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Abstract. In this work, an initial value problem for a weakly coupled
system of two singularly perturbed ordinary differential equations with dis-
continuous source term is considered. In general, the system does not obey
the standard maximum principle. The solution to the system has initial and
interior layers that overlap and interact. To analyze the behavior of these
layers, piecewise-uniform Shishkin meshes and graded Bakhvalov meshes
are constructed. A backward finite difference scheme is considered on the
meshes and is proved to be uniformly convergent in the maximum norm.
Numerical experiments for both the Shishkin and Bakhvalov meshes are
provided in support of the theory.
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1 Introduction

Singularly perturbed initial and boundary value problems arise in various
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fields of applied mathematics and engineering. In particular, a system of
first order singularly perturbed ordinary differential equations appears in
chemical reactor theory. The presence of small singular perturbation pa-
rameter(s) leads to a multi-scale character and prevent us from obtaining
the exact solution of these problems. The solution to such problems gener-
ally exhibit initial, boundary and interior layer(s) in narrow region(s) where
the solution changes rapidly. For the past few decades, various numerical
approaches that converges uniformly with respect to the small perturba-
tion parameters have been studied in [1-3,8,9,11-14]. Nagarajan et al. [10]
suggested a numerical method to solve a coupled system of two singularly
perturbed delay differential equations with given initial conditions on an in-
terval (0, 2] and established the first-order parameter-uniform convergence.
Liu and Chen [7] developed an adaptive mesh technique with a suitable
choice of monitor function to solve the singularly perturbed initial value
problem. These studies worked with the coupling matrix A that was di-
agonally dominant with strictly positive diagonal entries and nonpositive
off-diagonal entries.

Linss and Madden [5] considered a coupled system of singularly per-
turbed reaction-diffusion equations. The discrete Green’s function tech-
nique was used to derive the parameter uniform convergence of the central
difference scheme on both the Shishkin and Bakhvalov meshes. Kumar and
Kumar [1] constructed a numerical scheme for a coupled system of singu-
larly perturbed initial value problem. The local truncation error and barrier
function technique was used to obtain the parameter uniform convergence
result. The authors considered these systems with the relaxed assump-
tions on the coupling matrix A, but with continuous source term. On the
contrary, we consider a system of two singularly perturbed ordinary differ-
ential equations having discontinuous source term with prescribed initial
condition

{(Llu)(a:) = —e1u) (z) + a1 (x)ur (z) + ar2(x)uz(z) = fi(z), z € O UQy,
(Lou)(x) := —equh () + ag1(x)ur (z) + age(x)uz(z) = fa(z), = € 1 UQo,

(1)

with the initial conditions
ur(0) = X1, ug(0) = Xo, (2)

where €1, €9 are small perturbation parameters such that 0 < e; <eg <1

and it is assumed that

ai1(z) >0, ag(x) >0, xz €Q,

{ 412 } <0<l zeq.

ail

(3)

azi

max
a a22

)

Here, Q= (07 1)77 [071}7 Q1 - (075) and Q2 - (67

Q= ) where § € Q
and up,uz € C°(Q) N CY(Q UN). The functions aq(x

, a12(z), azi ()

1
)
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and agy(x) are supposed to be sufficiently smooth for all x € Q. The
source terms fi(z) and fy(z) are sufficiently smooth on Q\{d} and has a
discontinuity at the point x = §. This discontinuity leads to the appearance
of the interior layers in the solution of the considered problem in addition
to the initial layers. The jump at ¢ in an arbitrary function ¥ is defined
as [U](0) = ¥(6+) — ¥(0—). The solution satisfies the following interface
conditions

[u1](0) =0, [ug](6) = 0. (4)
Define the constant « as
a=(1-0) ineig{an(%)a az(z)}. (5)

The system of equations (1)-(2) can be represented in vector form as

Lu(z) := [_081 05 ] u'(z) + A(z)u(z) = f(z), 2€QUQ (6)
—€2
with initial condition
u(0) = X, (7)
satisfying the interface condition
[u](6) =0, (8)

f(z) = Bﬁ;gﬂ and X = gﬂ .

Throughout this paper, C denotes the general positive constant that is
independent of the perturbation parameters €1, €5 and the mesh parameter
N, but it is not necessary that C takes same value at different places.
The norm used to study the convergence of the numerical technique is the
maximum norm defined as ||g(z)||p = max lg(x)|| for an arbitrary function

g(x) defined on a domain D.

