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Abstract. In this paper, we use Chebyshev polynomials to seek the numer-
ical solution of a class of multi-variable order fractional differential equa-
tion (MVODEs) that the fractional derivative is described in the Caputo-
Prabhakar sense. Using operational matrices, the original equations are
transferred to a system of algebraic equations. By solving the system of
equations, the numerical solutions are acquired that this system may be
solved numerically using an iterative algorithm. The effectiveness and con-
vergence analysis of the numerical scheme is illustrated through four nu-
merical examples.
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1 Introduction

Fractional calculus becomes a central branch of mathematical analysis and
differential equations. Differential equations with fractional order deriva-
tives have important applications in different fields of science, economics
and finance, like physics, engineering, possibly including fractal phenom-
ena, including numerical analysis and so on [3,4,8=11,14=17,23]. In this
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paper, we survey and study a new approach for solving multi variable or-
ders differential equations(MVODESs) with Prabhakar function (the order
of derivative (or integral) operator is not a constant but it is a function of
space, time or other variables)as followed:

N
> m(t)D? Ot) = f(t,O(t), 0 <t <1,
=1

P51 (t)7w7a+
©(0) = Oy, (1)

where N is a positive integer number and p;(t) are bounded in the inter-
val [0,1]. 7;(t) are known functions. ©(t) is a continuously differentiable
function. Also the operator D;m(t),wﬂ + is a differential operator in the
sense of the Caputo-Prabhakar fractional derivatives of order pu;(t) that
the Caputo-Prabhakar fractional derivatives is obtained by modifying the
Riemann-Liouville integral operator by replacing its kernel by a Prabhakar

function, that this function is defined as follows:

vy 1~ Tly+n)
Boul®) = 503 ;nlf(pn T Be).RG >0,

where, for v = 1 we recover the two-parametric Mittag-Leffler function

Bl =3 g bR > 0 )

and for v = = 1 we recover the classical Mittag-Leffler function

= 1
Ep(z) = T;O mz”, R(p).

Then the Prabhakar function is a function which extends the well-known
two-parameter Mittag-Leffler function (£, ,(z)) which is the most straight-
forward generalization of the classical Mittag-LefHler function E,(z). One
of the reasons that made us interested in the Prabhakar function is re-
lated to the description of relaxation and response in anomalous dielectrics
of Havriliak-Negami type and a model of complex susceptibility intro-
duced to keep into account the simultaneous non-locality and nonlinearity
observed in the response of disordered materials and heterogeneous sys-
tems [14-16,26,27]. Also there are numerous old and recent studies con-
cerned with the Prabhakar function (see, for example [7, 19,24, 28]). Tt is
not easy to obtain exact solution of fractional ordinary/ partial/ integro-
differential equations with the kernel of the variable order and therefore, a
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numerical method is used to solve them [2, 12, 13]. Few research has been
done in this area for solving variable order of the differential equations using
the numerical approximation. A great number of authors have significant
contributions which deal with these types of the differential equations of
variable order. In fact, different numerical algorithms are developed for
obtaining numerical solutions of different types of MVODESs. In this field,
kernel method is used in [25,31], Jacobi polynomials to obtain solution
of the multi-variable orders differential equations is used in [18], spectral
method is used in [6], Bernstein polynomials to obtain solution the multi-
variable orders differential equations is used in [21], finite difference method
is used in [30], an improved collocation method is applied in [5].

In this paper, we use the fifth-kind Chebyshev polynomials as basic
functions to obtain operational matrices. We transfer the original equa-
tions to a system of algebraic equations using operational matrices and
collocation method. For this purpose, in Section 2 we recall the fundamen-
tal definitions in fractional calculus and introduce the fractional derivative
with Prabhakar kernel. In Section 3, we survey the fifth-kind Chebyshev
polynomials , also in this section the operational matrix of variable order
derivative operators are discussed. In Section 4, we describes the proposed
method for solving MVODESs. In Section 5, we investigate the convergence
analysis of our proposed method. This section is followed by several illus-
trative examples in Section 6.

2 Preliminaries

In this section, we recall some definitions and lemmas of fractional integral
and differential operators which are used in the next sections.

