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Inverse spectral problems for arrowhead matrices
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Abstract. The problem of constructing a matrix by its spectral information is called inverse eigenvalue
problem (IEP) which arises in a variety of applications. In this paper, we study an IEP for arrowhead
matrices in different cases. The problem involves constructing of the matrix by some eigenvalues of each
of the leading principal submatrices and one eigenpair. We will also investigate this problem and its vari-
ants in the cases of matrix entries being real, nonnegative, positive definite, complex and equal diagonal
entries. To solve the problems, a new method to establish a relationship between the IEP and properties
of symmetric and general form of matrices is developed. The necessary and sufficient conditions of the
solvability of the problems are obtained. Finally, some numerical examples are presented.
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1 Introduction

An IEP, is the problem of constructing a matrix by its spectral information. IEPs are categorized by

the available eigen information of the matrix to be constructed. Chu and Golub in [4] gave a perfect

characterization of IEPs. IEPs usually come with a practical background and its applications have been

studied in various scientific fields such as control, image processing, graph theory, finite element method.
An arrowhead matrix is the following matrix:

hiy e e -+ e

fi b O - 0
B,=|f 0 hy . |, (1)
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such that e;f; 20, i =1,...,n— 1. Variants of this matrix are well studied in many literatures and they
have many applications in orthogonal reduction method and other tridiagonalization processes, including
Householder transformation, Givens rotations, the Rutishauser method, and so on, and it may also be
used effectively to explore the arrow in graph theory [4]. Peng et al. in 2006 [11] studied arrowhead
matrices to model nonlinear control systems.

In [3,6,7, 12—15, 19], recursive methods to solve different IEPs for different matrices was studied.
For an n x n matrix, the graph of this matrix is a graph with n vertices such that off-diagonal entries
of the matrix represents the edges. The entry a;; # O if and only if there is an edge between vertices
i and j. IEP of matrices of graphs is a famous class of IEPs and it has attracted the attention of many
researchers in the past decade. Different variants of this problem for different graphs have been studied
in the literature [1, 8,9, 17, 18]. They recursively constructed real matrices by the given eigendata. Also
Rundell and Sacks in [16] study an IEP for symmetric arrowhead matrices which correspond to a simple
star graph. It is worthwhile to mention that matrices corresponding to undirected graphs are symmetric
but matrices corresponding to directed graphs are not necessarily symmetric.

In this paper, we will investigate constructing of arrowhead matrices entries in different cases: real,
nonnegative, equal diagonal entries positive definite and complex by an eigenpair of the matrix to be con-
structed with one or two eigenvalues of each of its leading principal submatrices by a recursive method.
It appears in different applications including perturbation of control systems, directed star graphs and
Sturm-Liouville.

The paper is organized as follows: In Section 2, the relationship between symmetric and general
matrices and their IEPs are obtained. In Section 3, the conditions of existence of solutions in different
cases mentioned above are achieved. In Section 4, we test the results by a numerical example. Finally,
in Section 5, some concluding remarks are presented.

2 The relation between symmetric and general form of IEPs

In this section, we establish a relationship between matrices B, defined as (1) and its similar symmetric
form. By this similarity we can further extend the results proved in the symmetric case to the general
form of matrices and IEPs. By considering that similar matrices have the same eigenvalues [5], we obtain
similar and symmetric matrices for B,, as follows.

Let
[ N vi Yy - Wn—l_
vi » 0 - 0
S, = 5] o . s Dn:diag(dl,dz,...,dn).
: : .0
_llfnfl O --- 0 Yo 1

Now we construct the symmetric similarity matrix as follows:
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[ ah ah o end]
ey 0 0
DB,D, = | LB 0 hy
: : 0
Jn—1dn
e 0 0 hy |
Hence, we should have
ei_1di  fi-1d; ,  eidr
— or d.zij z:2,...,n.
d; di Y fim
Sod;’s, i=2,...,n, are multipliers of d;. Without loss of generality, let d; be an arbitrary nonzero real
number, say d; = 1. Hence
ei-1
di = ,i=2,...,n,
l fi-1

and therefore,
Vi= v eifiv izlv"’an_la

’}/i:h,‘, i:1,...,n,

then, S, = D,,B,D,, ! and as a result B, and S,, are similar.
Let O, = det(AI — B,) be the characteristic polynomial of B, defined in (1) and Bj,j =1,...,n be
the jth leading principal submatrix of B,,. We have the following lemmas.

