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Abstract. We investigate the eigenvalue distribution of banded Hankel matrices with non-zero
skew diagonals. This work uses push-forward of an arcsine density, block structures and gen-
erating functions. Our analysis is done by a combination of Chebyshev polynomials, Laplacian
determinant expansion and mathematical induction.
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1 Introduction

The computation of eigenvalues of large matrices is a matter of major importance in many
scientific and engineering applications such as quantum chemistry, structural dynamics, chemical
reactions, electrical networks, Markov chain techniques, control theory, magneto hydrodynamics,
combustion processes and cell biology [2,7,8]. A number of matrices which appear in most
applications have special structures than others, such as Toeplitz matrices, circulant matrices
and Hankel matrices. These are typically dense matrices, but their entries depend on fewer
limitations than size of matrices.

In [2], Angerer and Zamora analyzed the spectral of a statistical mechanics matrix which
appears in the context of a special toy model of contractile structures from cell biology. We try
to generalize this problem for special group of Hankel matrices. As in [7], we first introduce the
notation

k
f=fw) =w" Y fma™
m=1
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where f € L, f,, is the mth Fourier coefficients of
o
F(z) =Y fm?™, (1)
m=1

and the series in the right-hand side converges absolutely to F'(z) on the open unit disk |z| < 1.
The purpose of this paper is to analyze an n x n banded Hankel matrices with non-zero skew
diagonals (n > k) of the form

0 0 -~ 0 0 f
o 0o - 0 i fe
H(f)=10 0 0 A - fi2 faar |- (2)
0 0 fi fo - fie1 fr
0 fi fo - feer Sk 0
fi fooo foer Sk 0 0

Our aim is to study the eigenvalues of this matrix in the special case n — co. The main
reason to do this work is that the square of this matrix is almost Toeplitz. Eigenvalues for
banded Toeplitz matrices are given in [3,5,06,9, 10]. Angerer [1] derives a weak limit law for
eigenvalues of Hankel matrices with three non-zero skew diagonals:

00 - 0 0 fi
0o 0 -~ 0 fi fo
0 0 - fi fo fs
H,(f)= 0 : fi fo f3 0
0 fi fo - 0 0

fi 2 f3 0 - 0

Let
1 n
pn= kg_l Oxps (3)

be the empirical distribution of its eigenvalues, and

dp(x) 1 ()

dr 271 — 22’

be one-half of the arcsine distribution on (—1,1). Then he proved that, in the sense of weak
convergence of measures, lim, oo pn =: p exists, and decomposes into the push-forward of the
density (4) under the mapping

o= \J(f1— a2 + 3+ 2fa(fy + fo)z + A fan?.
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In fact, we have

S = L)1 e(e)
Jn 3w =g [ e o [ S e o

for every continuous function w : C — C with the compact support. He also presented a
conjecture without proof for the eigenvalue distribution of Hankel matrices with more than
three non-zero skew diagonals, matrix H,(f) in (2). This motivated us to present a proof for
this conjecture.

The paper is organized as follows. The conjecture is presented in Section 2. In Section
3, the proof of theorem is started by some of the elementary steps such as a block structure
for sub-skewtriagonal Hankel matrices. In Section 4, the determinant is expanded by Laplace
expansion and generating functions. Finally in Section 5 the theorem is proved by mathematical
induction.

2 Main theorem

In this section, we introduce the next theorem which has a main role in this paper.

Theorem 1. Let H,(f), n > k be an n x n (complex) Hankel matriz by symbol f = f(w) =
w an:l frw™ L for some k > 1. Let

1 n
Pn = EZ(SA]“’ (6)
k=1

be the empirical distribution of its eigenvalues. We choose for p a measure so that its density is
introduced by
dp(z) 1

= , 7
dx 2my/1 — 22 (7)
which is one-half of the arcsine distribution on (—1,1). Then limy, o0 pp =: ot exists in the

sense of weak convergence of measures and decomposes into the push-forward of the density (7)
under each of the following mappings