Definition 1. /22,29 For 0 < a <1and f € L'[a,b], 0 <t < b < oo, the
left-and right-sided Riemann-Liouville fractional integrals and derivatives
of order « are defined as:

I f(t) /f )(t —7)* tdr,
I f /f ) dr,

1 —
o f(t) F(a) / f(r)(t —71)"%dr,
1

Dy f(t) = _I’(a)dt/t f(r) (T —t)~%dr.
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Also, for the absolutely continuous function f, the left-and right-sided Ca-
puto fractional derivatives of order « are defined as follows:

CDRA(0) = I G0 = s [ (=T
b
CDRf10) = <1510 = ~pry | (70 A

Definition 2. [20] Form—1 < R(u) < mand f € L'[0,b],0 <t < b < o0,
the left-and right-sided Prabhakar fractional integrals are defined as follows:

() DO = [ (6= 7P B (e = 1) ()
b
(B .y D) = / (r = LB (wl(r — ) f(r)dr,

where p, u,w,v € C and E}, is Prabhakar function(2).

Definition 3. [20] For the function f € L[0,b], the left-and right-sided
Prabhakar fractional derivatives are defined as:
(D) DO =S ),
pyih,w,a™t dem pm—pw,at
dm
(D) PO = (1B (),

where m — 1 < R(u) < m. For the absolutely continuous function f,
the left-and right-sided Caputo-Prabhakar fractional derivatives are also
defined as follows:

dm
C 7
D) ot FO =BT i ),

_ dm
D) s PO = (VBT o f(0):

Lemma 1. [22] Let p,pu,vy,w,v € C with R(p), R(u), R(v) > 0. Then:
/0 (& — )" B (wl — 0P)0 Nt = T()a B (wr?). (1)

2.1 Variable-order fractional calculus

In this subsection, we replace the fractional order p with a bounded function
m—1 < u(t) <m, m € N and consider the definitions of derivative and
integral as follows:
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Definition 4. The right-sided Prabhakar fractional integrals of order (t)
are defined by:

(€ sy O = [ =7V OB wlt =) (), )

b
(€7 - D)D) = / (r = OB (e - ) f(r)dr,  (3)

t>0, m—1<up(t)<m, meN.

Definition 5. The right-sided Prabhakar fractional derivatives of order
u(t) are defined by:

" _
(gz,#(t),w,a+f)(t) = dtimep,:n—u(t)’wﬂJrf(t)a

dm
(QZ’/‘(t)’W’b7 f)(t) = (_1) ﬁimép,:n—y(t),w,b*f(t%

t>0, m—1<p(t) <m, meN.

Also, for the absolutely continuous function f, the left-sided and the right-
sided Caputo-Prabhakar fractional derivatives are defined as follows:

- dm
Dzvu(t)7w10+f<t) - ep,;:z—,u(t)wyavL dtimf(t)7 (4)
m g dm
Do w0/ = 1", 0 g/ (1) (5)

t>0, m—1<p(t)<m, meN.

3 The fifth-kind Chebyshev polynomials

The well-known ¢ th degree fifth-kind Chebyshev polynomials can be defined
on the interval [—1, 1] and can be determined with the following formula [1]:

1 —32-1,1
it — H 1< b t,
xi(t) Nk (t)

where

. .
o — S2iF1s  Leven,
i =g w(i+2)
322i+1 ? Odda
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and
l5)-1
,S,V,W _ E (2]{7 + (_1)k+1 + 2)w +s LS, VW
o = ( I (2k+(_1)k+1+2tgy)w+r)ﬂ’” (#).
3] : [5)-5-1 :
LS,V W _ : I_lJ : (2k+(_1)k+1+2L£J)V—|—T 1—27
;) = (( j )( I G yuss )i

§=0 k=0

Xi(t) are orthonormal on [—1,1], i.e.,

L 42 1, m=n
m () xn(t)dt = ’ ’
| et ={ &

In order to obtain these polynomials on the interval [0,1] we introduce
the change of variable ¢ — 2¢ — 1 and substitute 2¢t — 1 to x;(¢) then, the

fifth-kind Chebyshev polynomials can be defined as:

ﬁz(t) = Xi(Qt — 1).

The functions £;(t) with respect to the following weight function are or-

thonormal
2t — 1)2
wi) = 2
Vi —t2

and the orthogonality of the functions £;(t) is shown as follows:

1 (2t—1)2 _ 17 m=n,
/0 ﬁﬁm(t)[’n(t)dt - { ()’ m 75 n.

