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Abstract. In this work, we have proposed a three-layered (fruit bat-to-fruit-to-human) compartmental
model for the description of the spread of the Nipah virus. We have proved the positivity and bounded-
ness of the model’s solutions. The bounded nature of the answers also suggests that the disease spread
process eventually reaches a steady state, which helps preventing unrealistic predictions. We have shown
that a disease-free equilibrium point has local stability. Besides, the global stability of disease-free equi-
librium point has been demonstrated with the help of a fluctuation lemma. We have fitted our model
with the reported cases of infection and death in Bangladesh. From sensitivity analysis, we understand
which parameters are more sensitive to change. Lastly, we have solved the model equations numerically
utilizing the Runge-Kutta method to examine the effect of various parameters on the population of the
model classes.
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1 Introduction

Zoonotic pathogens have been recognized as a threat to global public health since the end of the last
millennium. As a zoonotic disease, the Nipah virus has a high potential to cause a global pandemic. The
natural hosts of Nipah virus are fruit bats (especially Pteropus) and the virus is transmitted to humans and
other animals through direct or indirect contact with the secretions of these bats [18]. According to the
World Health Organization, the mortality rate of this disease is estimated to be 40 — 75%. Due to climate
change and changes in natural habitats, the risk of the global spread of the Nipah virus has increased.
The lack of studies and data in the field of mathematical modeling presents a valuable opportunity for
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researchers to help understand and control this disease by using new methods and updated data. Math-
ematical modeling is one of the powerful tools that can be used to study and understand Nipah disease
and its growth and spread factors. Mathematical modeling is usually developed by using mathematical
equations to describe the interactions between different and influential factors of the Nipah virus, which
are generally considered part of a dynamic system. Loyinmi et al. [ 14], for instance, introduced a bat-to-
pig-to-human route for Nipah virus transmission. They incorporated four control parameters, personal
prevention, effort of treatment on the infected human class, biosecurity and public health intervention,
and effort of treatment on the pig population. Shah et al. [19] examined a two-layered compartmental
model comprised of a bat and a human. Their model advocated controls as preventive measures in terms
of burying infected bats and dead bodies of humans, spraying insecticides on infected bats, and in time
hospitalization for infected humans. Goswami and Hategekimana [1 1] enlarged a compartmental model
of Nipah virus transmission. They extended the model to the optimal control problem and analyzed it by
utilizing Pontryagins Maximum Principle. Samreen et al. [18] presented a compartmental model com-
prised of seven classes with Caputo fractional derivative, considering the effects of unsuitable contact
with an infectious corpse as a potential pathway for Nipah virus transmission. Li et al. [13] formulated a
compartmental model using the Caputo fractional and fractal-fractional operators to study the dynamics
of Nipah virus infection. Barua et al. [5] suggested a three-layered model for the NiV transmission.
They took into consideration seasonal effects such as varying transmission rates from bats and the birth
rate of bats. Das et al. [8] examined a coupled pig-human to realize the dynamics of NiV transmission.
To display the scenario, two parameters representing biosecurity level and selective culling rate are in-
corporated into their system. While research on the Nipah virus is limited compared to other infectious
diseases, several studies have explored the dynamics of disease spread in similar pathogens, often using
optimal control models ( [4, 8, 11, 14,18, 19]). However, these studies typically focus on general epi-
demiological patterns and do not specifically address the role of infected fruit as a key vector, which is a
significant feature of Nipah virus transmission. Our work builds upon these existing models by incorpo-
rating the unique transmission dynamics associated with fruit-borne infection, providing a more nuanced
approach to understanding disease spread. In addition, interested readers can see the mathematical mod-
eling of other infectious diseases such as HIV/AIDS, Asthma and COVID-19 in [1-3,12, 15-17,21-24]
and the references therein.

This work is organized as follows. The structure and formulation of the model are presented in
section 2. Additionally, some basic properties of the model are proven in this section. The computation
of the basic reproduction number and the types of endemic equilibrium points are provided in sections
3 and sections 4, respectively. Stability analysis of the equilibrium points is presented in section 5.
Numerical simulations including parameter estimation and sensitivity analysis are carried out in section
6. Finally, the conclusion is presented in section 7.

2 Mathematical model formulation

Our objective is to model disease transmission across three different species. Specifically, we propose
a compartmental framework that accounts for transmission between fruit bats and fruit bats, fruit bats
and fruits, fruits and fruits, fruits and humans, as well as human-to-human transmission. However,
we do not consider transmission from humans to either of the fruits or fruit bats or from fruit bats to
humans, as these transmission routes are assumed to have negligible probabilities (see Figure 1). In this
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study, the human population is categorized into susceptible, infected, and recovered groups, whereas
the populations of the fruit and fruit bat species are each divided into two categories: susceptible and
infected. We have not considered a recovered group for these two species. The mathematical model
will be constituted by dividing the populations into seven compartments. 1. The susceptible fruit bats
Sp, 2. infected fruit bats Ip, 3. susceptible fruits Sr, 4. infected fruits /¢, 5. susceptible humans Sy, 6.
infected humans /Iy, and 7. recovered humans Ry. The total population of fruit bats at time ¢ is denoted by
Np(t) =Sp(t)+1Ip(t). Then, the total population of fruits at time ¢ is represented by Np (1) = S (¢) +1r (),
and the total population of human beings at time ¢ is introduced by Ny (¢) = Sy (¢) + I (t) + Ry ().

The fruit bat population is recruited at the rate of Wp. They die due to natural causes at the rate of ug.

