr(AXTB) = BA,

d. ∂

∂X tr(X) = In,

e. ∂

∂X tr(XA) = AT ,

f . ∂

∂X tr(AXT) = A.

3 The Gauss-Newton method for solving TLS problems

In this section, we recall some properties of the Gauss-Newton method, which is an iterative method for
solving TLS problems.

We consider the total least equares problem (1). Given a matrix [Ē, f̄] that attains the minimum in
(1), a solution of TLS is any x ∈ Rn such that (A+ Ē)x = (b+ f̄). Consider the following minimization
problem

min
x∈Rn

η(x) =
‖Ax−b‖2√

1+xT x
. (4)

The xT LS solution for the TLS problem is equivalent to solving the nonlinear least squares minimization
problem (4). The following theorem confirms this.

Theorem 3. [7] For each vector x there exists a rank one matrix [Ē, f̄] such that (A+ Ē)x = (b+ f̄) and
‖[Ē, f̄]‖F = ‖[Ē, f̄]‖2 = η(x). Moreover, for each matrix [E, f] such that (A+E)x = (b+ f) it holds

‖[E, f]‖F ≥ ‖[E, f]‖2 ≥ η(x).

Eq. (4) is a standard nonlinear optimization problem, so optimization techniques can be used to solve
nonlinear problems. The Gauss-Newton method is a modification of the Newton method for solving
nonlinear problems. In nonlinear problems, the Gauss-Newton method is used to minimize the sum of
the values of square function without the need to calculate the second order derivatives.

Let f : Rn −→ Rm be a nonlinear, continuously differentiable function. Consider the unconstrained
optimization problem

min
x

Φ(x) =
1
2
‖f(x)‖2

2 =
1
2

m

∑
i=1

f2
i (x). (5)

where x is an n-dimensional real vector and f is an m-dimensional real vector function of x.
Finding the minimum value Φ(x) = ‖f(x)‖2

2 is equivalent to solving the equation ∇Φ(x) = 0. The
Gauss-Newton algorithm is a popular method for solving (5). Differentiating (5) with respect to x j gives

∂Φ(x)
∂x j

=
m

∑
i=1

∂ fi(x)
∂x j

fi.

So the gradient of Φ is
∇Φ(x) = J(x)T f(x),
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where J ∈Rm×n represents the Jacobian matrix containing the first partial derivatives of the components
of function f. The Hessian matrix is given by

∇
2
Φ(x) = J(x)T J(x)+Q(x),

where Q(x) = ∑
m
i=1 fi(x)∇2(fi(x)). Now, write the objective function f(x) as the second order Taylor

series expansion, which is the quadratic model, as follows:

q(x) =
1
2

f(xk)
T f(xk)+J(xk)

T f(xk)(x−xk)+
1
2
(x−xk)

T (Q(x)+J(xk)
T J(xk))(x−xk).

By taking the derivative of q and setting it equal to zero, we have

J(xk)
T f(xk)+(Q(x)+J(xk)

T J(xk))(x−xk) = 0.

One motivation for this approach is that Q(x) is negligible. Now, neglecting the term Q(x), in the Gauss-
Newton method, the next iteration is obtained with xk+1 = xk +hk, where hk is obtained by solving the
following equation.

(J(xk)
T J(xk))hk =−J(xk)

T f(xk) (6)

Eq. (6) is equivalent to the following linear least squares problem

min
h
‖J(xk)h+ f(xk)‖2. (7)

The linear least squares problem (7) can be efficiently solved using orthogonal transformations or itera-
tive methods.

The formulation (4) of TLS can be recast as a nonlinear least squares problem in the form (5). We
set η(x) = ‖f(x)‖2

2, where f(x) = Ax−b√
1+xT x

. The Jacobian matrix of f is

J(x) =
A√

1+xT x
− (Ax−b)xT
√

1+xT x
.

The main steps of the Gauss-Newton algorithm for the TLS (GN-TLS) can be summarized as follows:

Algorithm 1 GN-TLS method

1: Input: f(x), J(x), x0, ε,maxit (termination parameters)
2: Output: x∗, approximate solution of (5)
3: k = 0, f0 = h(x), J0 = J(x0)
4: while ‖J(xk)

T fk‖2 ≥ ε and k < maxit do
5: Compute hk = argmin

h
‖f(xk)+J(xk)h‖2

6: xk+1 = xk +hk,,
7: k = k+1, fk = f(xk), Jk = J(xk)
8: end while
9: x∗ = xk
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4 The proposed method

The generalized total least squares problem is an extension of the TLS problem, where the single right-
hand side is reduced to multiple right-hand sides. Signal processing, system theory, autonomous control,
engineering, physics, and data fitting are among the fields that employ the general total least squares
[6–8, 14, 18, 22, 30, 31].