We can rewrite £;(t) as:

7
Li(t) =) oyt
=0

where
3 ) B RS, (2kl—1)! )
o 92l+3 QZEZUTIJ ( )2‘ (%:;)(! HoD! i even,
Vel i(i+2) ZkiLgJ (k—I+1)! , todd,
and
l k — 0
27 )
%_{1,k>0

(1)
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We can define the shifted fifth-kind Chebyshev vector as follows:
p(t) = [Lo(t), L1(1),. .., La(®)] = AT, (1), (2)
where

T, =[1,t,¢%,... "7,

oo O 0o ... 0
Jgo,1 01,1 0 e 0
A=| 002 o012 o022 ... O ’
| O0,m Ol;m O2n --- Onn |

and 02, = \/g . Also the matrix A is invertible.

4 Operational matrix of variable order derivative
operators

In this section, we obtain an approximation for the function O(¢) in terms of

the shifted fifth-kind polynomials. First we need to find an approximation

for the Caputo-Prabhakar fractional derivative. So we can express the
function ©(t) in the following series:

mnzgyﬁmy (1)

Also, we can approximate O(t) by the first n 4+ 1 terms of the shifted fifth-
kind Chebyshev polynomials as:

o) ~0, = Zn:aiﬁi(t) = ATp(1),
=0

where the shifted fifth-kind Chebyshev vector ¢(t) and the shifted fifth-kind
Chebyshev coefficient vector A are given by:

p(t) = [Lo(t), L1(t),- ., La(®)]T,

A = [ag,ay,...,an)".

Also, the coefficient vector a; can be determined by the inner product as [1]:

1 o 2
%:A<2_2ﬁﬁm@ﬁ, 2)
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where a; are bounded. We derive the operational matrices of derivative
operators of order p;(t) for vector ¢(t) as:

ATH} =AD" [1,t,¢%,...,t"7.

v - N7
Dpvp’i (t)7w70+()0(t) - Dp7“i(t)7w70+ |: p,/.ti(t),w,0+
We use relations (2), (4) and Lemma 1, we obtain:
D’ (1) = A€ 4
popas(£) 0,0t P = p1—pi(t),w,0F ¢

— —pi(t)—1 —wi(t) p~
_A[o,t WO o wt?) 2 OB (tf),

(1,t,t%,...,t"7F

9 e T
A I L ORed Sintl (Wt?)| = AV (t)T,,

pm—pi(t)+1
where W,(t) are (n+ 1) x (n+ 1) matrices as W;(t) = [t j](n+1)x (n+1)> and

N —pi () =2 = .
Vi = et Epvj_ﬂi(t)+l(th)7 l=7>0,
! 0, otherwise.

According to the relation (2) we have T},(t) = A~ 1p(t), then
Dzvﬂi(t),w,0+<p(t) = A\Ili(t)A_l‘P(t)-

We rewrite AW;(t) A~ Lp(t) = Q;0(t), where Q; are the operational matrices
for variable orders derivatives based on the fifth-type Chebyshev polyno-
mials.

Then by employing the suggested method on Eq.(1) with initial condi-
tion ©(0) = O, we obtain

N N
DDt AT =Y m)ATQup(t) = f(t, ATp(t)), 0 <t <1,
i=1 1=1

AT(0) = @ 3)

Suppose t; = j/(n+1), j =1,2,...,n be the collocation points and R be
the residual function which is calculated as:

N
R(t, a0, an) = > mi()ATQup(t) — f(t, ATp(t)). (4)

i=1
To calculate solution of Eq.(3) we are solving below system:
%(t]‘, ag, . . - ,an) = 0,
ATp(0) = ©y. (5)

By solving the above system we can obtain coefficients a; and the unknown
function ©(t) can be calculated.
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5 Error analysis

In this section, we present the convergence analysis of our proposed method
in theorems as follows.