Lemma 1. The sequence Qj(A),j=1,...,n satisfy the following recurrence relations:
01(A) =A —hy,
O2(A) = (A —h2)Q1(A) —erfi,
Qj(A)=(A—hj)Qj-1(A) —ej-1fj-1 jl_i (A—=hi),j=3,....n. 2
i—
Proof. The recurrence relations can be verified by expanding the determinant. OJ

Lemma 2. If (l(”),Xn) is an eigenpair of By, then x| # 0 and the components of eigenvector X, are
obtained as:

Proof. Since (A", X,,) is an eigenpair of B, so B,X, = A"X,. We can obtain the result by expanding
this relation. OJ

The following theorems are necessary in the sequel.

Theorem 1. [2] Let the matrix A € R™" be symmetric. A is positive definite if and only if all of its
eigenvalues are positive.
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We know that a symmetric matrix A is positive definite if for every nonzero vector X, X’AX > 0 [5].

Theorem 2. (Cauchy’s interlacing theorem [10]). Let Ay < Ay < --- < A, be the eigenvalues of an n X n
real symmetric matrix A and W < tp < --- < U, be the eigenvalues of an (n— 1) x (n— 1) principal
submatrix of A, then

MSm<h<w,<--- <A1 Sl <Ay

Also, it can be inferred that all the eigenvalues of B,, are distinct and real numbers [12, 13].

The important point is that there are two unknown set of entries in IEP of symmetric matrices, but
there are three unknown sets of entries in IEP of asymmetric matrices.

By regarding the Cauchy’s interlacing theorem, we will solve IEPs for matrix B, in the next section.

3 Main problems

In this section, the problems statement in different cases of real, nonnegative, equal diagonal entries
positive definite and complex are presented and necessary conditions for solvability of them are proposd.
We briefly call them AIEP.

3.1 Real matrix

In this case, we construct the matrix B,, with real entries. The diagonal entries may be zero.

Problem 1 (AIEP1). The real and distinct numbers

(n) (n—1) ) (1) () (n)
A7 <A << AT ALY < <A,
and real vector X, = (x1,...,x,) are given. Find matrix B, such that the numbers /l](i),li(i),i =1,....n
are minimum and maximum eigenvalues of B;, respectively and (l,g"),X,,) is an eigenpair of By,.

In the next theorem , we obtain the necessary and sufficient conditions for the existence and unique-
ness of a solution to AIEP1.

Theorem 3. The AIEPI has a unique solution if and only if x; #0,i=1,...,n.

Proof. Letx; #£0,i=1,...,n. Itis easy to see that h; = ll(l). From Lemma 1, and noting that

00" = 04" =0,

we obtain ) 2 e e

h A7) - 247014 3
2= @ EIN (
01(A47) =01 (47)
and - -
0 (WA T —hy) =0 A T —y)

h; = = = . i=3,....n, 4)

ONE=0) ON=2Y0

Qi 1(4 )Hz(/ll —hj)=0i1(A4") ] 2(% —hj)
j= j=

Arrowhead Inverse eigenvalue Problem
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A9~ 200,01 (D)

Vi =ei1fi1 = — — . i=2,.
01 (W) T (A =) = Qs (W) TT (37~ hy)
Jj= j=

Since B, X,, = A,E”)Xn, thus

OEe
fog = P —hixi . WY 5
1

By substituting /; and f;—; in Eq. (2) and from Lemma 1, we obtain

(A2 — )01 (M)
fi ’
A = )01 (A7)

€1 = , 1=3,...,n.

