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Abstract. In this paper, we study the existence, uniqueness and stability
of solutions of a nonlocal Cauchy problem for nonlinear fractional integro-
differential equations with positive constant coefficient. The results heavily
depend on the Banach contraction principle, Schaefer’s fixed point theorem
and Pachpatte’s integral inequality. In the last, results are illustrated with
suitable example.
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1 Introduction

The idea of fractional differentiation was introduced by Riemann and Li-
ouville in the nineteenth century. It is the generalization of ordinary
differentiation and integration to arbitrary non-integer order, for details,
see [1},2,/6/8,9,130,/32] and the references therein.
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The area of fractional differential equations is now considered to be very
important due to its various applications in different fields of science and
technology such as control theory, rheology, signal processing, modelling,
fractals, chaotic dynamics, bioengineering and biomedical and so on, for ex-
ample see [924,37] and the references therein. Recently, many researchers
studied the fractional differential and integro-differential equations and ob-
tained many interesting existence and uniqueness results, see [4}|11}23}38].

The stability problem of functional equations was introduced by Ulam
[39,40] and Hyers [18] which is known as Hyers-Ulam stability. Rassias [33]
studied the Hyers-Ulam stability of linear and nonlinear mapping. Jung |19,
20] established Hyers-Ulam stability for more general mapping on restricted
domain. Obloza [29] was the first who studied the Hyers-Ulam stability of
linear differential equations. Later many researchers studied the Ulam type
stability, for detail see [3,/5.(7,/15-17}21},22,|26} 33136, 41-43].

In [14], Castro and Simdes studied different kinds of Hyers-Ulam-Rassias
stabilities for a class of nonlinear integro-differential equations. In [10],
Benchohra and Bouriahi investigated existence and stability of solutions for
a class of boundary value problem for implicit Caputo fractional differential
equations of the type:

‘D(t) = f(t,yt),“D(t)), t€ J:=[0,T], T >0,
ay(0) +by(T) =c

Kucche and Shikhare [27] studied the Ulam-Hyers stabilities for Volterra
integro-differential equations and Volterra delay integro-differential equa-
tions in Banach spaces on both finite and infinite intervals by using Pach-
patte’s inequality.

The above results motivates us and therefore, in this paper, we obtain
the existence, uniqueness and various types of Ulam stability of the fol-
lowing nonlinear Caputo fractional integro—differential equations of order
a (0 < o < 1) with constant coefficient A > 0 of the type:

‘D(t) = \y(t) + f(t,y(t),/o h(t,s)y(s)ds), teJ:=[0,T], T>0, (1)
y(0) +9(y) = wo, (2)

where f: J x R x R — R is a continuous function, g : C(J,R) — R is a
continuous function and yg is a real constant. This type of nonlocal Cauchy
problem was introduced by Byszewski [12,/13]. The nonlocal condition can
be more useful than the classical initial condition to describe some physical
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phenomena [12,|]13] . We take an example of nonlocal conditions as follows:

9(y) = cy(ts), (3)
i=1

where ¢;, i = 1,2,...,p are constants and 0 < t; < ... <t, <T.

The rest of the paper is organized as follows. In Section [2| some def-
initions, notations and basic results are given. Section [3| is devoted to
study the existence, uniqueness and stability of the problem (I)-(2). An
illustrative example is given in the last section.

2 Preliminaries

In this section, we introduce some definitions, notations and results which
are useful for further discussion. For " > 0 and J = [0, 7], C(J,R) denotes
the Banach space of all continuous functions from J into R with the norm
1yl = sup{|y(t)| : t € J}. Also L'(J) denotes the space of Lebesgue-
integrable functions y : J — R with the norm

T
ol = / ()] dt.

Definition 1. [32/ The Riemann-Liouville fractional integral of a function
h € LY([0,T]),Ry) of order a € Ry is defined by

1

W) = 5 /0 (t — $)*Lh(s) ds,

where I" is the Euler gamma function.

Definition 2. [2/] The Caputo fractional derivative of order o > 0 of a
function h € L1([0,T],R) is defined as

1

c o _ ! _ g)yn—a-l (n)S s
Dh1) = o [ =9 O s

where n=[a]+1 and [a] denotes the integer part of the real number a.

Lemma 1. [2/] Let o > 0 and n=Jaj+1. Then
n—1 .
epef) = ) - 3 L0,

where f*(t) is the usual derivative of f(t) of order k.
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Lemma 2. [32] Let a > 0. Then the fractional differential equation
°D*h(t) =0,

has the solution h(t) = co + cit + cot® + ... + cp1t"™ L, where ¢;, i =
0,1,2,...,n—1 are constants and n=[a]+1.