Table 1: Illustration of the model variables and parameters

Variables/Parameters Illustration

Su(t) Agent of susceptible humans at time ¢

Iy (1) Agent of infected humans at time ¢

Ry (1) Agent of recovered humans at time ¢

Sr(1) Agent of susceptible fruits at time ¢

Ir (1) Agent of infected fruits at time ¢

Sp(t) Agent of susceptible fruit bats at time ¢

Ip(t Agent of infected fruit bats at time ¢

Ny (1) Total size of human population at time ¢

Ng(t) Total size of fruit population at time ¢

Np(t) Total size of fruit bat population at time ¢

Yy Rate of recruitment from birth and immigration for humans
Yr, Wp Rate of recruitment for fruits and fruit bats, respectively
B1 Rate of transmission from infected (RTI) to susceptible humans
B2(B3) RTT fruits to susceptible humans(fruits)

Ba(Bs) RTI fruit bats to susceptible fruits ( fruit bats)

7 Natural death rate for humans

Ur Decay rate for fruits

Us Natural death rate for fruit bats

On(Sp) Death rate due to Nipah virus for humans(fruit bats)

oy Recovery rate of infected humans

Y Rate of reduction of the immunity after the recovery

Furthermore, when susceptible fruit bats acquire the infection, they become infected at the rate of 85 and
transition to the infected compartment. Infected fruit bats die naturally at the rate of ug and there is also
a death rate due to the Nipah virus, denoted by 0g. Thus, we have

dSB(l‘)
dt

dlg (t)
dt

=W — BsSp(1)15(1) — upSa(1), = BsSa(t)Ip(t) — (s + 5)15(1). (1)
The recruitment rate for the population of susceptible fruit is denoted by Wr. Fruits decay at the rate of
Ur. Susceptible fruits become infected through contact with infected fruits or infected fruit bats at the
rates of B3 and PB4, respectively. Infected fruits also decay at the rate of pgr. The following differential
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Figure 1: Interaction diagram of human, fruit, and fruit bat populations for the Nipah virus transmission

equations describe the dynamics of the fruit population
dSr(t
)y B (0)~ BaSe ()15 (0) — e (1),

dlzt(t) = BsSk (t)Ip(t) + BaSr ()15(t) — urlp(2). )

and

dsgt(t) =Wy — BiSu()Iu(t) — BaSu (1)Ir (t) — upSu (1) + YuRu (1),

g = PiSuO)Iu(t)+ BoSu (0)Ip (1) — (1 + O + On ) (1),

it = GHIH(Z) — (MH + ')/H)RH(I). (3)

Compounding (1) to (3), we have the following system of equations

dS;,t(t) =Wy — BiSu () (t) — BaSu ()IF (t) — UpSu (t) + YuRu(t),
dIZt(t) = BiSu ()15 (1) + BaSu (1)IF (1) — (Ue + 81 + On )M (1),
R _ ol 0) — -+ ) Ri 1)

Brl) _ g, - BsSr (t)IF (t) — BaSr (1)I5(t) — up Sk (1),

dl;(t) — BsSr()Ir (1) + BaSk (1)Ip() — prlr (1),

B0 _ oS (0)1) ~ maSalr)

i (1)

o = PsSe(0)Is(1) — (s + p)I5(r). “)
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The corresponding initial conditions are
Su(to) = Swo >0, Iy(to) = Ino > 0,
Ry (to) =Ruo >0, Ip(to) =1po > 0
Sk(to) =Sro >0, Ip(to) = 1Iro > 0,
Sg(to) = Spo > 0.
The schematic flow diagram for the Nipah virus transmission is depicted in Figure 1, and in Table 1

the variables and parameters of the model (4) are illustrated. In addition, to prove the positivity and
boundedness of solutions of the model (4) we used the theorems mentioned above.

Theorem 1. With the non-negative initial conditions, the solution set

{Sr(1),1u(t),Ru (1), SF (1), Ir (1), S5(1), I8(1) }
will be non-negative for all t > 0.

Proof. We use the proof by contradiction to show that the state variable Sy of the model is positive for
all + > 0. Assume that a trajectory crosses the positive cone at time #; such that

dSH(tl)
dt

Ip(t) >0, Sp(t) >0, Ig(r)>0 forallte (0,1).

Su(t1) =0, <0, Iy(t)>0, Ry(t)>0, Srp(t)>0,

Utilizing the first equation of model (4), the first supposition results in

dSH(ll)
dt

=Yy + 'YHRH(II) >0,

which contradicts the first supposition that ds’;it(“) < 0. Therefore, Sy (t) remains positive for all # > 0.
Now, we extend this argument to consider the case where Yy Ry is very small or negligible. Suppose at
some time 71, Yy Ry ~ 0. In this case, the equation for the change in Sy (¢) becomes

dSyH

o = Y= BiSu @ (t) = B2Su 1)1y (1) — haa S (1)

Here, Bi, B, and py are three main factors could negatively impact Sy(¢). However, since Wy (the
recruitment rate) is always positive, we can conclude that the changes in Sy () are counteracted by this
positive term. To prove that Sy (7) remains positive under these conditions, assume that Sy () = 0 at
some time #y. At this point, the equation for ‘%” simplifies to

dSy
DH _ g,
dr "