T
Jiet L (A7 = hj)
j=2

€| —=

Hence, there exists real solution to the problemife;f; >0, j=1,...,n—1. Since
i—1 i—1 i—1
0;-1(0) = A=4"A-2") =2 1Y),

therefore, we obtain
Qj-1(AY) >0 and (~1)7'0;1(A{") > 0.
So

(" =) (=101 ()21 (A7) > 0.

Let
N1 =0 1M () = 051402 (A7),

then by the same reasons (—1)/"!N;_; > 0 and so
ejfj>0, j=1,...,n—1.

With regard to Lemma 1, we obtain a unique solution for AIEPI.

217

(&)

(6)

(N

(®)

Conversely, assume that there exists a solution to AIEP1 and X, be an eigenvector of B,,. By Lemma

2, the component x| is nonzero, so we obtain x; # 0, i = 1,...,n which completes the proof.

The following algorithm is presented to solve AIEP1.

O
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Algorithm 1 ( Solving AIEP1)

1: Input:
2: Real numbers Al(") < ll(nfl) - < 7L ) < 7LZ - < 7Ln(n), and the
3: real vector X, = (xl,...,xn)T.
4: Ifoneof x; =0,i=1,...,n, Stop. (Problem 1 can not be solved by this algorithm)
5: Set h; = /11(1),
6: Set o) o
7 b= ’“l ),
( ) 22(2
. _ (W —h)
8: 1= %7
% = (Aé”—hzfggl(?té”)
10: Set .
11: 01(A)=A—hy,
12: 0x(A ) (A —h2)01(A) —eifi,
13: Fori=3,. _
o w’)) T A0 A T 2 -ny)
14: h; = I:Q — i=
Q1) T (" =hy)~0ia A7) L (3" —y)
(M pyy
150 frog o= B b
O_pvo, (2O
16: ei_y 1= L Q1)

q o0
fier T (A7 =hj)
=2

i1
17: Qi(A) == (A —h)Qi-1(A) —ei1fi .Hz(l_hf)'
i

18: end for.
19: Output: B,,.

3.2 Nonnegative matrices

In this case, we construct the matrix B, such that all its entries are nonnegative numbers.

Problem 2 (AIEP2). The real and distinct numbers
R D I T Sy L S

and real vector X, = (xl,...,x,,)T are given. Find matrix B, with nonnegative entries such that the

numbers ll ,l( = 1,...,n are minimum and maximum eigenvalues of B;, respectively and (ﬁ,n(") ,Xn)
is an eigenpair of B,.

Theorem 4. Problem 2 has a unique solution if and only if

AV > o, )
LT A =h) M i=2,...n (10)
b ()Li(l)—hj) Qz 1(%(1)

xix; >0,i=1,---,n. (11)
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Proof. Let from Theorem 3 the matrix B, exists with the form of its solutions as given in Egs. (3), (4),

(5), (6), and (7) with nonnegative entries. We find the conditions under which the solution is nonnegative.
: _ (D

First, hy = 4,7 > 0.

Set
i-1 i—1

nioy = it A TT A = hy) = 0t AA TT A — hy).

J=2 J=2

Since B, and S, are similar matrices, hence they have the same eigenvalues and the Cauchy’s theorem
guarantees the following inequality

R N N N TR S Py KON

From Theorem 3 and Eq. (8), fori =2,...,n,

. N i—1 . . N i—1
0i 1 (A T =) = Qi A T (A = ) .
b — j=2 J=2 _ (=D iy ~0
l iy (20 0y (20 (=1 IN
Qi-1(4 )Hz(ll —hj) = Qi1 (A )Hz()’i —hj)
J= J=

where (—1)!'N;_; >0, so (—1)""'n;_; > 0 and as a result Eq. (10) holds. In addition, f; > 0, by

S Mmoo .
considering fi_; = = 2,...,n, it concludes Eq. (11) .