90+7(P_ : [_Ll] — (Ca (8)

or(r) == (x) = \/T X Ji X Hy(f) x Ft, ¢~ = —pT,

F= (fl) f27 ey fk:)a T = (1) 2T1(.’E), 2T2(.17), ey 2Tk‘—1($))7
where Ty (x)’s are Chebyshev polynomials of the first kind, Jy is the appropriate exchange matriz
and Hy(f) is a k x k Hankel matriz,
0O 0 --- 0 fi
0 0 - fi fo
Hy(f)=1 + &+ . : : (9)
0 fi - fi—2 fi
fi oo feer Sa
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The empirical distribution (6) of its eigenvalues, when n — oo, will tend towards the push-
forward of the density (7) by the two mappings (8). Therefore for every continuous function
w: C — C, we have

R L w(pt(2)) 1 w(e(2))
71151;0;10()%) - %/1 ﬁdm—k %/1 ﬁdﬂ (10)

In other words, the magority of eigenvalues of a large matriz H,(f) tends to cluster around the
set o ([—1,1]) U~ ([-1,1]) with the compact support.

We will give the proof in the Sections 3, 4 and 5.

3 A block structure for sub-skewtriagonal Hankel matrices
Let k = n and (n,n)-entry of the matrix H,(f) in (9) be zero, namely

0o 0 --- 0 fi

0 0 - fi  f

0 fi o far foor
fi foo oo far O

We set
i fo oo faar 0
0 fi -+ fao fn-1

A
o X Gu(f)=1 1+ = o : :( 0 ?1 )

0 0 -~ fi f2
0 0 0 fi

and

fv oo faa fn
0 fi - fao frn—1
Jnx Ho(f)=1] + &+ -~ : :(é ﬁ )
0 0 - fi f2
0 0 -~ 0 i

These blocks help us to find two mappings in Theorem 1 with the compact forms

() = \/(T*,QTn_l(ac)) < < a }91 ) v ( l;: > (11)
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where

T = (1, 2T1 (H}), 2T2($), e ,QTn_Q, 2Tn_1(x)),

T*

Ft = (f17f27"‘7fn—17fn)t'

F*t

After some computations similar to (11) for the matrix G, (f), we get

“Z’"(”C):V(T*“X(‘é C ()

We compute the difference between ¢, (z)? and ¢,,(x)?

on(2)? = ¢n(x)> = (T*B+2T0_1(2)f1) fn
= [fon+2T1(x)fn1+ ...+ 2T—1(x) f1] fn

Then
"Pn(x)z - qbn(x)Q’ = |fn+2T1(2) fr1 + 2T2(x) fu2 + . .. + 2T 1(2) f1l] ful,

and we have
| on(2)? = dn(@)?| <2 |fill ful.
i=1

Since the series in Eq. (1) is absolutely convergent, we deduce
lim [ (2)? = ¢n(2)?| = 0.
n—oo
From Egs. (13), (14) and for n > k in the Hardy-Hilbert space [7], we write

lim ¢,(z) = lim ¢,(x).

n—o0 n—o0

4 Determinant expansion
We find the determinants of the matrices H,(f) and G, (f) which are denoted by

A0 ... 0 f
0 —A - fi p)

Dp(A) =| R : : )
0 fl fn—Q_)\ fn—l
i fo o far fa— A
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and

-2 0
0 =X
0 A
fi fo

0 fi

fi f2
faz— A fa
fnfl _)\

M. Shams Solary

respectively. Our aim is to find a relationship between determinants as the coefficients of rational

generating functions. This helps us to recover a linear system of recursion equations |

generating functions are

h(z) =) Dn(MN)2", g(z) =) Sa(N)2".
n=0 n=0

|. These

(16)

Now, via Laplace expansion with respect to the their last rows, the following results are

deduced:
A0 - 0
0 —A fi
Dn(/\) = .
0 fl fn—2 - A
fi fo fn—1
-
0
ot (CD)T T |
0
0
-2 0
0 =X
+(fa—A)
0 0
0 f
and
-2 0 0
0 —A f1
Sn(A) = : : :
0 fl fn—2 - A
fi fo fn—1

