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Abstract. Fuzzy delay differential equation driven by Liu’s process is a type of functional differential
equations. In this paper, we are going to provide and prove a novel existence and uniqueness theorem
for the solutions of fuzzy delay differential equation under Local Lipschitz and linear growth conditions.
Also the stability of the solutions for fuzzy delay differential is investigated. Finally, to illustrate the
main results we give some examples.
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1 Introduction

Many of the natural phenomena around us do not have an instantaneous indirect effect from the moment
of their events. For example, a sick person shows signs of an illness after a few days (or even weeks) she
or he was infected.

In order to incorporate a model with time lag (the moment when the process takes place until the
observation of the state is made), it is necessary to consider an extra term often called delay time. Delay
differential equations are recently gaining more and more attention in the literature, due to this fact that
the future state of a mathematical model for many fields of science (such as medicine, physics, ecology,
biology, economics and etc) may depend on the present state as well as the past state. For example, Hale
proposed the theory of delay differential equations [4]. On the other hand, when an ordinary differential
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equation is incorporated with other phenomena, such as randomness and delay, it is not natural to expect
that the solution of the corresponding dynamic system behaves similar to that of ODEs. Therefore,
we would be interested in investigating the theory of fuzzy differential equations in the sense of Liu’s
process.

Historically, the concept of fuzzy sets have been first investigated by Zadeh via membership function
[16]. Liu introduced credibility theory and presented for the first time the concept of credibility measure
to facilitate measuring of fuzzy events [8]. It is worthy to note that this measure is a powerful tool for
dealing with fuzzy phenomena and is based on normality, monotonicity, self-duality, and maximality
axioms.

Liu proposed the concept of fuzzy process [5]. A particular fuzzy process with stationary and inde-
pendent increment is Liu’s process, which is just like a stochastic process described by Brownian motion.
Recently, many literatures have been published on the Liu’s process and its applications in other sciences
such as economics and optimal control [10, 13, 15]. Liu inspired by stochastic notions and Ito process
introduced fuzzy differential equations which were driven by Liu’s process for better understanding of
the fuzzy phenomenon [S].

Qin and Li applied of fuzzy differential equation was driven by Liu’s process to solve European
pricing problem in fuzzy environment by [11]. Liu investigated the existence and uniqueness of solution
to the fuzzy differential equations by employing Lipschitz and Linear growth conditions [14]. Afterward,
Fei studied the uniqueness of solution to the fuzzy differential equations driven by Liu’s process with
non-Lipschitz coefficients [3].

Fuzzy delay differential equations (FDDEs) have a wide range of applications in real time applica-
tions of control theory, physics, ecology, economics, population study, inventory control, and the theory
of nuclear reactors. Many authors proposed the new methods for solving FDDEs (see [2, 0, 12]). Re-
garding the importance of the existence and uniqueness of solution to FDDE driven by Liu’s process, in
this paper, we study existence and uniqueness of solution to FDDE driven by Liu’s process. The main
goal of this paper is to provide weaker conditions to study the existence and uniqueness of solution to
the FDDE. To this end, we prove a new existence and uniqueness theorem under the Local Lipschitz and
Linear growth conditions.

The rest of this paper is organized as follows. In Section 2, we will review some basic concepts about
credibility theory, fuzzy variable, fuzzy process, and Liu’s process. Then the fuzzy delay differential
equation will be introduced in Section 3, according to Local Lipschitz and Linear growth conditions,
a new existence and uniqueness theorem will be proved and finally we will study the stability theorm.
Concluding results are given in Section 4.

2 Preliminaries

The emphasis in this section is mainly on introducing some concepts such as credibility measure, cred-
ibility space, fuzzy variables, independence of fuzzy variables, expected value, variance, fuzzy process,
Liu’s process, and stopping time.