The rest of the paper is organized as follows. In Section 2, the stability
result for an analytical solution is derived. A decomposition of the exact
solution into smooth and layer components is introduced and finer bounds
are obtained on their derivatives. In Section 3, the continuous problem
is discretized using a backward difference scheme on a piecewise-uniform
Shishkin mesh and graded Bakhvalov mesh. A detailed error analysis of
the scheme follows in Section 4. Finally, the numerical test problem is
presented in Section 5.
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2 Continuous problem

The standard maximum principle does not hold for the system (1)-(2) with
the given assumption (3). Therefore, the following stability result for the
scalar ordinary differential operator is required.

Lemma 1. Let y € C°(Q) N CY(Q U Qy) be the solution of the scalar
differential operator Ly(z) := —uy'(x) + a(z)y(z), © € Q1 U Qq, satisfying
y(0) = Ag with a(x) > > 0. Then

|5
B

y(0)}-

The next theorem defines the stability result for the continuous problem
(1)-(2).

Theorem 1. The solution u; € C°(Q) N CH(Qy U Q) fori = 1,2 of the
system (1)-(2) satisfies the following bounds

2
Juily < ST max{Hf’“
k=1

Iyl < mas {[| =57,

Ak

|ur(0)] ¢,
oo )\}

where II = (/iij)gxg s an inverse monotone matriz with the diagonal entries
Qij
aii ||”

kii = 1 and non-diagonal entries k;j = —

Proof. Consider the following decomposition of the solution u; as the sum
u; = X; + Y5, where x; satisfies the following system of equations

{-&X%(ﬁ) + a;i()Xi
xi(0) = Xi,  [xi

and 1); satisfies

z) = filz), zeh Uy,

(
5 =0, (9)

2
—eil(z) + ai(@)gi(x) = =) ap(@)up(z), 1z €0 U,

= 10
= ”

¥i(0) =0,  [](d) =0.

Using triangle inequality and the application of Lemma 1 gives

2
fi
il =
P

ki

Ak

el < max { |

, ]ui(O)\}, for i=1,2.

i Q45 11921UQ2

The inverse monotonicity of II yields the required stability result. O
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To examine the layer part, we introduce the following layer functions
B (v)=e % B (z)=e @05 for i=12  (11)

The reduced system correspond to initial value problem (1)-(2) is given by
Aug = f, z € Q1 UQs. In order to analyze the numerical scheme, more
precise bounds are required. This is obtained by decomposing the exact
solution u as a sum of the smooth component p and the layer component
g, that is, u = p + q, where the smooth component p is the solution of the
following system:

Lp(z) = f(z), x€Q3UQo,

_ _ (12)
p(0) = AH(0)F(0), p(6+) = ATH(FH)F(5+).
and the layer component q is the solution of:
L =0, € 0y UQo,

q(0) = u(0) — p(0), [gl(6) = —[pl(9).

Theorem 2. Let the matrix A satisfies (3). Then for i = 1,2, the smooth
component p and its derivatives satisfy the following bounds

l 2 _
Hpg )H91U92 <C, 1=0,1, Hpg )||Q1UQ2 < Cai g

Proof. First we derive the result for x € Q1 = (0,6). The bounds on p; is
an immediate consequence of Theorem 1. Therefore, there exists a constant
C such that

lpsll < C. (14)

Differentiating (12), we have

Lp' = [_081 (; ] p'+Ap =f' —A'p, x e, p(0)=0. (15)
—€2
Applying Theorem 1 together with (14), it is not hard to see that

Ipil < €.

Further use of (15) and the estimates on p; and p) gives le(2)|| < Cejt
Following the same steps, the similar results can be obtained for x € Q. O

Theorem 3. Let the matriz A satisfies (3). Then for i = 1,2, the layer
component q and its derivatives satisfy the following bounds

-l -1
B B : Q
\q§”<x>|sc{€1 BT S TV S SO

6IZBET1 (x) + 5QZBET2 (x): x€Qy,
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—

B : e

) <cd Bl reh 01
62 BE'I‘2 (x) : z € Q27

51_13511 (x) + <€2_1B€l2 (x): = ey,

-1 -1 (18)
g1 Be, (z) +ey B, (2): x€Qs

1% (@) < ce;? {

Proof. First we derive the result for z € Q; = (0,6). For i = 1,2, apply the
following transformation ¢;(z) = B, (z)¢i(x). Then the components ¢;(x)
satisfy the following system

2
N Ei\ A ~
—&id; + (aii - Oéi)th' = - E aikqk;
€2 k=1
ki
with the transformed initial condition

Gi(0) = ui(?g)s —(83(0).

Since B, (0) > 1. Then we have [¢;(0)] < |u;(0) — pi(0)]. Now by the
definition of @ we have

(aii(a:) — a%) > (aii(z) — a) > 0.