1
f2
fn.—l
fn - )\

0
—-A

h

fot =N s

fn—3

f1
f2

fn—l
—A

0
D)
= (=)™
0 f
fioee
0 f1
fi fo
fn—él:_)‘ fn—?
fn—3 fn—l
0
1
fn—2_)\
0
D)
= (-1 A :
0 fi
fioee

o O

fn73

0 BA!
h f2
fn‘—3 fn.—2
fnf2 —A fnfl
0 fi
h fa
fn.—3 fn—2
fn72 - A fnfl
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A 0 - 0 f
0 —=A .- fi f2
SRREE LGS iy R :
0 0 T fn74 A fnf2
0 fi - fams  faa
A 0 - 0 0
0 —\ .- 0 fi
+(=A)] Do : :
0 0 - faa=A  fos
0 fl fn—3 fn—Z_)\
The difference between these determinants are given by
A 0 - 0 0
0 =\ --- 0 fi
Dpn(A) =Sa(N) + fu] + 1 e : : : (17)
0 0 o fn—4 —A fn—S
0 fl fn—3 fn—Q_)\
E

After expanding F with respect to the first row, we get
Dyp(A) = Sp(A) = AfpDp—2(N). (18)
Multiplying the Eq. (18) by 2" and z* and summing up from n, k = 2 to infinity, gives

iiDnz”zk _ ii(sn _ /\ann_Q)ZnZk,

n=2 k=2 n=2 k=2

which results in

o0 (o) [o¢] (o) o0 o
g D,z" g k= E Sp2" g LI E fn2™ E Dy_o2".
n=2 k=2 n=2 k=2 n=2 k=2

Then
Z[Dnzn—Do—D1zZz —1—-2z]= Z[Snz"_so_slzzz —1-1¢]
n=0 k=0 n—0 0
—A Z[fnz" — fo— f12}22 Z[Dkfgzkfﬂ.
n=0 k=2

Without loss of generality, we set Do(A\) = So(A) =1, D1(A) = fi — A, S1(A) = =\ for n > 2.
Then

1] = [g(2) — S~ Suzll — 1 2] = APIF() — o~ fizlh2)

[h(2) = Do — Drz][5
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and
_ 9(z) + frz
") = TR 2FG) — fo— fid] (19)

We know that L{W is ordinary power series generating function (ops) for the sequence
{an+2}5° and it converges on |z| < 1 for Eq. (1),

F(2) = fo = 17 opy

22 {an+2}80'

For more details on the ordinary power series generating function see [11]. This ordinary power
series will be used in next section.
5 An inductive proof of the main theorem

We can prove the theorem in Section 2 by mathematical induction. In the first step of induction,
we see that Theorem 1 is true for k£ = 3, since the matrix takes the form:

00 - 0 0 f
0 0 - 0 fi f
0 0 - fi f2 Jf3
H(f)=1 0 * A f f5 0 [,
0 fi fo -~ 0 0
fi o f3 0 - 0
see [1]. Namely, if p, := L 3" | 6, is the empirical distribution of its eigenvalues [1,2], then

limy, 00 pn =: p* exists in the sense of weak convergence of measures and decomposes into the
push-forward of the density (7) under each of mappings

p3(0) = /(1 = )2 + F3 +20(f1 + fo) + 4f1 faa.

and

—p3(z) = —\/(fl = [3)2 4[5+ 2f2(fu + f3)z + 4f1 faa?.

In other words, we have Eq. (5) for every continuous function w : C — C with the compact
support. It shows that the function w(X) generally has a different distribution from X.

Now, we assume that the theorem is true for £ = n — 1 in (2) or matrix G, (f) in Section
3. Then we will show that it is also true for £ = n. By our hypothesis in the last section,
there exists a function ¢, = ¢, that Eq. (10) is true for it. It is easy to see that S, (\) is
non-zero for sufficiently large values of \. We show that (—))"S,(A~!) is a polynomial of degree
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n in A. It is nonzero for sufficiently small value of A. Also, log((—\)"S,(A™1)) is analytic and
single-valued in a small neighbourhood of 0. We have

810g((_)‘)nSR(A71)) _ . A _ = - T T
B AN - ; 1— I;m =2 (kzzl AkH) A (20)

n
see [1,2]. 3> A;™'is n times the (r + 1)-th empirical moment of the measure p,. Its moment
k=1
generating function is shown by

r ro__ 810g n\/ (_1)715”()\71)
M (A Z ( Z)\ ) A=)\ o) .