Suppose that ® is a non-empty set and & is the power set of . Each element of A in &7 is called an
event. In order to present an axiomatic definition of credibility, it is necessary to assign a number Cr{A}
to each event A which indicates the credibility that A will occur. To ensure that the number Cr{A} has
certain mathematical properties which we intuitively expect to have a credibility, we accept the following
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four axioms [&]:
1. Axiom (Normality)  Cr{®} =1.
2. Axiom (Monotonicity) Cr{A} < Cr{B} whenever A C B.
3. Axiom (Self-Duality) Cr{A}+ Cr{A¢} =1 for any event A.
4. Axiom (Maximality) Cr{U;A;} = sup;Cr{A,} for any events {A;} with sup; Cr{A;} < 0.5.

Definition 1. [&] The set function Cr is called a credibility measure if it satisfies the normality, mono-
tonicity, self-duality, and maximality axioms. A family &7 with these four properties is called a o-
algebra. The pair (©,22) is called a measurable space, and the elements of & is afterwards called
P -measurable sets instead of events.

Definition 2. [/] Let ©® be a nonempty set, &7 the power set of ©, and Cr a credibility measure. The
triple (0, Z,Cr) is called a credibility space.

Let (®, 2 ,Cr) be a credibility space. A filtration is a family {2, },>¢ of increasing sub-c-algebras
of &P (ie. P C Py C P forall 0 <t <s<oo). The filtration is said to be right continuous if &, =
Nyst P for all t < 0. When the credibility space is complete, the filtration is said to satisfy the usual
conditions if it is right continuous and & contains all Cr-null sets.

We also define P = 6(U;>0%) (i.e. o-algebra generated by U;>0 ;) &?-measurable fuzzy vari-
able is denoted by L? (O, Rd) that will be defined later. A process is called -adapted, if for all t € [0,1]
the fuzzy variable x(t) is &?-measurable.

Definition 3. [/] A fuzzy variable is defined as a (measurable) function & : (©,4?,Cr) — R.

Definition 4. [/] Let & be a fuzzy variable. Then the expected value of & is defined by

mazéwbqu@&—/icqgg@@

provided that at least one of the two integrals is finite. Furthermore, the variance is defined by E[(& —
e)?].

Let & and 1 be independent fuzzy variables with finite expected values. Then for any numbers a and
b, we have

E[a& + bn] = aE[E] + DE[n].
Definition 5. [/] The credibility distribution [L(x) of a fuzzy variable & is defined by
1(x) =max{1,2Cr(§ =x)}, x€R.

Definition 6. [7] A credibility distribution W(x) is said to be regular if it is a continuous and strictly
increasing function with respect to x at which 0 < u(x) < 1, and

lim p(x)=0, lim p(x)=1.

X——o0 X—ro0

In addition, the inverse function =" (&) is called the inverse credibility distribution of &.
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Definition 7. [/] Let T be an index set and (®,%,Cr) be a credibility space. A fuzzy process is a
function from T x (®, 2 Cr) to the set of real numbers. That is, a fuzzy process X,(0) is a function of
two variables such that the function X;«(0) is a fuzzy variable for each t*. For each fixed 0%, the function
X,(0) is called a sample path of the fuzzy process. A fuzzy process X;(0) is said to be sample-continuous
if the sample path is continuous for almost all 6.

In the following expression, we use the notation x(¢) instead of x;(0). A fuzzy process is essentially
a sequence of fuzzy variables indexed by time or space. As one of the most important types of fuzzy
processes, the Liu’s process is defined as follows.

Definition 8. [/] A fuzzy process C, is said to be a Liu’s process if

1. Cp =0,

2. C; has stationary and independent increments,

3. Every increment C,45 — Cy is a normally distributed fuzzy variable with expected value et and variance
021> whose membership function is

/.L(x)zZ(l—i—exp(”\‘;%_;["))_l, —o00 < X < oo,

The parameters e and o are called the drift and diffusion coefficients, respectively, in addition, Liu’s
process is said to be standard if e =0 and ¢ = 1.

Based on Liu’s process, Liu integral is defined as a fuzzy counterpart of Ito integral as follows.

Definition 9. [5] Suppose that x(t) is a fuzzy process and C, is a standard Liu’s process. For any
partition of closed interval [a,b] witha =1, <ty < --- < ty+] = b, the mesh is written as

A= tiv1 — .
lngl?ék|z+l l‘

Then the Liu integral of x(t) with respect to C; is

b k
/a x(t)dC, = Alino;x(t") (Cy,,, — Gy,

provided that the limit exists almost surely and is a fuzzy variable.