Applying Lemma 1, we get

2
ES
k=1

k#i

i <c, for i=1.2
Qg —

Then, Proposition 2.6 in [5] and the M-matrix criterion implies ||¢;|| < C,
that gives
|4i(z)| < CBe, (z). (19)

Using (13) and (19), we obtain
|4;(2)| < Cei' Bey, (x). (20)

The bounds obtained on the first component g;(x) are not sharp enough,
for this purpose, consider the first equation of the system (13)

!
—€1q1 + a11q1 = —a12q2,

(21)
q1(0) = u1(0) — u01(0),
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where ug; is the solution of the corresponding reduced problem. Now de-
composing ¢i(x) similar to (12) and (13) as the sum q; = r; + s1, where
r1(z) satisfy the following system

—e17] + a11r1 = —a12g2,
a12 22
n(0) =~ 2245(0), 22
ari
and s; satisfy the following equation
—e18] +ajis; =0, (23)

31(0) = q1(0) — 7 (O)

Following the similar arguments used to obtain (19)-(20) with the transfor-
mation s1(z) = B, (2)51(x), we get

s (2)] < Cer'B., (x),  1=0,1. (24)

Using the bounds established in (19) and (24), the bounds on r; follows
from ri = ¢ — s1

r1(z)] < CBe, (2). (25)
Differentiating (22), we have

—err] +anr] = (—anq) —ajyr,  r(0) = 0. (26)
Using the bounds on g2, ¢) and 71, we see that
|(—a12g2)" — ayyr1| < Cey ' Bey (2).

Now taking the transformation 7 (z) = sng% (x)71(z) and repeating the
similar steps used to get (19), we obtain

[ri(2)] < Cey ' Be, ().

Collecting the bounds for ri(x) and s;(x), the improved bounds on the
layer component ¢ (z) are

l _ _
01 (0)] < C{er'Bey, (@) +3'Bey, (@)}, 1=0.1.
Finally differentiating (13) and using (16)-(17) provides

0 (@)| < Ce7Mer" Bey, () + &3 " By, ()}

)

On the similar lines the same result for z € Q9 = (J,1) can be derived.
This completes the bounds on the layer component. O
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3 The discrete problem

In this section, piecewise-uniform Shishkin meshes and graded Bakhvalov
meshes are constructed. The backward finite difference technique is applied
to discretize the continuous problem (1).

3.1 Shishkin Meshes

A piecewise-uniform Shishkin mesh of size A" on Q is constructed as follows.
The interval §2; is subdivided into three subintervals [0, aell], [0511 , 0512] and
[0¢,,.0]. Analogously the domain {2 is subdivided into three subintervals
6,0 + o¢, ], [6 + 0c,,6 + 0c,,] and [0 + o¢,,,1]. Each of the subintervals
[0,0¢,,], [0, 02,], loe,, 8], [0, 0+ 0¢, ], 6+ 02, , 6+ 0c, ] and [ +0¢, . 1]
are scaled with a uniform mesh of %/ mesh points. For convenience, we
assume that A is divisible by 3. The interior points of the mesh are given
as

OV ={a;: 1<j<¥ Du{z;: X +1<j<N-1}=00u0l,
Clearly zx = §, the point of discontinuity. The mesh points of the discrete
2

interval are given by QN = {x; : 0 < j < N}. The transition parameters
in  are defined as

_ : 20 € N ey ¢
Oy, = mm{g,fln/\/’}, ey, —mln{T?7E11nN},
. 2015 . fo
Oy = mm{%,%ln]\/’}, Oz, :mln{ 32,%11&./\/'}.

Note that the mesh is uniform if we choose the transition parameters as

_ 25 _ e _ 2(1-9) _ e e
Oc, = 35 0y, = 371 Ocpy = 3 and Oe,, = 5+ The step size in each

of the six subintervals of the domain QN are given by

H, = 60811 H, = 6(0612 B 0611) Hs = 6(5 B 0812)
N - N ’ - N
6 6 — 6(1—90—
Hy— j\E[rl . Hy = (UETQN Ocr, )7 Hy = ( v U&«?).

3.2 Bakhvalov Meshes

Let M : [a,b] — R be a strictly positive function. A mesh w : a = xg <
r1 < -+ < xpn = b is said to equidistribute the monitor function M if:

Z; b
/ M(s)ds:/i/,/ M(s)ds for j=1,...,N.
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The Bakhvalov mesh is constructed by equidistributing the following mon-
itor function

Ba(s) := max < 1, Mi g~ os/oic Mie—a(s—ts)/aiei :
1<i<2 € £

where o; > 1 and M, are some positive constants.