The generalized total least squares problem arises when solving overdetermined linear systems with
multiple right hand sides AX ≈ B where errors exist in the data matrix A and the observation matrix B.
In this section, we propose an iterative method inspired by the Gauss-Newton method for the generalized
least-squares problem. To do so, we first define the generalized least-squares problem as follows:

Definition 9. Given A ∈Rm×n and B ∈Rm×s(m≥ (n+ s)) , the generalized total least squares problem
is defined as min

E,F
‖[E,F]‖F ,

s.t. (A+E)X = B+F,
(8)

where E ∈ Rm×n, X ∈ Rn×s and F ∈ Rm×s.

SVD is a powerful matrix decomposition technique that reveals the underlying structure of a matrix.
Given that SVD decomposition is a useful tool for describing a GTLS solution. If the SVD decomposition
of [A,B] is given by

[A,B] = UΣVT , Σ = (σ1,σ2, · · · ,σn+s) ∈ R(n+s)×(n+s),

where σi = σi([A,B]),σ1 ≥ σ2 ≥ ·· · ≥ σn+s ≥ 0, U ∈ Rm×(n+s) and V ∈ R(n+s)×(n+s), then partition of
the matrix V is as follows:

V =

[
V11 V12
V21 V22

]
,

where V11 ∈ Rn×n, V12 ∈ Rn×s, V21 ∈ Rs×n and V22 ∈ Rs×s. We have the following theorem.

Theorem 4. [29] Let [A,B] = UΣV T be the SVD decomposition of [A,B]. If σn ≥ σn+1 and V22 is
nonsingular, then XGT LS =−V12V−1

22 , exists and solves the GTLS problem.

The following theorem states sufficient conditions for the existence and uniqueness of the solution to
the GTLS problem.

Theorem 5. [29] Let [A,B] = UΣVT be the SVD of [A,B] and A = U′Σ′VT ′ be the SVD of A. If
σ ′n > σn+1 where σ ′n the singular value of A, then σn ≥ σn+1 and V22 is nonsingular.

For more details of conditions for the existence and uniqueness of the solution to the GTLS problem
and finding the solution via SVD decomposition, see [29] and references therein. One of the common
approaches for obtaining the solution of the GTLS problem is to solve a nonlinear equation, which is
discussed in this section. To begin with, we state the following theorem.
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Theorem 6. For any matrix X there exists a matrix [Ē, F̄] such that (A+ Ē)X = B+ F̄ and ‖[Ē, F̄]‖F =

‖G(X)‖F , where G(X) = (AX−B)(Is +XT X)−
1
2 . Moreover, for every matrix [E,F] such that (A+

E)X = B+F, the following inequalities hold

(a) ‖[E,F]‖F ≥
‖G(X)‖F√

s
,

(b) ‖[E,F]‖2 ≥ ‖G(X)‖2.

Proof. Let R = AX−B and Y = (XT ,−Is)
T , we define Ē =−R(YT Y)−1XT , F̄ = R(YT Y)−1. So

(A+ Ē)X = AX+ ĒX = R+B−R(YTY)
−1XT X

= B+R(YT Y)−1(YT Y−XT X)

= B+R(YT Y)−1 = B+ F̄.

Note that

[Ē, F̄] = (R(YT Y)−1XT ,R(YT Y)−1) =−R(YT Y)−1(XT ,−Is) =−R(YT Y)−1YT ,

accordingly

‖[Ē, F̄]‖2
F = tr(Y(YT Y)−1RT R(YT Y)−1YT ) = tr((YT Y)−1RT R(YT Y)−1YT Y)

= tr(RT R(YT Y)−1) = ‖R(YT Y)
−1
2 ‖2

F = ‖G(X)‖2
F .

This proves the first part of the theorem.
To prove the second part, if (A+E)X = B+F, we onsider (A+E)X = B+F and Y = [XT ,−Is]

T .
Since

EX−F = [E,F]Y = B−AX =−R,

it results in
G(X) = R(YT Y)

−1
2 =−[E,F]Y(YT Y)

−1
2 .