r=0

Since everything is analytic here, then

d10g (i V/1"0)  dloga(n

. go

mi(\) == nlg]go mp(A) = =\ B\ = —)\(f))\()‘AAh

that lim, o ¥/(—1)"S,(A71) is the reciprocal radius of convergence of the generating function
g(z) in Section 4. Also, limy, o ¥/(—1)"S, (A1) is a zero of denominator g(z) in A=! and

(21)

n — 1
i 500 = 55 = Jim VSO0 =

=ot(\7h.

m#()\) is the moment generating functlon of the measure pf. Set w(z) = 2" in the Theorem 1,

(e 9]

)\27“ 2r 1 1 1 1
mf(\) = lim Z / \/&) dr = nli_)n;()ﬂ/_1 1= 2 () mdw. (22)

On the other hand, by Eq. (21), we deduce

i L /1 1 L, A@loga()\)‘

im — T =—A————"| =1
n—oom J_1 1= N2¢2(x) /1 — 22 ax A=A
The proof will be completed, if we show that Eq. (23), for the function ¢, is true. Then, we
need the zero op(A). Now, from the Section 4, we obtain

h(z) = 9(z) + frz ’

TF A= 2)[F () — fo— fi7]
namely the denominator of both generating functions are approximately similar except for the
zero 1 + A1 — 2)[F(2) — fo — f17],

L+ AL = 2)[F(2) — fo— frz] = 0 — % — (1= 2)[F(2) - fo — fi2],

and op(A\) = 0g(A) Nop(A). Therefore, Egs. (1) and (19) show that F'(z) is convergent on the
open unit disk |z| < 1. Then, it is a zero of the denominator g(z) which is closest to the origin.
Eq. (15) shows that lim,cc ¢n(2) = lim, o0 @n(2), therefore

1 /1 1 Lo _)\aloga()\)‘ B
1 1= X202(2) /1 — 22 15D A=A

Thus, the inductive step is proved. O

(23)




302

M. Shams Solary

Acknowledgements

The author wishes to thank Dr. Wolfgang P. Angerer for his constructive comments. Also, the
author thanks the editor and two anonymous reviewers for their substantial and constructive
comments that have resulted in a significant improvement of the manuscript.

References
[1] W.P. Angerer, On the spectrum of banded Hankel matrices, Linear Algebra Appl. 439 (2013)
1496-1505.
[2] W.P. Angerer, A. Zamora, Figenvalues of a statistical mechanics matriz, J. Math. Chem.
50 (2012) 1411-1419.
[3] A. Bottcher, S. Grudsky, Spectral properties of banded Toeplitz matrices, STAM, Philadel-
phia, 2005.
[4] J.P. Boyd, D.H. Gally, Numerical experiments on the accuracy of the Chebyshev Frobenius
companion matrix method for nding the zeros of a truncated series of Chebyshev polynomials,
J. Comput. Appl. Math. 205 (2007) 281-295.
[5] M. Elouafi, An eigenvalue localization theorem for pentadiagonal symmetric Toeplitz matri-
ces, Linear Algebra Appl. 435 (2011) 2986-2998.
[6] M. Elouafi, On a relationship between Chebyshev polynomials and Toeplitz determinants,
Appl. Math. Comput. 229 (2014) 27-33.
[7] R.A. Martinez-Avendao, P. Rosenthal, An introduction to operators on the Hardy-Hilbert
space, Springer, 2007.
[8] Y. Saad, Numerical methods for large eigenvalue problems: theory and algorithms, Wiley,
New York, 1992.
[9] M.S. Solary, Finding eigenvalues for heptadiagonal symmetric Toeplitz matrices, J. Math.
Anal. Appl. 402 (2013) 719-730.
[10] M.S. Solary, Sparse sums with bases of Chebyshev polynomials of the third and fourth kind,
Turk J Math. 40 (2016) 250-271.
[11] H.S. Wilf, Generating functionology, Philadelphia, PA, 1992.



	1 Introduction
	2 Main theorem
	3 A block structure for sub-skewtriagonal Hankel matrices
	4 Determinant expansion
	5 An inductive proof of the main theorem