Theorem 1. [/] Let C, be a standard Liu’s process, and h(t,c) a continuously differentiable function.
Define x(t) = h(t,C;). Then we have the following chain rule

dx(t) = 2 (t,Cy)dr + 9%(1,C;)dCy,
which is called Liu formula.
Definition 10. /8] The fuzzy variables &1,&y, ..., &, are said to be independent if
Cr{NiZ{& €Bi}} = min Cr{&; € B},
1<i<m
for any sets B1,B,,... B, of real numbers.

Let us define a sequence of credibility stopping times.
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Definition 11. [9] A fuzzy variable T : ® — [0,9] (it may take the value ) is called an { &, }-stopping
time (or simply, stopping time) if {0 : 1(0) <t} € &, foranyt >0

=inf{t > 0: |x(r)| > k},

=inf{t > 0:w(x(¢)) > 2¢},
Oy =inf{t > opiy w(x(r)) < e}, i=1.2,...,
O2itr1 = inf{t >0y w(x(t)) > 28}, i=1,2,...,

)

where throughout this paper we set inf ¢ = oo,

Definition 12. [9] If X = {X,};>0 is a measurable process and 7 is a stopping time, then { X }i>0 is
called a stopped process of X.

There are several useful inequalities for fuzzy variables, such as Holder inequality and Chebyshev
inequality. In the sequens, we introduce generalized inequalities for fuzzy variables.

Theorem 2. (Hélder Inequality) [3] Let p and q be two positive real numbers with % + é =1,&andn
be independent fuzzy variables with

E[EP] < +eo and E[[7]9] < +oe.
We have

E[1En]< Y/E[IEP] YE[[n[4].

Theorem 3. (Chebychev’s Inequality) [3] Let & : © — R”" be a fuzzy variable such that E [ |E[P ] <
+oo for some p, 0 < p < oo. Then the Chebychev’s inequality is:

Cr[|§|>A] < LE[IEP] forall A >0.
Finally we introduce some symbols that are used in next sections.
Notation 1. /P(6,RY): the family of R%-valued fuzzy variables & with E|& [P < o,

Notation 2. (P([a,b],R%): the family of R%-valued Z,-adapted processes {f(r)}a<i<» such that
J21f(1)]Pdr < oo almost surely.

Notation 3. MP([a,b],R%): the family of processes {f(t)}q<i<p in £P([a,b],RY) such that fab |f(2)|Pdr <

oo,

Notation 4. /P(R.,R9): the family of processes {f(t)};~o such that for every T > 0, {f(¢)}s<i<T €
(P([0,T],RY).

Remark 1. A Liu’s process C is Lipschitz-continuous, that is so, for any given 0 € ©, there exists
K(6) > 0 such that for all t,s > 0,

|Ciy = Cso| < [t —5].

Lemma 1. [/] Suppose that C, is a standard Liu’s process and x(t) is a fuzzy process on [a,b] with
respect to t. If K(®) > 0 is the Lipschitz constant for path C,, with 6 € O fixed, then we have

/ " 0)dc,| < K(6) / " x(o)\dr.
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3 Fuzzy delay differential equation

We consider the following FDDEs:

(2)
X(t) = ¢(I)7 1<,
where C; is a standard Liu’s process, T > 0 and denote by C(|—7,R],R). C([—7,R],R) is Banach space
with norm ||@|| = sup|¢(¢)]. Also for two functions f and g we have f,g: C([-7,R],R) xR — R.
For a fuzzy process x : C([—7,R|,R) x ® — R, denote a fuzzy segment process of x(z) given by
x(7,0)=x((t—7),0) fort € [0,T] and 6 € ©. x(¢) is called a fuzzy process with delay (or memory) of
the fuzzy process x at moment ¢ > 0.