Therefore, by using the properties of the matrix norm, we have

‖G(X)‖2
F = ‖−[E,F]Y(YT Y)

−1
2 ‖2

F ≤ ‖[E,F]‖2
F‖Y(YT Y)

−1
2 ‖2

F

= ‖[E,F]‖2
Ftr((YT Y)

−1
2 YT Y(YT Y)

−1
2 )

= ‖[E,F]‖2
Ftr((YT Y)

−1
2 (YT Y)

−1
2 YT Y)

= ‖[E,F]‖2
Ftr(Is) = s‖[E,F]‖2

F ,

and this completes the proof of the case (a).
Since ‖Y(YT Y)

−1
2 ‖2 = 1, the part (b) is proved similarly.

According to Theorem 6, therefore, to solve the GTLS problem (8), it is necessary to solve the
following nonlinear optimization problem:

min
X∈Rn×s

F(X) = ‖G(X)‖2
F . (9)
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The Taylor series, a powerful mathematical tool, enables the approximation of nonlinear functions by
using the derivative of various orders of the function at a particular point. For this purpose, since
G : Rn×s → Rm×s is a nonlinear function, we use the Taylor series expansion to approximate G(X).
Regarding the matrix function G, the Taylor expansion of G around Xk involves the Jacobian matrix
J(Xk) ∈ Rms×ns. For finding the step lenght of the Gauss-Newton iteration method, there are two ways.
One is reshaping the Jacobian matrix J(Xk) ∈ Rms×ns into the fourth order tensor Jk ∈ Rm×s×n×s and
we have the following tensor approximation

G (X)≈ Gk +Jk ∗2 Dk, (10)

where Gk and Dk are the tensor form of the matrices G(Xk) and Dk = X−Xk and Eq. (10) results in
the GN-GTLS algorithm. Another way is vectorizing the matrix Dk = (X−Xk) ∈ Rn×s into the vector
dk ∈ Rns and we have the following approximation

g(x)≈ gk +Jkdk, (11)

where g(x) and gk are the vectorization of the matrices G(X) and G(Xk), respectively, and Eq. (11)
results in the GN-TLS algorithm [7]. Note that applying Eq. (10) to find the step length of the Gauss-
Newton iteration method is much less expensive than other one. The numerical results show this claim.
Based on Eqs. (10) and (11), it is necessary to first determine the derivative of the nonlinear function G.
To do this, we present the following proposition.

Proposition 2. Given G(X) = (AX−B)(Is +XT X)−
1
2 , then the Jacobian tensor of G(X) is as follows:

∂G(X)

∂X
= (H−1⊗A)− (H−1⊗G(X))[(Is⊗H)+(H⊗ Is)]

−1 ∂ (Is +XT X)

∂X
,

where H = (Is +XT X)
1
2 .

Proof. By taking R = AX−B, we have

G(X) = (AX−B)(Is +XT X)
−1
2 = RH−1.

Based on Lemma 2, we deduce

∂G(X)

∂X
= (Is⊗R)

∂H−1

∂X
+(H−1⊗ Im)

∂R
∂X

. (12)

Also, we can derive the expressions for the derivatives of ∂R
∂X and ∂H−1

∂X as follows

∂R
∂X

=
∂ (AX−B)

∂X
= (Is⊗A)

∂X
∂X

+(XT ⊗ Im)
∂A
∂X

.

Since ∂A
∂X = 0 and ∂X

∂X = Ins, it results in

∂R
∂X

= (Is⊗A). (13)
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By taking the derivative both sides of the equation H−1H = Is with respect to X, we have

(Is⊗H−1)
∂H
∂X

+(H⊗ Is)
∂H−1

∂X
=

∂ Is

∂X
,

since ∂ Is
∂X = 0, it obtains

∂H−1

∂X
=−(H−1⊗H−1)

∂H
∂X

. (14)

Since ∂H
∂X = [(Is⊗H)+(H⊗ Is)]

−1 ∂ ((Is+XT X)
∂X , by leveraging the properties of Kronecker multiplication

and referencing Eqs. (13) and (14), one can calculate the derivative of the matrix G(X) as follows

∂G(X)

∂X
= (H−1⊗ Im)(Is⊗A)− (H−1⊗G(X))[(Is⊗H)+(H⊗ Is)]

−1 ∂ (Is +XT X)

∂X

= (H−1⊗A)− (H−1⊗G(X))[(Is⊗H)+(H⊗ Is)]
−1 ∂ (Is +XT X)

∂X
.