Since Wy > 0, we see that even if Sy (f) = 0 at #, Sy (¢) will start increasing again due to the recruit-
ment of new individuals at rate W, which compensates for the negative effects from transmission and
mortality. Using the second equation of model (4),

dIH(Z)
dt

= ASu(t) — (U + 81 + on)Iu(1),
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where A = Bi1y(t) + Bolp(t). Since Sy () is non-negative for all 7 > 0, we obtain

dly

s > — (U + O + om )k (1),

Which, when solved, yields Iy (t) > Inoexp(—(um + Oy + o )t). Thus, Ig(¢) > 0 for all + > 0. Next,
from the third equation of model (4), we have

7 = GHIH(I) — (,UH +YH)RH(Z) > _(NH +7H)RH(t)7

Solving this gives Ry (t) > Ryoexp(—(Uy + Yu)t) > 0. By similar reasoning, we can conclude that
Sp(t) >0, Ip(t) > 0, Sg(t) > 0, and Ig(¢) > O for all + > 0. Thus, any solution of the model (4) is
non-negative for all # > 0. O

Theorem 2. The region below is bounded.

v Y ¥
Q= {(SHJH,RH,SF,IF,SB,IB) S Ri ><R%r X Ri :0<Nyg < TH,O < Nr < TF,O <Np < 'uB},
H F B

Proof. For Ny (t) we have

dNH(I) . dSH(l) n dIH(t) n dRH(t)
dt dt dt dt

= lPH —,LLHNH(I) — 5HIH(I).

Obviously,
dNy (l’)

dt
It yields that, Ny (1) < % + (Npo — %)e*“m . Considering t — oo, we have,

<Wy—uuNu(t).

¥
lim supNy (1) < ey
t—3c0

UH
With a similar argumentation, we can show that Ng (1) < % and Np(t) < % Therefore, the model is
bounded. O

3 Computation of the basic reproduction number %,

The basic reproduction number of the model (4) is denoted by %y. How extensively the disease spreads
depends on the value of the basic reproduction number %,. Before calculating %, it is necessary to
find the disease-free equilibrium point of the model (4) by setting the right-hand sides (R.H.S) of the
equations to zero and then substituting Iy = 0, Ry =0, Ir = 0, and Iz = 0. Hence, we get

Yy Yr WYp

707077707

E® = (5%,0,0,5%.0,5%,0) =
(St F 5:0) (HH Ur Up

,0).

To compute the basic reproduction number %, for the model (4), we apply the next-generation matrix
method which is established in [9].
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Theorem 3. For the model (4) the basic reproduction number is %, = max{%’g’ ,%g ,%g } where %’5’ =

B1¥y F _ B:%¥r B __ _ Bs%¥s
pu(pa+ou+on)” 70 7 uZ and %y = up(up+0g) "

Proof. We decompose the right-hand sides of the equations that directly lead to the spread of the Nipah
virus. Therefore, the second, fifth, and seventh equations of the model (4) correspond to the infected
compartments. Thus, we rewrite the mentioned equations as .# — ¥, where

BiSu(t)Iu(t) + B2Su (t)1F (1) (Ur + 6 + on)u (1)
F = | BSr(O)Ip(t) + BaSp(0)Ip(r) |, V' = prlr (1)
BsSs(t)1s(t) (1B + 6p)1p(t)

We evaluate the derivative of .% and ¥ at disease-free equilibrium point (E”) and we get two matrices F
and V, where

Bi¥Yy  B¥u 0

P OFE) gy e | oy [Metortem 00
- ax. - HF Ur ’ - ax- - ‘uF
J 0 0 ﬁ,SulZIB J 0 0 ug+9ds

where x; = Iy, Ir, and Ig. The next-generation matrix is defined as

Bl‘{gH B¥u 0

. {ag(EO)} {3”//(EO)}1 B #H(#H+OH+GH) lég!\i’l; B,
- Ox: Ox: - uz ur (up+0g)

J J 0 0 Bs¥s
up(Hp+0p)

Eigenvalues of the FV ~! matrix are as follows
Bi¥H B:s¥r Bs¥s
tr (Ue +Op +on)’ uz - us(us+0s)

K, is defined as the spectral radius of the FV ! matrix. So,

Bi1¥u Bs\¥r Bs\¥'s }
Ue (e + 0y +on)’ w2 us(up+06p) )

R = max{

4 Types of endemic equilibrium points of the model

In this section, depending on whether the Nipah virus disease is endemic only among the human popula-
tion, both the human and fruit populations, or all three populations (human, fruit, and fruit bats) it is pos-
sible to imagine various equilibrium points for the model of (4). First, the human and fruit endemic equi-
librium, as well as the human-only endemic equilibrium, are defined as E* := (S};, 15y, R}y, Sk, I, S5, 0),
and E = (SH,iH,IéH,SF,O,SB,O).

Lemma 1. [f the disease is only endemic in population of human, then the equilibrium E := (Sy, Iy, Ry,
Sr,0,85,0) exists if i > 1.
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Proof. According to the assumptions of Lemma, we have the following system

das dl
7dtH =Yy — BiSuln — UuSu + YaRu, T; = BiSuly — (Un + O + on)1u,
dRH dSF dSB
PH _ oyl — Ry, &F —w, DB _ Wy 1S,
7 orly — (U + Yu )Ry, 7 F— UFSF, 7 B — UBSB

We assume the right-hand sides of all five equations above is equal to zero. By solving the reduced
system above, we obtain

5, = Mutduton ; _ Mu(n+ ) (Ha + 8+ on) (%' — 1)

Bi " Bi (17 + pa 6 + Ur Ol + U Yer + Y Ou)’
£ — U Op (e + O + om ) (2L — 1) 5. Yr = ¥
H — B yOF — 7 yOB — —
B (Uj7 + tar 61 + P O + e Vi + Yir Ot ) Kr Up
So, ZE > 1, exists, if and only if E. O

Lemma 2. The E* := (S}, 15, R}y, Sy, 1%, S5, 0) exists if 75 > 1.