The following Pachpatte’s inequality plays an important role in obtain-
ing our main results.

Theorem 1. ( (31, page 39]) Let u(t), f(t) and q(t) be nonnegative con-
tinuous functions defined on Ry, and n(t) be a positive and nondecreasing
continuous function defined on Ry for which the inequality

u(t) < n(t) + /0 t £(s) [u(s)+ /0 T g(Pul) dT} ds,
holds for t € Ry. Then

wy<nio)|1+ [ s6)em( [ +atm)ar)as]

fort e Ry
The following definitions are useful in the study of stability results.

Definition 3. [10,/36] The equation is Ulam-Hyers stable if there
exists a real number ¢y > 0 such that for each € > 0 and for each solution
z € C1(J,R) of the inequality

CDY2(t) — Az(t) — f<t, 2(b), /Ot h(t, s)z(s)ds) H <e te,

there exists a solution y € C'(J,R) of equation with ||z(¢) — y(t)]| <
Cr€, teJ

Definition 4. [10,/36] The equation is generalized Ulam-Hyers stable
if there exists 9y € C(Ry,Ry), 9(0) = 0, such that for each solution
z € CY(J,R) of the inequality

CDY2(t) — Az(t) — f<t, 2(1), /Ot h(t, s)z(s)ds) H <e ted,

there exists a solution y € C1(J,R) of equation (1)) with

|2(t) = y(@®)I| < ¥g(e), t € J.
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Definition 5. 10,36/ The equation is Ulam-Hyers-Rassias stable with
respect to ¢ € C(J,Ry) if there exists a real number ¢ > 0 such that for
each € > 0 and for each solution z € C'(J, R) of the inequality

CDO%(t) — Az(t) — f<t,z(t), /0 t h(t, s)z(s)ds) H <ep(t), teJ

there exists a solution y € C1'(J,R) of equation with

12(8) = y(®)ll < cep(t), ¢ €

Definition 6. 10,36/ The equation (1)) is generalized Ulam-Hyers-Rassias
stable with respect to ¢ € C(J,Ry) if there exists a real number ¢y, > 0
such that for each solution z € C*(J,R) of the inequality

‘DYz(t) — Az(t) (t z(t / h(t,s) )ds> H < p(t), teJ,
there exists a solution y € C'(J,R) of equation (|1 with

2(t) —y(®)|] < cppp(t), t € J.

Remark 1. A function z € C*(J,R) is a solution of the inequality

CD(t) — Ax(t) — f<t,z(t), /Oth(t, s)z(s)ds) H <e tel

if and only if there exists a function g € C(J,R) (which depends on solution
z) such that

) o)l < e, Ve e

i) CDz(t) = Az(t) + f(t, 2(t fo (s)ds) +g(t), t € J

Remark 2. Clearly,
i): Definition @ implies Definition .
it): Definition[5 implies Definition [6

Remark 3. A solution of the fractional differential inequality

CDO(t) — Aa(t) — f<t,z(t), /Oth(t, s)z(s)ds) H <eted,

is called an fractional e—solution of the nonlinear fractional integro-differential

equation .
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3 Existence and Ulam-Hyers stability of the non-
local problem

In this section we obtain existence, uniqueness and stability results for the
nonlocal problem —. Now we introduce the following set of conditions:

(H1) There exists a constant L > 0 such that
1f(t,y) - £t 79I < L(lle — 2l + Iy — 311,
for each t € J and z,y,Z,y € R.
(H2) The function f:J x R x R — R is continuous.
(H3) There exists a constant ay > 0 such that
17t @)l < ag(1 + il + llylD);
for each t € J and z,y € R.

(H4) There exists a constant G > 0 such that ||g(y)|| < G, for each y €
C(J,R).

(H5) There exists a constant K > 0 such that ||g(y) — g(%)|| < K ||y — 9|,
for each y,y € C(J,R).

Lemma 3. [10/ Let 0 < a < 1 and h : [0,T] — R be a continuous
function. Then the linear problem

°D%(t) = h(t), t€[0,T], T >0,
y(0) + 9(y) = vo,

has a unique solution which is given by

y(t) = yo — g(y) + 1“(104)/0 (t — s)* 'h(s) ds.

As a consequence of Lemma [3|and [23], we have the following result which
is useful in our main results.

