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Abstract. In the present paper we consider initial value problems for Hilfer
fractional differential equations and for system of Hilfer fractional differ-
ential equations. By using equivalent integral equations and some fixed
point theorems, we study the local existence of solutions. We extend these
local existence results globally with the help of continuation theorems and
generalized Gronwall inequality.
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1 Introduction

Theory of fractional order systems has gained remarkable significance dur-
ing last few decades due to its real world applications in ostensibly diverse
and wide spread fields of applied mathematics, physics and engineering.
The monographs [12, 14, 18,20,21] are devoted to such practical problems
in control theory, modeling, relaxations and serve as a foundation of frac-
tional order theory in physics and applied sciences. Recently, Hilfer [12,13],
Mainardi [20] discussed various applications of fractional differential equa-
tions (FDEs) in their works.

In the recent investigations, many researchers studied the existence and
uniqueness of solution of nonlinear FDEs, see [1]- [8], [5,9,10,16,17,21-23]
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and references therein. In this paper we mainly focus on developing the
theory of existence and uniqueness. First we obtain the local existences
followed by continuation theorems to extend the existence of solutions glob-
ally. The results obtained in this paper generalizes the existing results in
the literature [15, 19].

The rest of the paper is organized as follow. In Section 2, we collect all
useful definitions and previously known results. Local existence of solutions
are discussed in Section 3. Continuation and global existence of solution
are obtained in Section 4. Concluding remarks are given in the last section.

2 Preliminaries

Let C1—(€2) be a complete metric space of all continuous functions mapping
Q=1[0,7], T >0, into R with the metric d defined by [10]

- — 1—
d(z1,22) = [lo1 =~ 22, (@) = max [t7 [21(t) — 22(t)]],

where C1_+(Q) = {z(t) : (0,T] — R : t!177z(t) € C(Q)}. Further, L'(0,T)
is the space of Lebesgue integrable functions on (0, 7).

Definition 1. [/6] Let (0,7] and f : (0,00) — R be a real valued contin-
uous function. The Riemann-Liouville fractional integral of a function f of
order o € R* is denoted as I, f and defined by

1 t r)dr
B0 = o | e >0 1)

where I'(«) is the Euler’s Gamma function.

Definition 2. [//] Let f : (0,00) — R be a real valued continuous func-
tion. The Riemann-Liouville fractional derivative of function f of order
a € RY = [0,400) is denoted as Dg, f and defined by

1 v [t f(r)dr
DY f(t) = — o f I 2
o+ /(¢) I'(n—a)dt® /0 (t —r)o—n+l’ (2)
where n = [a] + 1, and [a] means the integer part of a, provided the right

hand side is pointwise defined on (0, 00).

Definition 3. [7//] The Caputo fractional derivative of function f with
order a > 0, n—1 < a <n,n € N is defined by

t ™) (r\dr
Cpo. f(t) = — )/O(f L (3)

I'(n—« t —r)o—ntl’
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Definition 4. [/2] The Hilfer fractional derivative D(O)‘jrﬁ of function f €
L'(0,T) of order n — 1 < a < n and type 0 < 3 < 1 is defined by

Dy f(t) = I D p ), (4)

where If%, and D§, are Riemann-Liouville fractional integral (Definiton 1)
and derlvatlve (Definition 2), respectively.

Remark 1. (See [10]) Hilfer fractional derivative interpolates between the
R-L (Definition 2) and Caputo (Definition 3) fractional derivatives since

pod _ | PIi® = DG, B=0,
0" I}*p=°Dg,, B=1

Let 0 < a < 1,0 < B < 1. First we consider the initial value problem
(IVP)

{D0+ z(t) = f(t,x), te(0,+00), )
I2(0%) =m0, y=a+8—ab,
for Hilfer FDEs and then IVP for the system of Hilfer FDEs

Do;ﬁxl(t) = fi(t,z1,22,...,2p),

D J_ﬁxg(t) :fg(t,:cl,xg,...,a:n),

: (6)
Dg‘;ﬁxn(t) = fult,z1, 29, ..., 20),
Io+ T2;(07) ==xz0, y=a+pB—-af,i=1,2,...,n,

where f(t,z(t)) : Rt x R = R in IVP (5), fi(t,z;(¢)) : Rt x R" — R"™ in
IVP (6) have weak singularities with respect to t.
Furthermore, the equivalence of IVP (5) and integral equation

— t — )L (r, 2 (r))dr 00
- +Fm%£u YL f(rya(r)dr, te (0,00), ()

is proved in following lemma [10].