3.3 Finite difference scheme

The mesh function U(z;) = (Uy(z;), Ua(z;))T for all z; € QY U QY on a
piecewise-uniform Shishkin mesh 2, the initial value problem (1)-(2) is
discretized using a standard backward difference technique as follows

—&1 0

LNU (z)) = [ 0 e,

} D U(x;) + A@)U (z;) = f(z;),  (27)

U(xo) = X, (28)

and at the point of discontinuity, the scheme is defined as

LNU(:E%/) — |:—El 0

0 _52] U(SE%) + A($%{)U(CE

wfz,

)= flay ), (20)

where

Ui(z;) — Ui(zj—1)
(Ej — mj_l

Note that LNU (x;) = (LY U)(z;), (LY U)(z;))T with

D™ Ui(x;) =

for i =1,2.

(LNU)(z5) = — eiD~Uslay) + ant (2;)Ur(5) + an(z;) Uz (;),

for s = 1,2. To prove the stability of the approximate solution, the following
lemma is needed.

Lemma 2. LetY be the solution of the following discrete system (LNY)(z;) :=
—u(D7Y)(z5) + a(z;)Y (z;), Y(xo) = Ag with a(x;) > > 0. Then

¥l < max{)]igy ¥ (@) .

NN

Lemma 3. Let the coupling matriz A satisfies (3). Then the solution Ul(x;)
for i =1,2 of the discrete system (27)-(29) satisfy the following bounds

1Ui |5~ 22: )ik max{’

Ak QNUQgN’ ’Uk(wo)’}
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4 Error Analysis

The error analysis for the approximate solution obtained by the backward
difference scheme (27)-(29) is carried out and the parameter-uniform con-
vergence result is derived in the end of the section.

Let R = u — U represents the error of the numerical solution for the
difference scheme (27)-(28), where R = (R1, R2) and R; = w;—U;; i = 1, 2.
We introduce an operator (LNY)(z;) == —ei(D~Y)(x;) + ai(x;)Y (x;).
Splitting the error R; into two parts as the sum R; = x; + ¢; Here, x;
satisfy the following system of equations

(LN xi)(25) = (LR (25), 2 € AV, xilzo) =0, [xil(za) =0, (30)

and 1; satisfy the following system

2
(LN i) () = = > ailw))Re(;), x5 € &V, i(ao) =0, [Yil(za) = 0.
=
(31)
Applying Lemma 3, we obtain
>\ la
ik
leilloy < 3 | %5 IRl
el Qi
ki
By the application of the triangle inequality, we have
L a
ik
IRillor = D [| 2% [IRellor < Ixillox-
k=1 2
ki
Using the inverse monotonicity of the defined matrix II, we get
lui = Uillox < Cllxilloy, i=1,2. (32)

Since
(LY R)(5) = (L w) () — (LY U)(w)) = e(D™ug(w5) — uj(y).
Applying Lemma 2 we obtain

Ixilloy < C max eil (D ui(ay) — (up)(zj)|, i=1,2.

1
Tj
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Then, the Taylor expansion with an integral form of remainder and the
bounds on u/(x) gives

(0= gut| < [ andolas

Tj—1

&i

z;
< / (1 + el_lBgll (s)+ 52_135[2 (s))ds, i=1,2.

i1
Hence
Ixillov < CO@QY), (33)

where o
J
I(OQNM) = / (1 +e7'B.y (s) + 65 Bey, (5)>ds.

j—1
Thus for a piecewise-uniform Shishkin mesh constructed in section 3.1, we
have

/ ’ (1 + 51*13511 (s)+ 551le2 (5)>ds <CNtTN).

7j—1

From (32) and (33), we obtain
|ui — Ulloy <CNHnN).
For the graded Bakhvalov mesh defined in Section 3.2, we have [0]

/ ’ (1 + 51_1B511 (s)+ a;lBEIQ(s))ds < CN~! for z € OV,

i—1
and therefore
||uz — U1||Q/\/’ S CN_I.
At the point of discontinuity xx = §, the local truncation error is given
2
by:

(LU = w)(0) = (IFU)(6) — (L u) (),
= fl((S — Hg) + elD_ul(é) — a11(5)u1(5) — a12(5)uQ((5),

— f1(6 — H3) + I%(m(é) — w1 (5 — Hy))

- an(d)ul(d) — a12(5)UQ(5).