Lemma 4. Let f: J x R xR — R be a continuous function. Then the
problem —@ is equivalent to the following integral equation

y(t) = o — gly) + Fja) / (t— )2 Ty(s) ds

+r(1a) /Ot(t_s)a1f<8’y(3)7/Osh(t,T)y(T)dT> ds, teJ. (4)
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Theorem 2. Assume that (H1), (H2), (H5) hold. If
(A+ L)T® + LhyTo*!
INa+1)

where hy = sup{|h(t,s)||0 < s <t < T}, then the nonlocal problem (1))-(9)
has a unique solution on J.

Proof. We transform problem — into a fixed point problem. For this,
consider the operator F' : C(J,R) — C(J,R) defined by

K+

<1, (5)

zwwa>:yo—g@»+raoljt—@w4M@ds

+F(10z) /Ot(t—s)a1f<s,y(s),/osh(t,T)y(T)dT> ds.  (6)

Let z,y € C(J,R). Then for each t € J, we have
|[F(2)(t) = F(y)(®)]]

< lo(@) — gl + oo / (t— )2 |[(s) — y(s)]| ds

T'(«)
T (= s (s, [ nie.ratrrer)

=1 (st [ ner(rrar )

ds

< K |[a(t) - y(®)]| + ﬁ / (t - $)* 1 [a(s) — y(s)] ds
L

e /Ot(t —s)"7! (Ix(s) —y(s)ll + /0 |h(s,7)| l|z(7) — y(7)]| dT) ds

(A+ L)

< K Jatt) = y(0)| + g [ (€= 97 o) = (o) s

4 LT / (t = )2 () — y(r)]| ds

[ a+1
< g QEEEERT oy,

(A+ L)T® + LhpTo*!
INa+1)
This implies that F' is a contraction due to the inequality . By Banach

contraction principle, we deduce that F' has a unique fixed point which is
a solution of the problem — . O

1P (@) Fy)||. < [K+ e - il
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The next result is based on Schaefer’s fixed point theorem.

Theorem 3. Assume that (H2), (H3), (H4) hold. Then the nonlocal prob-
lem —@) has at least one solution on J .

Proof. We complete the proof in the following four steps.

Step 1: F is continuous.
Let {yn} be a sequence such that y, — y in C(J,R). Then for each t € J,
we have

|| F(yn)(t) — F(y)(1)]|

< Ilg(yn) — 9(w)]| + F(Aa) /0 (t = ) llyn(s) — y(s)]] ds

tri [0 sl (snto), [ rnrrar)
= 1(so). [ neinyar)

Since f and g are continuous functions and ¥, — y, then we have

ds.

|[F(yn) (1) = F()(®)]| , = 0,

as n — oo . Consequently, F is continuous.

Step 2: F maps bounded sets into bounded sets in C(J, R).
We need to show that for any n* > 0, there exists a positive constant [ such
that for each y € B, = {y € C(J,R) : ||y||, < n*}, we have HF(y)HOO <l
By (H3) and (H4), for each t € J, we have

1Ew)(0)]] < llvoll + lg@)l + A/0 (t— )2 |[y(s)]] ds

I'«)
b [ =9 r (s, [ nerutoar )

AT
I(a+1)
t s
bt /0 (t = 52 ap(1 + [ly(s)|| + /0 (e, 7] |ly(r)]| dr) ds

ING))
AT ap(1+0* + hen*T)T
F(a+1) Ia+1)

s

< |lyoll + G +

<|lyoll + G +

Thus
AT ap(1+n* + hpyp*T)T

T(a+1) T(a+1) =1

EW)]| o < llyoll + G+
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Step 3: F maps bounded sets into equicontinuous sets of C(J,R) .
Let t1,t2 € (0,771, t1 < t2, By« be a bounded set of C'(J,R) as in step
2, and let y € B,«. Then

| F@)(t) = Fly)(t2)]|

<o | "t =9~ (5 — 9 Iyl ds
t i |10 = =i (s, [ e s
b |t sl
- / (=5 (). [ e rypcorar )1 as
< Ifg?a) Otl{m — )27 — (1 — 5)* '} ds
e R R e e

)‘7]* /tz 1 af(l + 77* + th*T) /tz 1
+ (ta —s)* " ds+ (ta — 8)* " ds
T(@) J,, INC)) t

< ()\77* + (lf(l +n* + th*T))
- Ia+1)

{2(t2 —t1)* + (t7 —t3)}

As t; — ts, the right-hand side of the above inequality tends to zero. As
a consequence of steps 1 to 3 together with the Arzela-Ascoli theorem, we
can conclude that F : C(J,R) — C(J,R) is continuous and completely
continuous.