Proof. According to the assumptions of the lemma, the following system can be considered

ds

ditH =Yy — BiSuln — B2Sulr — UnSu + YuRu,

dly

? = [))ISHIH +ﬁ2SHIF — (,uH +5H +GH)IH7

dR as

T;I = only — (W + Yu)Ru, TltF =YWr — B3Srlr — HrSF,

dIF dSB

= B3Srlr — urlr, I B— UBSB o)

We assume the right-hand sides of all six equations above is zero. Also by solving Eq. (5) we have
Sy = Wg/up. After that, we solve equations related to fruits and obtain

g br [ Bs¥r —up _ pur(Z%; —1)
F— F — -
B3 Bsuir B3

It shows that I} exists if and only if %) > 1. Replacing I3 into the place of Ir() in equations related to
humans, we get

ds .
TIH =Wy — BiSuly — BoSuly — WuSu + YuRH,
dly .

e BiSuly + BoSuly — (g + Oy + o)1y,
dR

TZH = oply — (U + Yu)Ru.

To obtain the Sy, I; and Rj;, we require to solve the following system of equations
Yy — Pi1Suln — PoSuly — WuSn + YuRu =0,
BiSuln + BoSuly — (Wu + 8p + O )l =0,
only — (Ua + Ya )Ry = 0. (6)
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We obtain Ry and Iy of the above system and substitute it into the first equation of (6), then we have

Yy (e + Vi) + Y Orlu
(Bilu + Bol 4 par ) (e + Yu)

Su = (N

Replacing (7) into the second equation of (6), then we get a quadratic equation in terms of Iy as follows

Br (e + Su) (s + Ver) + e om) Iy — Bo ¥ (s + Ve ) 5+

(BoIp (ar + Yir) (Ut + 1) + e O + Mg (s + Y ) (U + 8 + o) (1 — %8 )1y = 0
Therefore, the E* exists. O

Lemma 3. If for all three species, the disease is endemic among the population then, the endemic
equilibrium point E = (Sy, Iy, Ry, Sk, Ir,Sp,Ip) exist if and only if%’g > 1 and %’g > 1.

Proof. We set the right-hand sides of all the equations to zero.

Wr — BiSu () Iu(t) — BoSu()IF (1) — uuSu(t) + YuRu (¢
BiSu(t)Iu(t) + B2Su (t)IF(t) — (U + Op + o ) Iu (¢
Ouln(t) — (Uu + Yo )Ru(t

Wr — B3Sk(t)IF(t) — PaSr(t)1p(t) — UrSF(t
(
(
(

)

BaSk(t)IF (t) + BaSr (1)Ip(1) — HrlF(t

W — BsSp(t)Ip(t) — upSa(t
BsSp(t)Ip(1) — (U + 6p)1p(

)=0
)=0
)=0
) =0,
)=0
)=0
)=0

(8)
From solving the equations for fruit bats (the last two equations of (8)), we have

§B:“B+SB iy = ¥Yp s
Bs ug+3d PBs

Replacing the value of [ into the equations for fruits (the fourth and fifth equations of (8)), we get

W — B3Sr (1)1 (1) — BaSF ()5 (1) — urSr(1) =0,
BsSr (1)1 (1) + BaSr (1)In(t) — urlr (1) = 0.

By solving the above equations we obtain I and replacing the value of Ir into the first three equations
of (8), we obtain I;. Similarly, as in the proof of the previous lemma, we can observe that the endemic
equilibrium exists if 25 > 1 and Rf > 1. O
5 Stability analysis

In this section, we discuss about stability of equilibrium points.

Theorem 4. The E° is locally asymptotically stable if Zo < 1.



454 H. Gholami, M. Gachpazan, M. Erfanian

Proof. The Jacobian matrix of (4) at the disease-free equilibrium point (E°) is given by

r _ By _B¥u b

_'uH HH ,}/H 0 Uy 0 0
0 B (uy+ 8y +om) 0 0 et 0 0
0 Ot ~(Mr+wm) O 0 0 0
J(EO) — 0 0 0 —Ur 7% 0 7ﬁL‘i’F ’
Bs¥ Bs¥
0 0 0 0 B¥r_yp o0 By
0 0 0 0 0 — g _%
0 0 0 0 0 0 B (up+ )]
The eigenvalues of J(E®) are —uy, — (g + Yu), —Ur, —Us, ﬁ;:” —(ug + 6y +o0n), ﬁL\fF — Up, and
% — (up + 6p). The first four eigenvalues are negative. Thus, E is locally asymptotically stable if
¥
BL B (i + 8 + o) = (1 + 8 + o) (B — 1) < 0,
H
¥
B = (@ 1) <0,
Ur
Bs'¥'s

™ — (up+88) = (up+ 63)(%5 —-1)<0.
Thus, it is necessary to Z5 < 1, Z5 < 1, and 8 < 1. As a consequence, % < 1. If any one of these
inequalities is altered then E° is unstable. OJ

5.1 Global stability of the equilibria

In this subsection, we prove in the form of theorems under what conditions each equilibrium point has
global asymptotic stability. To prove that E? has global asymptotic stability, we use the fluctuation lemma
(see [20]). For a bounded and differentiable function f on R, we introduce the notations

= }lelosupf(t), and foo = tlggmff(t).