Conversely, assume that Egs. (9), (10) and (11) hold. From Eq. (9), ll(l) = h; > 0. From condition
(10) we see that

i i Dyq ()L i P =L
(1" = (=)' 0t AN TT A = k) + (120 A TT (A — 1) > 0,
=2

j=2

by the Cauchy’s theorem and condition (9), 0 < ll(l) < l}j ), By the proof of Theorem 3 we obtain

, , . _ (M) _p\r
Qi 1(4") > 0 and (~1)1Qi 1 (A4") > 0, 50 hy = F=- > 0. 1 x1x; > 0, then fiy = % > 0,

i=2,...,n. From Theorem 3, e;f; > 0, s0 e; > 0 and it completes the proof. O

3.3 Equal diagonal entries

We construct the matrix B, such that diagonal entries have the same values by one eigenpair and maxi-
mum eigenvalue of each leading principal submatrix.

Problem 3 (AIEP3). Real distinct numbers A1) < A2 < ... < A0=1) < A0 and real vector X, =
(x1,...,%,)T are given. Construct the matrix B, such that AU) is the maximum eigenvalue of B; and
(A" X,) is an eigenpair of B, and diagonal entries of B, have the same value.

Theorem 5. There exists a real solution to Problem 3 if and only if x; 20, i=1,...,n.

Proof. Let x; 20, i = 1,...,n, and the value of diagonal entries be a real number k. It is clear that
hi =h = ;. From Q;(2)) =0, by Lemma 1, we get

etfi = (AP —h)0;(A1),
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(9 -1, A _ 0(AY)
Vi =ej1fio1= P ()j ! = (A(Jj)l Yl j=3,...,n.
IT (2 ) —h) -

By the Cauchy’s theorem, we have A() < 12 < ... < 20=D <« 100 50 AU) —p >0, j=2,...,n,

. (n) _ .
Q.,-,l(k(f)) > 0. Therefore, ¢;_1 fj—1 >0,j=2,...,n. From Lemma 2, f; | = (* xlh)xf, i=2,...,n,80
(A2 —1)01(2?)
e| = ,
1 fi
and 0
Qj-1(AY .
€ji—1= / 1_( )j—3’ ]:3,...,1’1.

fi-1(AW) —h)

Conversely, if there is a real solution to the problem, then it is easy to see thatx; 20,i=1,...,n. O

3.4 Symmetric positive definite matrix

The conditions for the existence of a positive definite solution is given in Theorem 1. Since a positive
definite matrix is symmetric, so e; = f;. Therefore, we just need to set the following condition on the
input set to obtain a positive definite solution with

0<A® <AV ca@ <P <,

and from Algorithm 1 we get

=", (12)
812 = (12(2) _hZ)Ql (12(2))7 (13)
i—1 i—1
Qifl()'i(l))/li(l) Hg (11(1) —hy) —QH(%[)))HI) Hz (ll(l) —hj)
0 AN T A —hp)— 0 AN TT A = 1))
J=2 j=2
@ _ 1. 0]
ei_12: (Al hl).Ql—l(Af[ )7 l:37’n (15)

Without loss of generality, we take the maximum as e;.

3.5 Complex matrix

If any of the eigenvalues or any component of the vector X,, = (x,...,x,)’ are complex, then it is possible
that some entries of B, become complex. In this case, by eliminating the inequality in Problem 1, we get
the same solutions.
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(1) 5. T

Corollary 1. 2n— 1 distinct scalars ll(l),ll(z),lz(z) v Ay oAy and vector X, = (x1, ..., Xy)
Arrowhead matrix B, of the form (1) with entries

are given.

mo= 22",

hy =
oM7)~ 01 (A?)
. ~i—1 R i—1 R
01 (5)23" T4 = hy) = 0 ()4 T (47— )
h = =2 =2 i=3,....n
T O o AT D
szl( 2 )Hz( 1 j) Ql*l( 1 ) 2( 2 J)
J= J=
(n)
fl—] = (ln hl)xl’ l:27 ) 1,
X1
D 2v;y. (30
e = (12 ht)Qtfl(lz )7 1227‘ .,

i-1
fir TL(A" = hy)
j=2
exists if and only if x; 20, i=1,...,n

4 Numerical Results

In this section, we present the numerical results of the problem AIEP1. The computational results are
provided by MATLAB software.