Step 4: A priori bounds.

Now it remains to show that the set
E={yeC(J,R):y=pBF(y),for some B € (0,1)},

is bounded. Let y € £, then y = BF(y), for some B € (0,1). Thus, for each
t € J we have

t
y(t) = 5{yo ) + Ffa) /0 (t— 52 Ty(s) ds

v [ . L (st [ eyt ds}.
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This implies by (H3) and (H4) that for each ¢ € J we have

An* T ar(1+n* + hen*T)T¢
INa+1) INa+1)

|[Fa)@)|] < lloll + G +

Thus for every t € J, we have

AT af(1+n*+hpy*T)T* R
F(a+1) I(a+1) T

IFW)||., < llyoll + G +

This shows that the set £ is bounded. Now applying Schaefer’s fixed point
theorem, we deduce that F' has a fixed point which is a solution of the

problem —. O

Theorem 4. Assume that (H1), (H5) and the inequality hold. Then
the nonlocal problem —(@ 1s Ulam-Hyers stable.

Proof. Let € > 0 and let z € C'(J,R) be a function which satisfies the
inequality

CD(t) — Az(t) — f(s, 2(s), /O ) h(t,T)z(T)d7'> H <e, (7)

for every t € J and let y € C'(J,R) be the unique solution of the following
Cauchy problem

‘DY(t) = \y(t) + f(s,y(s),/os h(t,T)y(T)dT>, teJ, 0<a<l,
2(0) +9(y) = %o

By Lemma [d] we have

u(t) = yo—g(y)JFF()\a) /0 (= )2 Ty(s) ds

+F(1a)/Ot(t_S)a_1f<8,y(s),/osh(t,f)y(T)dT> ds.

By integrating , we obtain
) =0+ 9(2) ~ g [ (=9 x(9)ds
I(a) Jo

_F(la)/ot(t—s)a1f<s,z(s),/Osh(t,T)z(T)dT> ds

et™

“Tary ©
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Using (H1), (H5) and the inequality (§)), for every ¢ € J, we have

2(8) = yo + 9(2) — F(Aa) / (t = 5)*1a(s) ds

_ r(la)/ot“_ s)o‘lf<s,z(s),/os h(t,7‘)z(7‘)dr> ds

+||g<z>—g<y>|+rﬁa) / (t— ) ||2(s) — y(s)]| ds

+F(1a)/0t(t—s)”‘1 f(s,z(s),/osh(t,T)z(T)dT>

[l2(t) =y <

- f(s,y(s), /05 h(t,T)y(T)dT> ds,
< ﬁ + K [|2(6) — ()]
A+ L)

o [ =9 =)~y ds

2 [t ([ 1) - il ar) s

< “@r
T Ta+1)(1-K)

(A“”L) ¢ _Safl 2(s) — s s
T L €= 9 ) — sl

* AT /t‘sa (/ I=( ”dT> >

ete

I(a+1)(1-K)

tM — )7 H]2(s) — y(s
[ e B = 9 la(e) — o)l

S Lhr
+/0( S l(r) - <>|dr}ds. )

By applying Pachpatte’s inequality given in Theorem [I] to the inequality

(©) with

<

et
Ila+1)(1-K)’

u(t) = [z(t) —y(@Il, n(t) =

Lhr
A+ L)’

(A+1L)

m(T —5)* ! g(r) =

fs) =
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we obtain
10~ 501 < = | +/0T e O
« exp</()s{r(8gf)l_{)<T et (ALfTL) }m)w}
< e om [, ren s
x exp(/j{r(ggf)f()@ — el (ALTL) }dr)ds}
Putting

e e A Tt
o[ - )]

we obtain ||2(t) — y(t)|| < Ce, V¢ € J. Thus the problem (1))-(2) is Ulam-
Hyers stable. O

Corollary 1. If f and g in the nonlocal problem —@) satisfy the con-
ditions (H1), (H5) and the inequality (@ hold, then the monlocal problem
—(@ is generalized Ulam-Hyers stable.

Theorem 5. Assume that (H1), (H5) and inequality (5) hold. Further
suppose there exist an increasing function ¢ € C(J,Ry) and k, > 0 such
that I*¢(t) < kpp(t), for any t € J. Then the nonlocal problem (1))-(9) is
Ulam-Hyers-Rassias stable.