{dx(t) = f(x(t — 1), 0)dt + g(x(t — 7),1)dCy, t>T,

3.1 Existence and uniqueness of the solution for FDDEs

In this section, we will consider existence and uniqueness of the solution For FDDEs. First we consider
two conditions as follows:

(I) Lipschitz condition: there exists a positive number L such that:
f(x(2),2) = f (), 0)| + g (x(2), 1) — g (w(2),1)| < Lfx(t) —y(2)].
(II) Linear growth condition: there exists a positive number L such that:
|f(xe(2),0) |+ 8 (x(2), 1) | < L[ +x()]
Now, we introduce the mapping A on C(|—1,R],R) for x(z) € C(|—1,R],R) as follows;
AG0) =00+ [ 1xts—).9)ds+ [ gtals—7).5)dC, ®

wheret € [0,T],7 > 0.

Lemma 2. For any 6 € ©, and x(t,8) € C([—7,R],R), we have A(x(t,8)) € C(|—7,R],R).
Proof. Let sy, s> € [0,T] and s, > s,. We have
A(x(51.0)) ~ Alx(s2.0)| = | [ fx(s = ©).5)ds+ [ ala(s—7).5)C,(6)|
< [TV s =) 9)lds+ [ le(ats — 7).5)dCy(6)
< [ 1 s~ ).9)ds + KO) [ axls —2).0)lds
<L(1+ (0, 7)1+ K(8) (1 —52).

Thus |A(x(s1,0)) —A(x(s2,0))| — 0 as |s; — s2| — 0. So, we have that A(x(¢)) is sample-continuous on
C([-7,R],R). O
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Lemma 3. There exists ¢ > 0 such that for any t € [0,T), the FDDE (2) has a unique solution on the
interval [t,t +c| (setting t +c =T if t + ¢ > T) if the coefficients f(x(t),t) and g(x(t),t) satisfy (I) and
ID).

Proof. Let ¢ > 0and B(6) = L(1+K(8)) such that c.$(8) € (0,1). Fort € [0,T), define
AEN =5+ [ Fals—)0ds+ [ glels—),9dC, Ecliitel @
Lemma 2 implies that A(x(&)) € CJt,t +c] for x(&) € C[t,t +c]. For any & € [t,t + ¢, we have
A(x(G,0)) —A(¥(&,0))]
[ 1705 21,9) 005 - 9)ds + [Tt —),5) (oG5 .94, (6)

¢ 4
< / Fx(s—1),8) — Fy(s—7),8)lds+ / g(x(s—1),5) — g(¥(s — 7),5)dCy(6)]
¢ ¢
< [T Ul =):0) = F(5(s=0).9)lds +K(0) [ [glals = ).5) —g(3(s— ), )lds
4
SLO+K(O) [ (5= 1).0) = y((s=),0)lds

S
SLO+K(O) [ sup [x((s—7).8) ~y((s—),0)lds

t 1<s<t+c

<L(1+K(6))c|x((s —7),0) —y((s — 1), 0)]].
If we set A(x(€,0)) = x(¢) for § € [t,t +¢|, then
IA(x(§,0)) —A((E, 0 < B(O)lIx((s—7),8) —y((s — 7),0)].

Then, A is a contraction mapping on C[t,7 + c]. Thus by the well-known Banach fixed point theorem we
have a unique fixed point x(¢, 0) which satisfies (3) for [¢,7 + ¢]. Thus, (2) has a unique solution on the
interval [r,7 +c]. O

Theorem 4. The FDDE (2) has a unique solution on the interval [0,T| if f(x(t —7),t) and g(x(t — 7),t)
satisfy (1) and (11).

Proof. Suppose that [0,c], [c,2c],..., [ke,T] are the subsets of [0,7]. For any subset [(i — 1)c, ic| and by
using Lemma 3 it follows that the FDDE (2) has a unique solution x'(z, ) on the interval [(i — 1)c, ic] for
i=1,2,...,k+1 and setting (k+ 1)c = T. Therefore, the FDDE (2) has a unique solution x(¢) on the
interval [0, 7] by setting

x'(t,0), te][0,c],

x(t,8) = xk(;,e)’ t € [(k—1)c,ke],

¥+, 0), t€ke,T).
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Example 1. Consider a I-dimensional linear FDDE

dx(t) = [nx(t) + fix(t — 7)]dt + Y0 _, [mex(t) + myx(t — 7)]dCy,, 10 <1,
x(e):€7 th—7<0<r.