Lemma 1. [I/0] Let v = a+ f —af where 0 < a <1 and 0 < § < 1.
Assume that f : (0,T] x R — R such that f(t,z(t)) € C1—,(Q) for any
x € C1—(R). A function x € C?_W(Q) satisfies IVP (5) if and only if
satisfies the integral equation (7).

Lemma 2. [15] If Q is a subset of C1—+(2),0 <y < 1, then Q is precom-
pact if and only if the following conditions hold:
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(i) {t!7x(t) : x € Q} is uniformly bounded,
(ii) {t'Vx(t) : x € Q} is equicontinuous on Q.

Lemma 3. [/0] Leta < b <¢,0<pu<1, z¢e Cyla,bl, yeClbc and
x(b) = y(b). Define

o0 = {:c(t), if € (ab],
y(t), iftelbd,

then z € Cyla, c].

Lemma 4. (Schauder Fized Point Theorem [11]) Let U be a closed bounded
convez subset of a Banach space X and T : U — U is completely continu-
ous. Then T has a fixed point in U.

Lemma 5. [//] Assume that « > 0 and 0 < p < 1. If p > «, then R-L
fractional integrals I¢. are bounded from C,(Q) into C)_o(Q). If p < a,
then R-L fractional integrals I, are bounded from C,(Q) into C(Q).

3 Local existence

In this section, we obtain the local existence of solutions of IVPs (5) and
(6). To this end we make the following two hypotheses.

(Hy) f:RT xR — R in IVP (5) is continuous and there exists a constant
0 < 60 < 1 such that (Az)(t) = t?f(t,z(t)) is a continuous bounded
map from C1_-(f2) into C(2).

(Hy) fi:RT xR™ — R™ in IVP (6) are continuous functions and there ex-
ists constants 0 < 6; < 1, such that (A;z;)(t) = t% fi(t, 21, 22, ..., Tn),
i=1,2,...,n are continuous bounded maps from C;_-(2) into C(€2).

Theorem 1. Suppose that (Hi) holds. Then IVP (5) has at least one
solution x € C1_(2*) with * = [0, ], (T >)h > 0.
Proof. Suppose that
TO 1 - L0
X=492€Ci_+(Q): |z — =1t =sup |t Tx(t)— = Sb},
{ ! | NG HCPW(Q) teQ | F(’Y)|

where b > 0 is a constant. Since the operator A is bounded, there exists a
constant M > 0, such that sup {|(Az)(t)| : t € Q,z € X} < M. We consider

_ Zo
Xy =<z:2€Ci_(Q), sup [t' Vz(t) — —— §b},
" { 1 )ogtgh‘ 2 F(’Y)‘



Existence and continuation of solutions of Hilfer FDEs 5

MT(1-0)
nonempty, closed bounded and convex subset.
Note that h < T and we define the operator © by

1
where h = min{(br(a_eﬂ)) “”Hl,T}. Obviously, X, C C1— (%) is

(O2)(t) = %ﬂ-l + P(la) /0 (=)L f(ra())dr, teQ.  (8)

Clearly, it follows from (H;) and Lemma 5 that ©(C1—,(Q*)) C C1—,(Q*).
On the other hand, by relation (8), for any x € C1_(£2*) we have

T 1—v t
B0 - 15| = ;(a) /0 (t — )0 f (r, ()] dr
—tl_w t — )L dy
< fa) ) €

Mhe=7=9%11(1 - 9) <)

< Mtl—’y (87 t—g <

which means O(X}) C Xp.