Using the bounds on w1, we obtain
(LY (U = u))(8)]] < CN ' T N).
Similarly, we can prove that
(L (U = u))(8)]] < CN ' InN).
With the suitable construction of the barrier function, the following main
result can be concluded.
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Theorem 4. Let u be the solution of the continuous problem (1)-(2) and

U be the solution of discrete problem (27)-(29). Then for the Shishkin mesh
U — uffgnr < CN ™ In N,

and for the Bakhvalov mesh we have

U — uljgv < CN L.

5 Numerical experiments

In this section two text examples are presented to illustrate the theoretical
result obtained in Section 4.

Example 1. Consider the following singularly perturbed initial value prob-
lem with discontinuous source term

—eruy(z) + (2 + x)ur (z) + (1 + 2/2)us(x) = fi(z),

—euy(x) + (1 + 2)ur(z) + (2 + 5x)uz(z) = fo(),

with initial conditions

Ul(O) = 1, UQ(O) = 3/2,

1, 0<z<0.5, z+2, 0<x<0.5,
fi(z) = and  fo(z) =
0.8, 05<z<1, 3/2, 05 <z <.

Example 2. Consider the following singularly perturbed initial value prob-
lem with discontinuous source term

—e1uy(z) + (2 + 2)ur(x) + uz(2) = fi(2),

—eguy(x) + (14 z)ur () + (2 + 2)uz(x) = fa(z),

with initial conditions

Ul(O) = 1, UQ(O) == 3/2,

02, 0<z<0.5 e, 0<z<0.5
filz) = and  fo(z) =
r+2, 065<x<1, 1, 05<zx< 1.
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By the definition of « in (5), set @ = 0.4 for Example 1 and a = 0.6
for Example 2. Take 0 = 1 and M; = o/a. Due to the fact that the
exact solution of the considered problem is not known, the maximum nodal
errors and the order of convergence are computed using the double mesh
principle defined in [13]. For this, an approximate solution UZ-N is calculated
N

on the mesh z; € QN along with the approximate solution on the

mesh ﬁN consisting of 2\ mesh intervals, that is, zo; = zj, 7 =0,..., NV
and z2j41 = (z; +xj41)/2, j = 0,...,N. For the different values of the
perturbation parameters €1, 2 and the mesh parameter N, we calculate
the estimate

RN

€1,€2

= U2 = UN [
and
RN = max{R2 ., },
where the small perturbation parameters takes the values in the set
T. = {(e1,62) 160 =20,272...,2730 gy = £9,272¢,,...,2790},
Further the numerical convergence rate for Shishkin Mesh is defined as

DN — InRY — InR*N
~ In(2InN) — In(In(2N))’

and for Bakhvalov mesh, it is given by

nRY - InR*N
In2

DN =

The uniform error estimate R and the uniform rate of convergence DN are
described in Table 1 and Table 2 for Example 1 and Example 2, respectively.
From Table 1 and Table 2, it is observed that the applied difference scheme
gives an almost first order of convergence for a piecewise-uniform Shishkin
mesh and the first order of convergence on a graded Bakhvalov mesh. Figure
1 and Figure 2 describe the presence of initial layer at point x = 0 and the
interior layer to the right hand side of the point of discontinuity z = ¢
for some particular values of €1, 9 and N for Example 1 and Example 2,
respectively.
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0 0.5 1 0 0.5 1

Figure 1: The appearance of initial layer at x = 0 and the interior layer
to the right hand side of the point of discontinuity z = § with e; = 276,
g9 =274 and N = 384.
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0.6

0.41

021

0.5 1

Figure 2: The appearance of initial layer at x = 0 and the interior layer
to the right hand side of the point of discontinuity z = § with e; = 278,
g9 = 27% and N/ = 192.
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Table 1: The errors RV and the convergence rate DN

Shishkin Mesh Bakhvalov Mesh
N RN DN RN DN
96 5.69E-02 0.74 1.73E-02 0.94
192 3.78E-02 0.84 9.04E-03 0.97
384  2.34E-02 0.89 4.62E-03 0.98
768 1.39E-02 0.94 2.34E-03  0.99
1536 7.99E-02  0.96 1.18E-03  1.00
3072  4.46E-02 - 5.89E-04 -

Table 2: The errors RV and the convergence rate DN

Shishkin Mesh Bakhvalov Mesh
N RN DN RN DN
96 8.85E-02  0.63 3.43E-02  0.88
192  6.26E-02 0.80 1.86E-02 1.16
384  3.98E-02 0.86 8.31E-03  0.84
768  2.41E-02 0.92 4.63E-03  1.06
1536  1.40E-02 0.95 2.21E-03  0.90
3072  7.86E-03 - 1.19E-03 -
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