According to the approximation (10), the optimization problem (9) approximates to the following
optimization problem

min
X∈Rn×s

F(X)≈ ‖Gk +Jk ∗2 Dk‖2
F ,

where Jk represents the tensor form of gradiant of G(Xk). Note that

‖Gk +Jk ∗2 Dk‖2
F = tr((Gk +Jk ∗2 Dk)

T ∗2 (Gk +Jk ∗2 Dk))

= tr((G T
k +DT

k ∗2 J T
k )∗2 (Gk +Jk ∗2 Dk))

= tr(G T
k ∗2 Gk +G T

k ∗2 Jk ∗2 Dk

+DT
k ∗2 J T

k ∗2 Gk +DT
k ∗2 J T

k ∗2 Jk ∗2 Dk)

= tr(G T
k ∗2 Gk)+ tr(G T

k ∗2 Jk ∗2 Dk)

+ tr(DT
k ∗2 J T

k ∗2 Gk)+ tr(DT
k ∗2 J T

k ∗2 Jk ∗2 Dk)).

Tensors are generalizations of matrices. A tensor differentiation, similar to a matrix differentiation, can
be expressed using Einstein’s product. In other words, the similar principles of the matrix derivative can
be applied to the tensors to facilitate the calculations involving tensors.

Since ∂Dk
∂X = Ins and according to Proposition 1, we have

∂F(X)

∂X
≈ 2J T

k ∗2 Gk +2J T
k ∗2 Jk ∗2 Dk.

Finding the minimum value of F(X) is equivalent to solving the equation ∇F(X) = 0. Therefore, we
have the following tensor equation

(J T
k ∗2 Jk)∗2 Dk =−J T

k ∗2 Gk. (15)

The tensor equation (15) is similar to the Gauss-Newton method. For this propose, we have named
the proposed method as the Gauss-Newton-type method. In the Gauss-Newton-type method, the next
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iteration is given by Xk+1 = Dk +Xk, where the direction matrix Dk is the matrix form of the solution of
the tensor equation (15). To solve the tensor equation (15), we employed the GLS-BTF algorithm [15].

The main steps of the Gauss-Newton-type algorithm are summarized in Algorithm 2.

Algorithm 2 GN-GTLS algorithm for the GTLS problem
Input: X0,ε,maxit (termination parameters)

2: Output: X∗, Ē(X∗), F̄(X∗)
k = 0, G0 = G (X0), J0 = J (X0)

4: while ‖J T
k ∗2 Gk‖F ≥ ε and k < maxit do

Compute Dk from Eq. (15)
6: Xk+1 = Xk +Dk

k = k+1, Gk = G (Xk), Jk = J (Xk)
8: end while

X∗ = Xk, Ē(X∗), F̄(X∗).

5 Numerical Examples

In this section, we give some numerical examples to show the performance and efficiency of the proposed
method for solving the GTLS problem (8). Also, using Eq. (2), we reduce the GTLS problem to the
associated TLS problem as follows:

(I⊗ (A+E))vec(X) = vec(B+F).

Then, we compare GN-GTLS with GN-TLS and show that GN-GTLS has the better results than the
GN-TLS method.

All tests were run on the Intel (R), Core (TM) i7-8565U processor, with a 2.00GHz CPU and 16GB
RAM. The programming language used was MATLAB R2021b. All used codes came from the MATLAB

tensor toolbox developed by [17]. We know that it will enhance the practicality of our findings if we
utilize the original image sizes in the numerical experiments. However, regarding the limitation of our
personal computer, we reduced the dimension of images in the experimental examples.

In all the following examples, we choose the initial matrix to be the zero matrix and the stopping
criterion is

‖J T
k ∗2 Gk‖F ≤ 10−7.