Next we show that the operator © is continuous. Let x,,z € Xp,
|z — m||C1_W(Q*) — 0 as n — +oo. In view of continuity of A, we have
|Az, — Az|| g« — 0 as n — +o00. Note that

tH=7(Ox,)(t) — ti7 (G)a:)(t)’

=

tli ' —ro‘*l r o (r p— ! _rafl ra(r r
tos [ st £ [ 6= it

=

VY t — )00 f(r 2 () = F(r, 2(r r
F(a)/o(t ) [PO1f (ry2a(r) = f(r,2(r)lld

IN

=

t — ) =0 (A, (r) = (Az)(r)|dr
< Fay L 6= e 0) — ()0l

1— t
< Aza) () = (A2) )l s [ (¢ =)o~

and therefore we have

— a—y—0+1
1(02,)(0) — (OB, e < (Aa)() — (A o D2

IMNa—0+1)

Then [[(©zn)(t) — (©2)(t)ll¢,_ (@+) — 0asn — +oc. Thus © is continuous.
Furthermore, we shall prove that the operator ©(X}) is continuous.
Let x € Xp,, and 0 < t; < to < h. For any € > 0, note that

ot ra-o
o) / (t —r) = 0dr = I‘(a( 7 +>1)ta_7_9+1 —0ast—0T,
0 _
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and hence there exists a (h >)6; > 0 such that for ¢ € [0, 6;] we can write

2M= [t
/ (t —r)* L fdr < e
L) Jo

We know that Q* =[0,60,] U [%1, h]. Suppose that t,ts € [0,6:], we have

t}_v ! — ) z(r 7"—%_7 b — )L (2 (r))dr
fas | 0= = s [P =0 ] .
Mt Mty

t1 to
< t— ) 0dr + / to — ) 0dr < €.
oy, @) o) Jy 277

For t1,ts € [%,h], we get

[t177(02)(t1) — t 7 (O)(t2)|

— ﬂ_’y " a1 o t;_’y 2 _ \a—1
_|F(a)/0 (tr —m)* f(r,z(r))dr F(a)/o (ta — 1)L f(r, 2(r))dr]
1 " - a— - a—
_‘F(oz)/o [t (t =)t =ty (b — ) f(r, 2 (r))dr
t1_7 2 - a—
- I‘Z(a) /t1 t; (ta — ) lf(r,m(r))dr’,

IF0 < py < po < hthen py 7 (g — 7)1 > py " (pg — ) for 0 < r < g
and we obtain

\F(loc) /0 Tt - )t = 7t~ ) ()|

I ae - a—1y,—
< Fag T =0 = B =) ()
[y
2 _ _
< F(a)/o 677 (t— )2 =t (b — ) O dr
9 79 M tl - a— a—
+ <21> o) /91 [ty (t — )t —té Tty — r)*L)dr
2
1— 0
2M(5) 7/21 (& =y tytay
—0
M%) 0
2 (g — 1) =t (b — )Y 4 (8 — )
+F(a+1)[t2 (ta —t1) 2 7 (ts )+t (4 2)
—6
M(%) 1 61
< 2 1—vy _ « 1—v Y« 1— U\«
€+ Tlot 1) {h (ts —t1)* +ta' 7 (t2 )T+t (0 2) ]



Existence and continuation of solutions of Hilfer FDEs 7

On the other hand

1- t2 oy~ t2
|t e < S [T - ar
9,0
N %té_v(h — )"
00002 01

Clearly, there exist a 9(%1 > 6 > 0) such that, for ¢,ts € [%1, hl,|t1—t2| < 0
implies

177 (0) (1) — t2' 7 (O2)(t2)] < 2e. (10)
It follows from inequalities (9) and (10) that {t!=7(©x)(t) : = € X3} is
equicontinuous. Obviously, it is clear that {t!™7(Ox)(t) : x € X} is uni-
formly bounded since O(X}) C Xj. By Lemma 2, O(X}) is percompact.
Therefore © is completely continuous. By Schauder fixed point theorem
and Lemma 1, the IVP (5) has a local solution. O

Theorem 2. Suppose that (Hz) holds. Then IVP (6) has at least one
solution x; € C1_(Q2) for some (T > 0)h > 0.

Proof. Suppose that

1‘0t7_1 1— o)
X,=1<2; € C1_~ () : |lz; — =suplt' Tx; — =——| < b; ¢,
: { (@) ] =l <
forb; >0 (i =1,2,...,n) are constants. Since operators A;, (i =1,2,...,n)

are bounded then there exists constants M; > 0, (i = 1,2,...,n) such that
sup {|(Aiz;)(t)] st € Qo € X} < M;, i=1,2,...,n.