Example 1. To compare the computations accuracy, we define the matrix B, for k =1,...,n, n =
1,...,50 as follows:
1 1
h = - = 3 _ = 2 —_.
T k1) RN

The extremal eigenvalues of each leading principal submatrices and the eigenvector of B, are computed,

then they are set as inputs of Algorithm 1. We call the output of Algorithm 1 and its extremal eigenvalues,

Zl("), A" | respectively and compute relative error

H,w) _ i i

with A (") = (An(n),kl(")) and 1(") = (M”),il(")). Figure 1 shows variation of this error.
Example 2. In AIEP2, we define the matrix B, fork=1,...,n, n=1,...,50 as follows:
=k, ex=—, fr=sin’(k).

In AIEP3, this matrix B, fork=1,...,n, n=1,...,50 is defined as the following form:
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1o X107
§ 08
g 0.6
é 041
0.2
0
Figure 1: Relative error for eigenvalues in AIEP1.
452207
Al
° 35
& A
051
0
Figure 2: Relative error for eigenvalues in AIEP2.
he =10 k fi=Vk
= er = a—— = .
k T T k
Also, in corollary 1, the matrix B, fork=1,...,n, n=1,...,50 has the following definition:

1 ki
hy = ;, ey :e_Zki, fr=—10+ ﬁ

By similar definition of Example 1 for e, (,), Figures 2, 3 and 4 show variations of the errors.

Example 3. For positive definite case, we consider

3,00 =205 AP =32 28 =2, 2V =33,
15,28 =429 =1, 29 =45,
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x10°

N

14

o
@
T

Relative error of eigenvalues
o o
= o
.

o
(S}
T

Figure 3:

n

Relative error for eigenvalues in AIEP3.

Relative error of eigenvalues
o o o o
o o 14 ~ o
(&3 © - n S

o
o
b

0.02 -

n

Figure 4: Relative error for the eigenvalues in Corollary 1.

By applying Eqgs. (12), (13), (14) and (15) we get
3.0000 0.3873 0.7809 0.7878 1.2496

0.3873 2.4500 0 0 0
As =] 0.7809 0 2.9148 0 0

0.7878 0 0 2.1813 0

1.2496 0 0 0 2.4836

We compute the spectra of all of the principal submatrices of As to verify the results:

o(As) =
0(Aq4) =
o(A;3) =
0(Az) =
o(Ar) =

{1.0000,2.2594,2.4530,2.81724.5000},
{1.5000,2.3887,2.6574,4.0000},
{2.0000,2.5648,3.8000},
{2.2500,3.2000},

{3.0000}.

223
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5 Conclusion

In this study, we have considered partially described inverse eigenvalue problems of arrowhead matrices
under different conditions. Such problems are important when all spectral information is unavailable.
The necessary and sufficient conditions for the existence of solution in different cases were obtained
by the similar symmetric matrix. Then, the necessary and sufficient conditions for the solvability of
AIEPs were discussed. The problems were studied under different cases: matrix entries being real and
nonnegative, equal entries on diameter solution and complex matrix.

Matrices with complex entries are used in perturbation of one-dimensional Schrodinger equations.
We also considered the case in which the matrix entries are nonnegative and it is applied in nonlinear
control perturbation problem. Numerical algorithms were provided for the problems and illustrative
examples were also given to test the algorithm.

References

[1] M. Babaei Zarch M, S.A. Shahzadeh Fazeli, S.M. Karbassi, Inverse eigenvalue problem for con-
structing a kind of acyclic matrices with two eigenpairs, Appl. Math. 65 (2020) 89—-103.