Theorem 5. The disease-free equilibrium point E° is globally asymptotically stable if %y < 1.

Proof. Let (Sg(t),Ip(t)) be a solution for (1). By using the fluctuation lemma, there exist a sequence
{t,} such that #, — . We have I(1,) — I and %(tn) — o0 as n — oo, From the equation for infected
fruit bats, we have

s o Bt (1) — (5 +8) 1),

dt
From theorem 2 we have 0 < %Ig’ — (ug + 6g)I5. Hence, 0 < (up+ &) (%5 — 1)I;. Since, ZE < 1,
we have I = 0. By re-using the fluctuation lemma, there exist a sequence u, — oo such that Sg(u,) — Se
and % (un) — 0 as n — co. From the equation for susceptible fruit bats we have

dSp

) =W — BsSpun) I (tn) — pSp(un)-
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v
Since, I = 0 and assuming n — o we get (Sg)ew = \PB > Sz. It follows that hm SB( )= “B. So for
B
subsystem (1) we have

lm ($5(0). 1)) = (-2

0).
f—ro0 lJB

Applying these results in subsystem (1) for fruits we can prove th_>rn (Sp(t),Ip (1)) = (PFr/uF,0) if Z5 <

1. Ultimately, repeating this procedure for the subsystem (3), it can be seen tlim(S(t),I (1),R(1)) =
—>00
(¥/1,0,0) if Z < 1. Therefore, E° is globally asymptotically stable if Zy < 1. O

Theorem 6. The E is globally asymptotically stable if Z5 > 1, ZE < 1 and %5 < 1.

Proof. From %)g < 1and %g < 1, we can understand that there is no transmission from fruit bat to fruit
bat, fruit bat to fruit, fruit to fruit, and fruit to human. Thus, the equations for susceptible fruits and
susceptible fruit bats will be as follows

dSF dSB

— =Yr — UrSr,

— =WY¥5 —upS
ar dr B — UBSB,

which obviously, have the globally asymptotically stable equlhbrla i and respectlvely Also, the
equations for the human subsystem change as follows

das

Tf =Yy — BiSuln — U Sk + YaRu,

dl dR

7;1 = BiSuln — (Mu + 81 + Ou )lu, aTH = Ol = (f + 10)Ro

On the other hand, since Ny (1) = Sy (t) + 1 (t) + Ry (¢) thus, dZH =Wy — uyNy — 8yly and we substitute
this equation instead of the equation for susceptible humans. So,

dN,
TtH =Yy — ugNu — Suly,
dl dR
a,;l Biln(Ng —In — Ry ) — (Ug + 8 + on)lu, TIH =oply — (Ug + Yu)Ru

Certainly, Ny, Iy and Ry satisfy the equations

\PH — ‘LLHNH — 5HiH =0
ﬁlfH(NH —Iy _EH) — (ug + oy + GH)iH =0,
ouly — (U + )Ry = 0. 9

We consider the Lyapunov function L(¢) as

L(t) 21211_1( NH) +<IH—I~H—I~HIH(§:))+2ﬁ61H(RH—RH)2.
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We show that the time derivative of L(r) along the solution of system (9) is globally negative. Thus,

dL B _ dNy Iy dly B < dRy
@ = oy NNk (=) o (R = Ru) ==
:gH(NH—NH)(HHNH+5H7H—MHNH—5H1H)
i o
+<1f§></311H<NH4H*RH>fﬁuH(NHszfRH))
+ ﬁ;(RH Ry)(0uln — ouly + (Un + Vi )Ru — (Uu + Ya )Ru)
_ B

= 5 (Vi — Nit) [~ ttes (Net — Nig) — S (I — Tt )

+Bi(Iy — Iy)(Ny — Ny — Iy + Iy — Ry + Ry)

+ ﬁ;(RH Ru)ou(Ig —In) — (U +7a) (Ry — Ry )]
< —Bi(Nug — Nu) (I —Iy) + B1 (In — Irt) (N — Ny )

— Bi(Iy — 1) (R — Ru) + P1(Re — Ry ) (Iy — ) = 0.

Hence, the endemic equilibrium point E is globally asymptotically stable if %’{){ > 1. O
Theorem 7. The E* := (S5, I}, R}y, Sk, 15, S5, 0) is globally asymptotically stable if 5 > 1 and ZE < 1.

Proof. From %’g < 1, we can realize that there is no transmission among fruit bats, with the rest of the
available modes. By assuming, Nr(¢) = Sg(t) +Ir(¢) we can substitute an equation instead of susceptible
fruits. So

dNFr

Ir
—— =Wy — urN, — = Bl (Np —Ir) — UplF. 10
o7 F—HENp,  — B3Ir (N —Ir) — urlr (10)

From solving above system results S5 = 5—; and I = \Pzi;ﬁ* Pursuing the scheme of the previous

theorem we can show (Sy,If) is a globally asymptotically stable fixed point of (10). Now, replacing
limiting value I of Ir(¢) into the human subsystem to obtain

ds
T;I =Yy — BiSuly — B2Suly — UnSu + YuRHu,
dly X dRy
e = BiSulu + B2Suly — (Up + 81 + On)IH, e only — (Ua + Y )Ru
By assuming, Ny (t) = Su(t) + Iy (t) + Ru(t), we have the following system for human
dN, dR
dtH =Yy — ugNy — Suly, aTH = oyly — (Un + Yu )R,
dl
= (Bulr + Bal) (N — It — Rer) — (1 + 81 + o) . (1)
If V() is a Lyapunov function so we have
1 o E Tk 1
V(t Nu —Nj)? + dé + Ry —R;)%.
()= gy Wi =N+ [ g pd 5 (R Ky
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We show that the time derivative of V (¢) along the solution of system (11) is globally negative. Thus,

v 1 dNg — Iy—1I; dly 1 dRy
— = —(Ng — Ny — +—(Ry—R;))——
dt SH( H H) dt +ﬁ11y—|—ﬁ21;§ dt +GH( H H) dt
1
= E(NH — Ng7) (U Ng; + Ouly — uaNy — Spln)