Proof. Let z € C'(J,R) be a solution of the following inequality

CDY2(t) — Az(t) — f<t, 2(b), /0 t h(t,T)z(T)dT) H < epl(t), (10)

forany t € J, € > 0. Let y € C(J,R) be the unique solution of the following
Cauchy problem

‘DY%(t) = \y(t) + f(t,y(t),/o h(t,T)y(T)dT), teJ; 0<a<l,
2(0) +9(y) = vo-

By Lemma [4] we have

u(t) = yo—g(y)JrP(/\a) /0 (t— )™ y(s) ds

+F(1a) /Ot(t—s)a1f<s,y(s),/Osh(t,T)y(T)dT> ds.
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By integrating , we obtain

2(6) — o + g(2) - F(Aa) / (t — 52 12(s) ds

_P(la)/ot(t—s)a1f<s,z(3),/Osh(t,T)z(T)dT) ds

< F(Ga)/o (t— )" lp(t)ds = el“p(t) < erpip(t). (1)

Further for any ¢t € J we have

2(6) — o + (=) - F(Aa) /O (t — 52 L2(s) ds

_ r(la) /Ot(t _ s)o‘lf<s,z(s), /0 h(t, T)Z(T)dr> ds

T llgz) — gl + F(Aa) / (t— ) ||2(s) — y(s)]| ds

N F(la) /Ot(t _g)ot f<5, 2(s), /Os h(t,7)z(r)d7>)

- 1(swo) [ e rpirrar )

Using inequality (11]), conditions (H1) and (H5), we obtain

12(t) —y(®)]] <

ds.

12(6) — y(O)1] < erpip(t) + K 2(t) - y(t)
o [ = 9 at) w9l s
F(Oé) 0

L t — )l z(s) —y(s
i b €972 (1) - o

+ [l - o)l d¢> ds
< enpiplt) + K |+(8) — (1)

()‘+L) ! a—1 — (s s
s /O(T_S) 12(5) ~ y(s)] d

Lh
+ﬁ —8a1</ HZ Hd7'>
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Thus

) w0l < TS+ ST [ a(e) -yl s

& ' _Sa—l # A7) — ulr . s
+F(a)(1—l_()/0(T ) </0 l2(r) = y(r)lld )d
< 6/‘&9030(}5) —|—/O I‘(O\M(T—S)al |:||Z(S) _y(S)H

Y a)(1-K)
s Lhp
+/o (A+1L) 12(7) = ()]l dT] ds.

Now by applying Pachpatte’s inequality given in the Theorem [1| with

ult) = [|=(6) — y(®l], n(t) = LD

(1-K)’
_ ()\+L) a— - LhT
f(s) = W(T—S) Logln) = O+L)
we obtain
It -l < 8B |14 [ LB e

<eo( [mga ™"+ o)

erpp(t) T+ o
<G00 Fonomt

R L

Thus we have ||z(t) — y(t)|| < Cep(t), Vt € J, where

— ke T ()‘+L) _Safl
=T {”/o M —m L Y

xexp</os{lm@_r>al + (ALE)}dT>ds].

O]

Corollary 2. Under the assumptions of Theorem [, the nonlocal problem
—(@ s generalized Ulam-Hyers-Rassias stable.
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4 Example

In this section, we illustrate our main results with the help of following
example.
Consider the nonlocal problem:

Dyt = Ly 4 { ly(t) }+1 / L (s)ds, t € 0,1],12)

10 T ot e [T+ @] 10/, B2
y(0) + > cylts) =1, (13)
i=1
where 0 < t; < ...<tp, <1landg¢,i=1,2,...,n are positive constants
with
- 1
Se<t (14)
; 5
=1

(0 Hy(0) = o | 0] + 500, ¢ € 011, v € 0.00),

where

Clearly, the function f is continuous. For each y,y € R and ¢ € [0, 1]

£ty Hy(®) — £t 5, HF(0)]| < [ Iy — 1l + || Hy — Hyll|.

L
10

Also, we have

~ n n ~ n ~ 1 ~
o) —g@Il < || ey =D eiw|| <D _eilly—all < 2 lly —all-
i=1 i=1 i=1
Hence conditions (H1) and (H5) are satisfied with L = 11—0, K=2% hr=3
and A = %. We have
_ & a+1 141 1
I'a+1) 5 I'(s) 5 45y

It follows from Theorem [2| that the problem — has a unique solution
on [0,1] and by Theorem [4] the problem — is Ulam-Hyers stable.
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