We consider

D;p = {.Z‘l 1x; € Cl_W(Q*), sup ‘tlf'y,f(;i(t) _ %o < bA},

0<t<h F(V)’ -
where
: bil'(a— 01 +1) s bol'(av — B3 + 1) T
h =min ,
MiT(1 - 61) MsI'(1 — 6s)

bl (a0 — O + 1)\ a=r=0n1 .
o\ ML T(1— 6,) ’
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a > b6;,1 = 1,2,...,n. Clearly, Dy, C C1—(2*) are nonempty, closed
bounded and convex subsets. Note that h < T',t € Q*. Define operators O;
as

©1)(t) = B+ 1 [t = 1) 01 (1) (v, (),
(O2x2)(t) = % + ﬁ fg(t — 1) o (r 1 (r), 22(r), . . ., 20 (r))dr,

(@n$n)(t) = m%t(’;_)l + ﬁ f(f(t - T)a_lfn(ra SUl(T)a $2(T), cee ,:cn(r))dr.

(11)
By system (11), for z; € C1_(Q*), we have
_ o) ot 1,9
7 (O121)(t) — =——| = | /t—ro‘ rt
O = R = ey g, 7
X [relfl(r,xl(r),:rg, . ,:Un(r))]dr|
- - MiT(1—61) .\ p_
< Matt Yoo 0y = 1 Y a4l
S Mt ol () T(o—6;+1) ’

1—v o < er(l — 01) a—01—y+1 ~
@) - | < ATE M petirt <p,
1—v _To < MZF(l — 02) a—0z—y+1 ~
17 (@anz) (1) - 1| < ML ettt <,

which show that ©;(D;) C Dip,i=1,2,...,n.

Next we show that operators ©; are continuous. Let z,,,x; € D,
i=1,2,....,n, m > n such that ||z,, — z;]] = 0 as m — +oco. In view of
continuity of operators A;, we have ||A;jz,, — Aizillg. — 0 as m — 4o0.
Note that

[t (Oim) (t) — £177(Os:) ()]

= 1f [0 e~ £ [ = (e
< s [ (o) - o)

<t [ A 0) - A

< 1 [ ) )~ A Ol



Existence and continuation of solutions of Hilfer FDEs 9

We have
g a0
I —0; +1)
X BT A () () = Ail) (1) -

1(©itm)(r) — (Gizi)(r)]

Then [|(©;zm) (1) — (©;2;)(r)|l g« — 0 as m — 4o00. Thus ©; are contin-
uous. Furthermore, we prove that operators ©;(D;;) are continuous. Let
x; € D and 0 < t; < t9 < h. For any € > 0, note that

=

t I'(1-6;)
- _ \a—1, .—6; — -\ "t ga—0;—y+1
(o) /0 (t—r)* " r 7idr T t — 0,

(o —0;+1)

as t — 07, where 0 < 0; < 1. There exists 91 > 0 such that for ¢t € Q*,

2Mtt 7 [
Z/ (t —r) > e Y%dr <,
0

I'(a)
holds. ~
We know Q0 = [0,6,] N [%, h). For t1,t; € [0, 03], we have
-k ot t 1= [t o
| (o) /0 (t1 —7)* " filr,@i(r))dr — T(a) /o (ta — 1) fi(r, i (r))dr|
Mt '™ Mty

M =)t dr ’ o — 1)t lidr < e
I'a) /0 (1 =) dr + T(a) /0 (t ) dr <e. (12)

For t1,t € [%,h], we get

62177 (@) (t) — to' 7 (O (t2)|

1— t1
:|trl(a; /0 (b — 1) fi(r, ()
- t;;;; /otQ(t2 =) T fir @i (r) )dr|
§|F(104) /gtl [t 7t — ) =6 T (b — )T fi(r, () )dr |
1— to
+ |t13(a; /t (ts — 1)L f; (g (r) ). (13)

If 0 < py < po < h then u}_v(ul —7")"‘*1 > ,ué_v(/m - r)o‘*lfor 0<r<upu,
and from the first term on right hand side of inequality (13) we obtain that