(I 1) [ (N = Nig) = (I = Tiy) — (R — Riy)

Iy I
—(Up+0g+o0 -
(b + O H)(ﬁlleLBzIE ﬁ11,§+ﬁ212>}
1

+ ?(RH — Ry)(only — only + (Um + Y )Ry — (UE + Ve )Ru)

H
1

= E(NH — Ni) [~ (Nu — Niy) — 6 (In — Iy)]
+ (I — 1) (Nu — Njy) — (In — Iiy)* — (I — I;) (R — R;)

Iy I
Uy —I) (g4 S+ G -
(I —13) (Mt + O ”)(B11H+l321$ 13111*1+ﬁ2lf>
1

+ o (Rt = Rip) (0 (I —Iiy) + (ki + ) (R = Riy))
< —(Nu — Ng)(Ig — Iy) + (In — Iy) (Ng — Ni)
— (In — If;)(Ru — R};) + (Ru — Riy) (I — Iy)
Iy B I )
Bilu+Boly  Pulyy+ Bl /)

— (In — 1) (Un + 81 + On) (
According to assumption (H2) given in [7], the last term of % is non-positive. So, we conclude fi—‘t/ <0.
As aresult, the E* is globally asymptotically stable if 25 > 1 and 5 < 1. OJ

Theorem 8. The endemic equilibrium point E = (§H,fH,I?H,§F,fF,§B,fB) is globally asymptotically
stable if Z§ > 1.

Proof. In this theorem we assume that the disease is endemic for all cases. The equations of fruit bats
can be separated from the equations for fruits and humans. By introducing again Np (1) = Sg(t) + I(t),
then we have

dNp di

e Wp — upNp — 6lp, ditB = Bs(Np —Ip)Ip — (g + O8)Ip.

Obviously, N and fp satisfy the equations

‘PB—,LLBNB—SBIB =0, ﬁs(NB—IB)IB—([.LB+5B)IBZO. (12)

From solving system (12) we get (Sg, i) = (“BTJ;‘SB, %(%{f —1)). Pursuing the scheme of theorem 6,

we can prove (S, I) is a globally asymptotically stable fixed point of (12). By replacing Iz into the
subsystem (2) for fruits, then, we get a similar subsystem in theorem 6. Finally, we deduce that the E is
globally asymptotically stable if 25 > 1. OJ
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Table 2: Values of the model parameters and source

Parameter Value Unit Source

Yy 5285 day~' Calculated
Yy 35 day~'  Fitted

¥p 0.411 day™' [4]

B 1.39897 x 10719 day=! Fitted

B> 3.49641 x 107 day~! Estimated
Bs 4x1076 day™'  Fitted

Bs 2.53342x 10™*  day~! Estimated
Bs 1.55344 x 107> day™! [10]

Ug 3.91 x 107> day~" Calculated
Ur 1.5632x 1072 day™! Fitted

U 1.3699 x 10°*  day™! [4]

Sy 436999 x 1072 day~' fact-sheets'
Sz 6.22043 x 1072 day~! Fitted

on 2.25626 x 1072 day~! nipah’

Yu 1.53737x 1073 day™' [4]

%’61 0.2852 - Calculated
R 0.5729 - Calculated
K8 0.7476 - Calculated
X 0.7476 - Calculated

6 Numerical simulations

6.1 Estimation of parameters and data fitting

We estimated the parameters in the model (4) utilizing values from outbreaks in Bangladesh to justify
some of the theoretical findings. The values of parameters are provided in Table 2. The values of the
parameters labeled as fitted or estimated have been obtained through different methods. The fitted pa-
rameters were derived through optimization processes and model fitting to experimental data, where the
parameter values were adjusted to achieve the best match with the available data. For these parame-
ters, uncertainty is typically assessed through sensitivity analysis. In this study, the sensitivity analysis
showed that variations in parameters such as the decay rate for fruits (ir) and the death rate due to the
Nipah virus for fruit bats () could have a significant impact on the model results. On the other hand,
the estimated parameters were extracted from reputable scientific sources and previous studies and are
typically based on empirical data or estimated values. For these parameters, a more precise evaluation
could help improve the accuracy of the results. In the future, the use of new and updated data could help
reduce uncertainty.

Finally, the calculated parameters were directly computed from the mathematical relationships and
equations of the model. For these types of parameters, it is assumed that the mathematical relationships
and model equations are accurate and error-free. The average life expectancy of Bangladesh’s human

Uhttps://www.who.int/news-room/fact-sheets/detail/nipah-virus
Zhttps://www.cde.gov/vhf/nipah/about/index.html
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population in the year 2011 is 70.01°.
The natural death rate of humans is computed by taking the reciprocal of the average life expectancy
(in days), which is
1
~70.01 x 365

We assumed the total human population for the year 2011 is Ny (0) = 135,180,000. Then, ¥y is esti-
mated using the relation Wy = uy x Ny(0) and it is computed to be 5285.