Theorem 1. [1] Assume that a function ©(t) € L?[0,1] with [©@G)(t)| < L
has the expansion as (1). If we define E,(t) = > 72, 1 aiLi(t), that Ey,(t)
be the global error. Then E, can be estimated as:

%

—

[En(t)] = 10(t) — 0n(t)] <

Theorem 2. Assume that a function ©(t) € L?[0,1] satisfies in Theo-
rem 1 so that the function ©(t) has a finite approximation as O, (t) =
Yo gaili(t) and the polynomials L;(t) are bounded on [0,1]. Then we
have:

3L ~
sup [O(t) —0,(t)| < —4en || A=A |2,
t€l0,1] n

" [2(i 4 2)2
where e, = E M
T
i=0

Proof. Suppose that ©,,(t) be an approximate solution of Eq.(1), that ©,,(t)
is obtained as follows:

én(t) = i a; L; (t) = ATgo(t) = ATATn,

and O, (t) = Y ja;Li(t) = ATAT,, A = [ag,a1,...,a,)". Then

= [O(t) — On(t)| +] ; @i Li(t) — ; a;Li(t)]
= 0(t) = On(t)] +| i(dz — a;)Li(t)]
Using the Theorem 1, we have: )
(1) — 0,(1) < 2 4| i(di a;) Li(t)] (1)
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Also, using Cauchy-Schwarz inequality for part two of the Eq. (1), we can
write

n

1> (@ — ai)Li(t)] < (Zn]ai —a¢|2> x (i[ﬁi(t)F) .
1=0 i=0

N
N

i=0
According to [1], we have
9 n ) n 2 )
L) <[ +2) =D ILP <) =(i+2)?
T ; — 0
=0 =0
and hence

i=0 i=0
Therefore, we get
1> (@ —a)Lit) <en | A=A (2)
i=0

Using (1) and (2), we get

3L ~
sup [O(t) —On(t)| < — +en [ A-A2.
te[0,1] n
The proof is complete. O

6 Numerical examples

In this section, four numerical examples are provided to show the effec-
tiveness of the present method and compare the approximate solution
with the exact solution. In this section, the absolute error are defined
as: e(t) = |0O(t) — ATp(t)|, t €[0,1].

Example 1. Let u(t) =t¢, n1(t) =1, ©(0) =0 and

f(tv ®(t>) =

- (—t)PB(t)t? ( 2t2

— 1].
(I P iT(tp 1+ 2) \tp + 2 t), b0,

p=0

Its analytical solution is ©(t) = 2 —t. The figures of approximate solution
and its absolute error are shown in Fig. 1 that it indicates the accuracy of
the presented method.
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The exact and the approximate solutions

1

e

g .
—Ograc® 09 -~ S

-0.05 o ©

Approxlmaie(t) 08

0.7 /. LY
-0.1 06 s

0.5 e \

€]
Error

-0.15 0.4 ; \
0.3 7 Y
02 o2 £

01 f N

o
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(@ t (b) t

Figure 1: (a) The exact and the approximate solutions (b) The absolute
error (n = 5), for Example 1.

Example 2. Let u1(t) =1 —0.5¢%, i (t) =1, ©(0) =1 and

))PB( i (Op+1
f(t,0() —6(1—1—2 1_M pﬁﬁ(rzil()p+2))—e(t),te[o,u,

where
T = Hypergeometric1 Fi[u1(t)p + 1, p1(t)p + 2, —t].

Its analytical solution is ©(t) = e'. The figures of approximate solution

and its absolute error are shown in Fig. 2 and absolute errors for various
n are shown in Table 1 that it improves the accuracy exponentially.

28 0.028
26 — Oyactt) 0.026
%
24 - 'eApproximate(t) 0.024 af
L
0.022 re
-
%
5 002 ol
£ -
W o018 o
Red
0.016 s
ptas
=
0.014 ot
,,,,
oot2f
-
0.8 0.01 ===
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
(a) t (b) t

Figure 2: (a) The exact and the approximate solutions (b) The absolute
error (n = 5), for Example 2.
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Table 1: The absolute error for various n.
t n=23 n=>=5 n=7|n=9

0.1 | 0.1665 | 0.3555 | 0.5211 | 0.7119
0.2 | 0.296 0.632 | 0.9264 | .2656

0.3 | 0.3885 | 0.8295 | 1.2159 | 1.6611
0.4 | 0.444 0.948 | 1.3896 | 1.8984
0.5 | 0.4625 | 0.9875 | 1.4475 | 1.9775
0.6 | 0.444 0.948 | 1.3896 | 1.8984
0.7 | 0.3885 | 0.8295 | 1.2159 | 1.6611
0.8 | 0.296 0.632 | 0.9264 | 1.2656
0.9 | 0.1665 | 0.41712 | 0.5211 | 0.7119