We consider two parts:
Part I: Ont € [ty, 1) + 7], the linear FDDE becomes a linear FDE

{dx(r) = [nx(t) + 1 (1))dt + X2, [mgex(t) + i, (1)]dCy,,
x(t0) = £(0),

where 1 =& (t — 7) and p, (1) = m& (t — 7). This linear FDE has the explicit solution

x(1) = G(N[EO)+ | &) @E(s— kawé s —1))ds

where

p
C1(t) = exp][( Z m2)(t —to +ka C, —Cy,)l-
=1 k=1

Part 2: Ont € [ty + T,t0 + 27|, the linear FDDE becomes a linear FDE

dx(t) = [nx(t) + m2(2)]dt + Z mx(t) + W, ()]dCy,,
k=1

x(to) = x(to+7),

where 1, = & (t — 7) and py, (1) = mi& (¢t — 7). This linear FDE has the explicit solution

x(1) = Ga(0) fo+T+/ & () (RE (s —7) — zmkmkés—r»

+ Z mké(s_ )dcsk]7

l()-‘r’L'

where

Gale) = explin— 1 Ym0 )+ 3 mi(Cy ~ Cope)
k=1 k=1

Iterating this process over the intervals [ty + 27,7 + 37] etc. we obtain the explicit solution for the linear
FDDE.
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3.2 Stability theorem for FDDEs

Regarding the fact that if a physical examination is repeated twice with the same conditions, how much
measurements are conducted carefully, the initial imposed conditions will not be exactly the same. it is
expected that the results of two physical examinations have a litter difference which each other. This
means that very small changes in initial conditions are expected to cause only small changes in answer
or in other words, the answer of mathematical model is stable. In this section, we will propose a concept
of stability for a FDDE in the sense of fuzzy measure. A sufficient condition will also be derived for a
FDDE be stable.

Corollary 1. Let C, be a fuzzy process on a credibility space (0, ,Cr). Then there exists a fuzzy
variable K such that K(0) is a Lipschitz constant of the sample path C,, for each 6 and

lim Cr{6 € B|K(0) <x}=1.

X—r o0

Proof. Define
C,—C;
K(6) = sup Gy — Gl ‘59’,
O<t<s [—S

for each sample path C;,. Then K is a fuzzy variable on (®, #7,Cr), and
|Cip — Cse | <K(O)]1 =51,
for any 71,, € R*. That is, K(0) is a Lipschitz constant of the sample path C;,. Given x € R, if

d
5(9)‘9, vV t>0,

then we have

S dC
G- Cul< [0

dt <x(s—t),

for any 1,7, € R*, which means that

Thus, we obtain

Cr{6 € O|K(6) <x} = Cr{sup

dc,
dt

C,—-C <)

S

Cr{|—|<x, Vt>0}<2¢(x)—1,
where ¢ is the credibility distribution of standard normal fuzzy variable N(0, 1). Since ¢(x) — 1 as x —
~+o0, we have

lim Cr{6 € O|K(6) <x}=1. O

X—>+oo
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Corollary 2. Let C; be a fuzzy process on a credibility space (0, Z,Cr), and K(0) be the least Lipschitz
constant of the sample path C,. Then

Cr{K < 4o} =1.

Proof. We will prove by a contradiction method. Assume that Cr{K < 4oo} < 1. Then there exists a
positive number § > 0 such that Cr{K < +eo} <1—{, so we have Cr{K < x} <1—{ for any x € R.
It means that

lim Cr{6 € B|K(0) <x} <1-¢,
X—r o0
which contradicts that

lim Cr{6 € O|K(6) <x}=1.

X—>+oo

The corollary is thus verified. O

Let x; and y; be two solutions of the following FDDE,

x(t0) = £(0). ®

Then the FDDE (5) is said to be stable if for any given number £ > 0, there exists a real number § such
that

{dx(t) = f(x(t—71),0)dt + g(x(t — 7),1)dC;, 1 €[0,T],

Cr{|x(t) —y()| > €} <e,
lim Cr{|x(t)—y(t)|>€}=0, V>0,

[xo—yo|—0

holds for any 7 > 0 provided |xo — yo| < 8.