Moreover, we considered the Nipah virus yearly reported cases reported in Bangladesh from 2001 to
2015 to validate model results. The data were collected from [0]. However, as with any epidemiological
data, it is essential to consider the potential limitations and biases associated with their collection and
reporting. While the data used in this study are considered reliable, it is important to acknowledge that
there may be limitations in terms of reporting accuracy. For example, underreporting of cases, especially
in rural areas, could result in an underestimate of the actual number of cases. Furthermore, reporting
practices may vary over time and across regions, potentially leading to inconsistencies in the dataset.
Additionally, there are potential biases in the data that should be considered. Moreover, differences
in healthcare infrastructure and access to medical services may influence the detection and reporting of
cases, which could result in regional biases. These factors should be taken into account when interpreting
the data and the results derived from the model. Figure 2 depicts the cumulative disease-induced deaths
(shown by red hexagrams) and fitted curve (shown as a purple curve) and displays the cumulative number
of infected cases in Bangladesh from 2001 to 2015 (represented by blue diamonds) and fitted curve
(shown as a red curve). In both cases, the model fitting showed a good agreement with the collected data.
The initial values for the state variables of the proposed model are used as

Un = 0.0000391.

8
8
8

a
g

]
g

Cumulative Death Cases In Bangladesh

Cumulative Infected Cases In Bangladesh
3
8

Time(years) Time(years)

Figure 2: Left: the cumulative disease-induced deaths shown by red hexagrams and fitted curve shown as a purple
curve. Right: the cumulative number of infected cases represented by blue diamonds and fitted curve shown as a
red curve in Bangladesh from 2001 to 2015.

(St Iy, Ry, S I, Sp, Ig] = [135179953,47, 30,2200, 39,2930, 70].

6.2 Sensitivity Analysis

To find out how much a model is sensitive to changes in parameters, sensitivity analysis is used. The
sensitivity index makes it possible to measure the relative changes of the variables compared to the

3https://www.macrotrends.net/global-metrics/countries/BGD/bangladesh/life-expectancy
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changes of a parameter. For the Y variable that is differentiable for the x parameter, the normalized
forward sensitivity index is defined as follows YY = 7 X %. The basic reproduction number performs a
significant role in forecasting disease behavior. Here, because it is not clear which of the three threshold
parameters (%, Zk %g ) is the basic reproduction number, hence, we apply the formula above on three
threshold parameters concerning the parameters in the model. If the sensitivity index is positive, it
shows that the threshold parameter has a direct relationship with the parameter of the model, and if it
is negative, it means that the threshold parameter has an inverse relationship with the parameter of the
model. According to the Table 3, we can observe that

#H 743

0 %f’):_ 0 __
Tt =1, YR =1, Y=l

Thus, an increase (or decrease) in these parameters will lead to an increase (decrease) in the same pro-
portion in %, ZL, and %8, respectively. Also, for the rest of the parameters in Table 3, since the
sensitivity index is negative, it can be concluded that with the increase (decrease) of these parameters,
the value of the corresponding threshold parameter decreases (increases). From Table 3, we can observe
that parameters with the largest impact are the decay rate for fruits (i), the natural death rate for fruit
bats (up) and the natural death rate for humans (ug). The reason why specific parameters such as decay
rates are particularly impactful in the sensitivity analysis lies in their direct influence on the transmission
dynamics of the disease. In our model, these parameters are crucial because they govern the persistence
and availability of susceptible individuals or hosts within the system. The decay rate of fruits is essential
in models involving zoonotic diseases like the Nipah virus, where fruit bats are an important vector. If
fruit decays faster, it reduces the availability of food resources for bats, which may lead to fewer inter-
actions between bats and humans or other susceptible hosts. As a result, changes in this decay rate can
significantly impact disease transmission dynamics, especially in the early stages of an outbreak. The
sensitivity index for the parameters ; and p is calculated as follows, and for the remaining parameters,
it is calculated similarly.

an B 0% Yy B1
Yol = 0 3B~ un(un+onton)  _ B¥x
0 ! He (B H H e (Up~+OH+0H)
% :”—Hx 8%6{ _ Up v —B1¥Yu (2uy + Oy +0on)
" H O “H(ﬂfigZJFGH) it + 8 + om)?
 —Quu+du+on)

— = —1.000589729.
Up + On + On

6.3 Impact of different parameters

The Nipah virus has a high potential to cause a global pandemic. Factors such as lack of data and re-
search limitations in its endemic areas such as Malaysia and Bangladesh have caused fewer articles to
be published on mathematical modeling of this disease. It needs to be said that all numerical experi-
ments were performed utilizing MATLAB software version of R2016b. Here, we have solved the model
equations numerically using the Runge-Kutta (ODE45) method and the parameter values are presented
in Table 2 to portray the impact of different parameters. In Figure 3, the susceptible, infected, and re-
covered human populations are displayed against the time varies with different choices of recovery rate
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Table 3: Sensitivity analysis

Symbols  Sensitivity index of %5  Sensitivity index of %5  Sensitivity index of %}
B 1
Ug —1.000589729
oy —0.659107774
oy —0.340302496
B> 1
MF —2
Bs 1
Us —1.180479636
55 —0.997802579

for humans (oy). As the recovery rate rises, the population of the recovered population (Ry) rises. The
curves of the susceptible class (Sy) converge to zero. Also, the population of the infected class (/) re-
duces. In Figure 4, as the death rate due to the Nipah virus for fruit bats (8p) increases, the population of

—5,=0.0225626

5,008

,,-0.225626

Susceptible Humans Population
Infected Humans Population

5 10 15 20 25 3 3 40 45 50 0 5 10 15 20 25 % 3 40 45 50 0 5 10 15 20 25 3 3 40 45 50
Time (days) Time (days) Time (days)