Example 3. Let py(t) = t, pa(t) = 1-0.5¢", n1(t) = 1, ma(t) = sint, ©(0) =
0 and

= 6(—pn ()P B(pa ) (Dp+3
f(t,0() = Z (1-— M1(t))p+lr(,u1( )p+4))
6(—

p=0
i (1))P B(jia (1) )12 P+
*63“”2 (1 pa(t) >p+1r<u2<t>p+4>>

+ 13 Cost—costG(t), t e [0,1], (1)

where the exact solution of this example is ©(t) = t3. Figure 3 shows
comparison between approximate solution, exact solution and absolute er-
ror that this figure indicates that approximate solution obtained by the
suggested method on Eq. (1) with initial condition is more close to exact
solution. Also, The absolute errors of the presented algorithm are shown
in Table 2.

In the following example the proposed method is compared with re-
sults available in the literature [18] in order to show the performance and
accuracy of the proposed method.

Example 4. We consider the following multi-variable orders differential
equations (MVODE):

. 63— 1(t)
DZ’#(t)’w’w@(t) - _ Sm(t)DZ,m(t),w,m@(t) — costO(t) + T4 = 1)
; 3—pa(t)
% + t3 COS(t), (2)

I — ()
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o
0O 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(a) t (b) t

Figure 3: (a) The exact and the approximate solutions (b) The absolute
error (n = 5), for Example 3

Table 2: The absolute error for various n.
t n=23 n=>5 n="7 n=9
0.1 | 0.00185 | 0.00001 | 0.00579 | 0.00791
0.2 | 0.0148 | 0.00008 | 0.04632 | 0.06328
0.3 | 0.04995 | 0.00027 | 0.15633 | 0.21357
0.4 | 0.1184 | 0.00064 | 0.37056 | 0.50624
0.5 | 0.23125 | 0.00125 | 0.72375 | 0.98875
0.6 | 0.3996 | 0.00216 | 1.25064 | 1.70856
0.7 | 0.63455 | 0.00343 | 1.98597 | 2.71313
0.8 | 0.9472 | 0.00512 | 2.96448 | 4.04992
0.9 | 1.34865 | 0.00729 | 4.22091 | 5.76639

with the initial condition ©(0) = ©'(0) = 0, where, for this problem p(t) =
+3

2 — sin®(t) and pi(t) = 1 — 5. For this problem the exact solution
is ©(t) = t3. The approximate solutions of Eq. (2) for u(t), ui(t) are
demonstrated in Fig. 4. The results in Table 3 express the performance
of the Caputo-Prabhakar fractional derivative in conjunction with variable
order Caputo derivative [18] in the table captions.

7 Conclusion

In this paper, a new kind of Chebyshev polynomials called Chebyshev poly-
nomials of the fifth-kind was employed for treating some types of multi
variable orders differential equations with non-local and non-singular kernel
that they have been solved using operational matrices based on the fifth-
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081 —Ogyactl®)

07 - -eApproximale(t)

0 01 02 03 04 05 06 07 08 09 1

t

Figure 4: The exact and the approximate solutions (n = 5), for Example

4.

Table 3: The absolute error for various values ¢t and n = 4.

t | Caputo — Prabhakar Caputo
0.1 | 0.000995510109830 | 4.46691e — 17
0.2 | 0.007964080878637 1.2837¢ — 16
0.3 | 0.026878772965398 | 2.15106e — 16
0.4 | 0.063712647029093 | 2.91434e¢ — 16
0.5 | 0.124438763728696 | 3.33067¢ — 16
0.6 | 0.215030183723187 | 3.33067¢ — 16
0.7 | 0.241459967671543 | 2.77556e — 16
0.8 | 0.309701176232740 | 3.33067¢ — 16
0.9 | 0.425726870065757 | 4.44089%¢ — 16

kind orthonormal Chebyshev polynomials. The derivative is described in
the Caputo-Prabhakar sense. By applying collocation method, we obtained
the approximate solution. The convergence of the presented method was

discussed.
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