[2] R. Bhatia, Positive Definite Matrices, Princeton Series in Applied Mathematics, 2007.

[3] M.T. Chu, A fast recursive algorithm for constructing matrices with prescribed eigenvalues and
singular values, SIAM J. Numer. Anal. 37 (2000) 1004-1020.

[4] M.T. Chu, G.H. Golub, Inverse Eigenvalue Problems: Theory, Algorithms, and Applications, Nu-
merical Mathematics and Scientific Computation Oxford University Press, New York, 2005.

[5] B.N. Datta, Numerical Linear Algebra and Applications, Brooks/Cole Publishing Company, New
York, 1995.

[6] F. Fathi, M.A. Fariborzi Araghi, S.A. Shahzadeh Fazeli, Two different inverse eigenvalue problems
for nonsymmetric tridiagonal matrices, J. Algorithm Comput. 52 (2020) 137-148.

[7] F. Fathi, M.A. Fariborzi Araghi, S.A. Shahzadeh Fazeli, Inverse singular value problem for nonsym-
metric ahead arrow matrix, Inverse Probl. Sci. Eng., https://doi.org/10.1080/17415977.
2021.1902515, 2021.

[8] M. Heydari, S.A. Shahzadeh Fazeli, S.M. Karbassi, On the inverse eigenvalue problems for a spe-
cial kind of acyclic matrices, Appl. Math. 64 (2019) 351-366.

[9] M. Heydari, S.A. Shahzadeh Fazeli, S.M. Karbassi, M.R. Hooshmandasl, On the inverse eigenvalue
problem for periodic Jacobi matrices, Inverse Probl. Sci. Eng. 28 (2019) 1253-1264.

[10] L.Hogben, Spectral graph theory and the inverse eigenvalue problem of a graph, Electron. J. Linear
Algebra 14 (2005) 12-31.

[11] J. Peng, X.Y. Hu, L. Zhang, Two inverse eigenvalue problems for a special kind of matrices, Linear
Algebra Appl. 416 (2006) 336-347.


https://doi.org/10.1080/17415977.2021.1902515
https://doi.org/10.1080/17415977.2021.1902515

Inverse spectral problems for arrowhead matrices 225

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

H. Pickmann, R.L. Soto, J. Egana, M. Salas, An inverse eigenvalue problem for symmetrical tridi-
agonal matrices, Comput. Math. Appl. 54 (2007) 699-708.

H. Pickmann, J. Egana, R.L. Soto, Extremal inverse eigenvalue problem for bordered diagonal
matrices, Linear Algebra Appl. 427 (2007) 256-271.

H. Pickmann, S. Arela, J. Egaa, D. Carrasco, On the inverse eigenproblem for symmetric and
nonsymmetric arrowhead matrices, Proyecciones (Antofagasta) 38 (2019) 811-828.

S. Qifang, Inverse spectral problems for pseudo-Jacobi matrices with partial spectral data, Com-
put. Appl. Math. 297 (2016) 1-12.

W. Rundell, P. Sacks, Inverse eigenvalue problem for a simple star graph, J. Spectr. Theory 5 (2015)
363-380.

D. Sharma, M. Sen, Inverse eigenvalue problems for two special acyclic matrices, Mathematics 4
(2016) 1.

D. Sharma, M. Sen, Inverse eigenvalue problems for acyclic matrices whose graph is a dense
centipede, Spec. Matrices 6 (2018) 77-92.

W.R. Xu, G.L. Chen, On inverse eigenvalue problems for two kinds of special Banded matrices,
Filomat 31 (2017) 371-385.



	1 Introduction
	2 The relation between symmetric and general form of IEPs
	3 Main problems
	3.1 Real matrix
	3.2 Nonnegative matrices
	3.3 Equal diagonal entries
	3.4 Symmetric positive definite matrix
	3.5 Complex matrix

	4 Numerical Results
	5 Conclusion