Example 1. Consider the GTLS problem (8) to solve the deblurring image problem. In this example,
Xtrue ∈ R100×100 is gray-scale image (uncontaminated image) and Atrue is blurring matrix. The matrix
Atrue is generated [24] by{

z = [exp(−([0 : band−1]2)/(2σ2)),zeros(1,n−band)],
Atrue =

1
σ
√

2π
toeplitz(z(1) f liplr(z(2 : end)),z),

where the MATLAB command f liplr returns a vector with the order of elements flipped left and right
along the second dimension and n = 100,σ = 4,band = 7. The data matrix Bblur ∈ R100×100 is given by
AtrueXtrue = Bblur. However, the observation and data matrices are often prone to errors. To account for
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this, we construct error matrices for both A and B. First, we created error matrices E and F , with each
element following a standard normal distribution:

E = δ
E0

‖E0‖F
‖Atrur‖F , F = δ

F0

‖F0‖F
‖Bblur‖F ,

where E0 and F0 are white Gaussian noises. We generate the noise-contaminated matrix A and the
noise-contaminated matrix B as

A = Atrue +E, B = Bblur +F.

So, consider the GTLS problem with the data and observation matrices A and B. The relative error (RE),
peak signal-to-noise ratio (PSNR) [23] and Mean Square Error (MSE) are commonly used as evaluation
indicators in image processing as follows:

RE =
‖X−Xtrue‖F

‖Xtrue‖F
, PSNR = 10log10

(Xmax
true)

2I1I2

‖X−Xtrue‖2
F
, MSE(X;Xtrue) =

‖X−Xtrue‖F

mn
,

where Xtrue and Xmax
true are the original image and the largest component of the matrix corresponding to

the original image, respectively. We applied GN-GTLS and GN-TLS [7] to solve the GTLS problem
and the corresponding TLS problem, respectively, for different values of δ . The numerical results are
given in Table 1 and Figures 1, 2. In this Table, the notation X∗ indicates the SVD solution for the corre-
sponding GTLS and TLS problems. Furthermore, Iterinner represents the number of iterations required
in the implementation of Algorithm GLS-BTF to derive D and Iterouter signifies the number of iterations
needed in the implementation of Algorithm 2 to obtain X∗ . The numerical results in Table 1 show that
the GN-GTLS method is superior to GN-TLS.

Figure 1: Blurred and deblurred results of cameraman image, with δ = 0.001.
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Figure 2: Blurred and deblurred results of moon image, with δ = 0.001.

Table 1: The Comparison of the iteration numbers (Iter), the CPU times (CPU) for Example 1.

Algorithm delta Image PSNR MSE RE ‖Xk−X∗‖ CPU Iterinner + Iterouter

GN-GTLS 0.001 cameraman 26.66 4.4 9×10−2 2.85×10−6 230.22 182
moon 58.52 0.11 3×10−3 1.85×10−5 263.65 172

GN-TLS 0.001 cameraman 26.66 4.5 9×10−2 9.85×10−6 352.35 181
moon 58.52 0.11 3×10−3 9.20×10−6 339.76 173

GN-GTLS 0.01 cameraman 26.65 4.51 9×10−2 2.85×10−6 239.75 236
moon 43.85 0.63 1×10−2 9.2×10−7 276.08 229

GN-TLS 0.01 cameraman 26.63 4.4 9×10−2 9.85×10−6 281.05 234
moon 43.85 0.639 1×10−2 9.5×10−7 296.21 229

Example 2. [13] The GTLS model is employed to address the color image blurring problem. The pro-
cess aims to improve image quality and clarity by eliminating blurring noise and restoring color images
across all color components. When applying Algorithm 2 to color images, the first step involves dividing
the image into separate color components. These components may include various color channels, such
as red, green, and blue. The next step is implementing Algorithm 2 on each color channel, which accom-
plishes noise targeting and color blurring. Finally, the color components are reassembled to reconstruct
the complete color image.

We set a tensor function of a color image based on the RGB color space as X = (Xr Xg Xb) ∈
Rn×n×3, where Xr,Xg and Xb represent the red, green, and blue color channels, respectively. Each of
these color channels is structured as an n×n matrix. For applying blurring and noise to the color images,
we can blur and add noise to each color component individually. To do this, in this example, we denote
X̄ ∈Rn×n×3 the orginal data. Let A ,B ∈Rn×n×3 be the blur and observation tensors, respectively, then
B = A • X̄ , where • is defined by B j = A jX̄ j, j = 1,2,3, where X̄ j, j = 1,2,3 are color channels.
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Similar to error matrices [24], we define the following errors

εE
j = η

E j

‖E j‖F
‖A j‖F , j = 1,2,3,

εF
j = η

F j

‖F j‖F
‖B j‖F , j = 1,2,3,

where E j and F j are white Gaussian noises and η = 0.001. Then a model of color image deblurring and
denoising is proposed by min

E ,F
‖(E ,F )‖F ,

s.t. (A +E )•X = B+F .