°

Figure 3: Solution curves depicting the impact of the recovery rate of infected humans (cy) on Sy, Iy, and Ry
compartments of the model (4) for oy = 0.0225626, 0.05, 0.08, 0.1, 0.2, and 0.225626.

susceptible bats (Sp) decreases less and converges to a certain point. The reason for this is that with the
death of infected bats (I), their contact with susceptible bats decreases, and also with increasing of this
parameter, the population of infected bats reduces significantly and converges to zero. In Figure 5, as the
rate of immunity after recovery (yy) increases, the population of the recovered class (Ry) decreases more
and converges to a certain level. As a consequence, the population of the susceptible class (Sg) increases
slowly. Also, the infective curves show the rise in their levels during the initial stage, then decrease.
Figure 6 the left is a three-dimensional surface plot representing %’g as a function of two variables, 5
(the transmission rate from infected fruit bats to susceptible fruit bats) and up (the natural death rate for
fruit bats).

The surface is inclined, indicating that %g gradually increases with variations in 5 and ug. The
surface slope suggests that small changes in these two parameters can significantly impact ;@g . Steep
slopes may indicate a high sensitivity of %5 to fluctuations in these parameters.

Figure 6 the right illustrates the three-dimensional sensitivity of %gconcerning the variables fB5 and ug.
A decrease in the natural mortality rate of bats may imply an increase in the bat population, which, in
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Figure 4: Solution curves depicting the impact of the death rate due to Nipah virus for fruit bats (6z) on Sp and I
compartments of the model (4) for 6 = 0.0622043,0.07,0.09,0.1,0.3 and 0.5.
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Figure 5: Solution curves depicting the impact of reduction rate of the immunity after the recovery (yy) on Sy,
Iy, and Ry compartments of the model (4) for yy = 0.00153737,0.02,0.0153737,0.02,0.153737 and 0.2.
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Figure 6: Left: 3D surface plot of ¢ as a function of fs (transmission rate from infected fruit bat to susceptible
fruit bat) and pp (natural death rate for fruit bats). Right: 3D sensitivity of ,@g with respect to 5 and pp.

turn, raises the likelihood of disease transmission. This can lead to an increase in %g . Conversely, an
increase in the disease transmission rate has a direct and positive relationship with %g . As this rate rises,
the probability of transmission from infected bats to susceptible bats becomes greater, contributing to the
increase in %5. Therefore, a decrease in the natural mortality rate and an increase in the transmission
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rate can significantly influence the potential for disease spread.
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Figure 7: Left: 3D surface plot of %’g as a function of B3 (transmission rate from infected fruits to susceptible
fruits) and ur (decay rate of fruits). Right: 3D sensitivity of %g with respect to B3 and .

Figure 7 on the left shows that as f3 increases while i is kept at a low level, %} clearly increases.
This indicates that the disease transmission rate (83) has a greater impact. If B3 is held constant, an
increase in the decay rate of fruits can lead to a decrease in %}, but the effect of 8 is greater than that.

Figure 7 on the right illustrates the sensitivity of %g to changes in 3 and up. The surface of the
graph indicates that %} is highly sensitive to variations in B3 and u, particularly when the values of
B5 increase. The colors ranging from yellow to blue represent wide variations in the sensitivity of %} .
Yellow signifies higher values of %}, while blue indicates lower values. This graph also shows that with
an increase in f33, even at low values of B3, %} increases significantly. This highlights the systems high
sensitivity to the transmission rate.

In Figure 8, we have displayed the local stability of E point. In this point, the reproduction number
Ro = 0.7476 and E° = (%,0,0 ¥r 0, %,0) = (135166240,0,0,2239,0,3000,0). In this figure, the

’ ”77
infective population such as Iy, Ir, and Iz converge to a disease-free equilibrium point (E©).

Population

Time

Figure 8: The local stability of E° for the model (4)
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7 Conclusion

In this article, we investigated a three-layered compartmental model to explain the spread of the Ni-
pah virus, incorporating the role of fruits as intermediate hosts. While prior studies have focused on
the role of infected pigs, fewer have considered the intermediate role of fruits, a factor highlighted in
our model. Our analysis provides valuable insights into disease dynamics, including equilibrium points
and threshold parameters calculated using the next-generation matrix method. Furthermore, we demon-
strated the global asymptotic stability of the disease-free equilibrium and used Lyapunov functions for
other equilibria. Numerical simulations for Bangladesh (2001-2015) show that our model closely aligns
with observed data, supporting the theoretical results. In addition, the sensitivity analysis in our model
highlights the importance of parameters like the natural death rate for humans (i), which was not given
particular attention in previous models.

Based on the findings of our model, we recommend enhanced surveillance of fruit-fruit bat interac-
tions and human exposure in areas where Nipah outbreaks are prevalent. Further, public health inter-
ventions should consider the inclusion of intermediate hosts, such as fruits, in control strategies. Addi-
tionally, given the dynamics of the disease, policies for timely recovery and reintegration of previously
infected individuals could be crucial in limiting the spread.

Future work could focus on expanding this model to include additional factors, such as environmental
conditions, varying immunity durations, and cross-species transmission dynamics. Further exploration
of the impact of fruit bat migration patterns and their influence on disease spread would provide a deeper
understanding of regional outbreaks. Moreover, extending this model to other regions with similar eco-
logical conditions could offer broader insights into controlling viral epidemics.
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