Example 2. Consider the following FDDE

dx(t) = u(t —7)dt + odC,,
x(t) =1,

where [l and o are constants, and C; is a standard Liu’s process. If 0 <¢ < 7,then —7 <t—17 <0, and
so x(t — 7) = 1. Therefore, for 0 <7 < t, we have to solve the following fuzzy differential equation

{dx(t) = udt + 6dC;, ©

x(0)=1.

By solving this equation we obtain

1
x() = x(0) + / pdi +oC,,
0
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and so x(t) = xo + put + o C,. Since the two solutions (6) are
x(t) = xo+ut +oC;,
y(t) =yo+ut +0C,
we have |x(t) — y(¢)| = |x(0) — y(0)|. Then for any given € > 0, taking € = &, we have
Cr{|x(t) = y(1)| > €} = [x(0) —y(0)| =0 <&,

for any 0 <t < 7. Hence, the FDDE is stable.
Now, if 7 <t <27,then 0 <7r—17 <7, and so x(t —7) = 1 + u(t — 7) + 6C,_;. Therefore, for
7 <t <27, we have to solve the following fuzzy differential equation

{dx(z) =p[l+u(t—1)+0Ci_¢]+0dC,

(N
x(t)=1+u(r)+0oC,.

Solution of this equation is
t
x(t) = x(7) +/ w1+ pu(s—1)+0Cs_¢]ds+ oC,,
T

and so x(¢) = xo + u? (tar)z +u(t — 1)+ po [LCy_.ds. Since the two solutions (7) are

(11
2

2 (1—1)? !
y(t) =yo+u 5 —|—/.L(Z‘—T)+,u(7/ C,_ds,
T
we have |x(r) — y(t)| = |x(0) — y(0)|. Then for any given € > 0, taking € = 8, we have
Cr{|x(r) —y()| = €} = [x(0) —y(0)| =0 <&,
for any 7 <t < 27. Hence the FDDE (7) is stable.
Theorem 5. The FDDE (5) is stable if the coefficients f(x,t) and g(x,t) satisfy (I) and (II).

Proof. Assume that x() and y(¢) are two solutions of the FDDE (5) with different initial values x(0) and
¥(0), respectively. Then

x(t) =x(0) +/th(x(s— T),s)ds+/rtg(x(s— 7),5)dCs,
) =30+ [ f0ls=)5)ds+ [ 8305 - 0)9)dC.

For a Lipschitz continuous sample path C;,, we have
[x(z,6) —y(1,6)]
t 1
< () (O + [ Uxls=).5) = (s = 7). 9)lds+ [ [g(x(s = 7).9) — (s = 7).9)l|dC.]

< 1(0) —(O)]+ [ Ls)Ix(5,0)~¥(5,0)lds+ [ LK (0)}x(5,0) — ¥(5,0)lds

= 1x(0) =3(0)|+ [ L(s)(1+K(6)x(s.0) ~3(s.O)]s.

t
x(t) = xo + u? —|—u(t—r)+uo/ C,_ids,
T



140 S.S. Mansouri, M. Gachpazan, N. Ahmady, E. Ahmady

Thus by the Grownwall’s equality we have
[x(7,0) —y(z,0)| < [x(0) — y(0)| +exp(1 + K(6)) /T L(s)ds.

For any given € > 0, there exists a real number H, such that Cr{0|K(6) <H} > 1 — . We consider

szexp(—(uH)fL(s)ds)e.

Then for any positive real number ¢ provided that |x(0) —y(0)| < 6 and K(6) < H we have |x(¢,0) —
y(t,0)| < € . In other words,
lim Cr{|x(r) —y(t)| > €} =0,

[x0—yo|—=0

so the FDDE is stable. O

4 Conclusion

In this work, emphasis was given to provide weaker conditions to study the existence and uniqueness of
solution to the fuzzy delay differential equations. We proved a new existence and uniqueness theorem
under the Local Lipschitz and Linear growth conditions. Finally, we proposed the sufficient condition of
stability for the fuzzy delay differential equations.
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