We generate the bluring tensor A by

A j =
1
j
Atrue, j = 1,2,3,

where Atrue ∈ Rn×n is the Toeplitz matrix generated by{
z = [exp(−([0 : band−1]2)/(2σ2)),zeros(1,n−band)],
Atrue =

1
σ
√

2π
toeplitz(z(1) f liplr(z(2 : end)),z),

with σ = 4, n = 80 and band = 2. We applied GN-GTLS and GN-TLS [7] to solve the GTLS problem
and the corresponding TLS problem on each color channel, respectively. The numerical results are
displayed in Table 2 and Figure 3, 4.

Figure 3: Blurred and deblurred results of peppers image.
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Figure 4: Blurred and deblurred results of leaf image.

Table 2: The Comparison of the iteration numbers (Iter), the CPU times (CPU) for Example 2.

Algorithm Image PSNR MSE RE CPU Iterinner + Iterouter

GN-GTLS leaf 42.81 3.55 2.2×10−2 310.44 70
peppers 38.48 6.4 3.3×10−2 341.27 77

GN-TLS leaf 42.81 3.55 2.2×10−2 448.32 70
peppers 38.88 6.4 3.3×10−2 447.03 77

Example 3. Consider the GTLS problem with the data and observation matrices A and B. In this exam-
ple, inspired by test problem [2], we take A =Y DZT +εE ∈Rm×n, where Y and Z are randomly orthog-
onal matrices and D ∈ Rn×n is a diagonal matrix with Dii = 21−i. Also, we have B = Y DZT X1+ εF ∈
Rm×s, where X1 ∈ Rn×s and X1(i, :) = 1

i , i = 1, . . . ,n. The terms E ∈ Rm×n and F ∈ Rm×s represent
pseudo-random “noise” with entries drawn from a standard normal distribution N(0,1), herein ε = 10−6.
We applied GN-GTLS and GN-TLS [7] to solve the GTLS problem and the corresponding TLS problem,
respectively. The numerical results are displayed in Table 3.

Example 4. Consider the following GTLS problem (A+ εE)X = B+ εF, where

A =

[
hilb(10) zeros(10,8)
eye(10) ones(10,8)

]
,

and hilb(n) denote Hilbert matrix of order n. Let B = AX̄, where X̄ is ones(18,4) and F,E represent
pseudo-random noise with entries drawn from a standard normal distribution N(0,1), herein ε = 10−6.
We applied GN-GTLS and GN-TLS [7] to solve the GTLS problem and the corresponding TLS problem,
respectively. The result is displayed in Figure 5. In Figure 5, norm(JF) represents ‖J T

k ∗2 Gk‖F for GTLS
and ‖J(xk)

T fk‖ for TLS.



590 S. Karimi, B. Zali

Table 3: The Comparison of the iteration numbers (Iter), the CPU times (CPU), and residual norm (RES) for
Example 3.

Algorithm (m, n, s) (30,20,10) (40,30,15) (50,30,20)
Iterinner + Iterouter 9 37 67

GN-GTLS CPU 11.22 30.21 84.62
RES 5.4×10−16 5.29×10−14 1.74×10−14

Iterinner + Iterouter 6 38 64
GN-TLS CPU 11.43 31.24 85.22

RES 1.52×10−15 1.46×10−15 1.63×10−14

Figure 5: Numerical results for Example 4 with ε = 10−6 and CPU time= 0.55 and 0.56 for GTLS and TLS,
respectively.

6 Conclusion

This paper presents an iterative method to obtain an approximate solution for the GTLS problem (8).
To this end, the first step is to propose a solution to the GTLS problem (8). To do so, we reduced the
GTLS problem to an equivalent nonlinear optimization problem (9). Then, similar to the Gauss-Newton
method, an approximate solution is obtained. Next, to compare the GN-GTLS method with GN-TLS, we
converted the GTLS problem to the corresponding TLS problem by applying Kronecker product. The
numerical results show that the GN-GTLS method is superior to GN-TLS. In addition, we applied the
GN-GTLS method to restore gray-scale and color images, and the results were satisfactory.
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