1 t1 . o . s |
F(a)/o [t (k= )t — 017 (b — 7)Y fi(ry i () ) dr|
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M; 2 1 1 1 —17,.—6;
< V(4 — )l gl a ;
_'PM /0 [ (= )2t — 1517 (1 — 1)1 0 | dy
O
2 =y(p, — pye—1 _ g 1=y .
+ I'(a) /(@)Htl (t1—1) to V(ta — ) r~ % dr
2
~ 1

M%)~
IMNa+1)

T r
0\ 0:\“
e O R ()

R

0;\ * 0;\ *
ol <t2 — ;) + Y <t2 — 2’)

On the other hand, from the second term on right hand side of inequality
(13), we have

‘\dr +

%

1— to ; ; b2
2 [ < S [Tt -t
« t1 a 1
6y

From the above discussion, there exists a A, (% > A > 0) such that for

~ 2
t1,tg € [%,h] and |t — ta| < A, we have
’tllfﬂy(@il’i)(h) — tgli’y(@ixi)(tg)‘ < 2e. (14)

It follows from inequalities (12) and (14) that {t'=7(0;z;)(t) : x; € Dy} are
equicontinuous. It is also clear that {¢'=7(0;z;)(t) : x; € Dy} is uniformly
bounded since ©;(D;,) C D;. Therefore ©;(D;;,) are precompact. So the
operators ©; are completely continuous. By Schauder fixed point theorem
and Lemma 1, the IVP (6) has a local solution. O

Remark 2. If we let 8 = 0 in IVP (5), then Theorem 1 yields the local
existence ( [15], Theorem 3.1) associated with R-L IVP ( [15], Eq. (1)).
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Remark 3. If we let 5 = 1 in IVP (5), then Theorem 1 yields the lo-
cal existence ( [19], Theorem 3.1) associated with Caputo IVP ( [19], Eq.

(1.1)).

4 Continuation and global existence

In this section, we concerned with continuation of solution of IVP (5) and
then we obtain the global existence. Initially, we need the following defini-
tion.

Definition 5. [15] Let z(t) on (0,v) and Z(t) on (0,7) both are solutions
of IVP (5). If v < ¥ and z(t) = Z(t) for t € (0,v), we say that T(t) is
continuation of x(t) or x(t) can be continued to (0,7). A solution x(t) is
noncontinuable if it has no continuation. The existing interval of noncon-
tinuable solution x(t) is called the mazimum ezisting interval of x(t).

Lemma 6. [/0] Let 0 < a<1,v>0,h>0,0<0 < 1,uc Cy[0,5] and
v € [5,h]. Then

L) = /0 (= ety dr, I(t) = / "= o) dr

are continuous on [v,v + h].

Theorem 3. [Continuation Theorem I] Assume that (Hy) holds. Then
z(t),t € (0,v) is noncontinuable if and only if for some 7 € (0,%) and any
bounded closed subset D C [1,+00) X R, there exists a t* € [T,v) such that

(t*,z(t*)) ¢ D.

Proof. We prove this theorem by contradiction. If possible, suppose that

x(t) is continuable. Then there exists a solution Z(¢) defined on (0,7),

such that z(t) = z(¢) for ¢ € (0,v), which implies lim z(¢) = Z(v). Define
t—v—

z(v) = Z(v). Evidently, K = {(¢t,z(t)) : t € [r,v)} is a compact subset of
[T,4+00) x R. However, there exists no t* € [1,v) such that (t*,z(t*)) ¢ K.
This contradiction implies x(¢) is noncontinuable.

We prove converse in two steps. Suppose that there exists a compact
subset 2 C [r,+00) X R, such that {(¢t,z(¢t)) : t € [r,v)} C Q. The com-
pactness of  implies v < +o00. By (Hy), there exists a C; > 0 such that
Sup(y zyeq | f (@) < C1.

Step 1. We now show that the lim x(¢) exists. Let

t—rv—

Zo — Zo
el

“r0 =gy r(y)

7Y, (rt) € 2, 0] x [21,v],  (15)
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J(t) = /OT(t —r) Y, te (2,0 (16)

Clearly, G(r,t) and J(t) are uniformly continuous on [27,v] x [27,v] and
[27, V], respectively.
For all ¢1,ty € [27,v),t1 < t9, by Eq. (15) we have

T
r(y)

—L ” — )L, z(r))dr
| = )

v—1

T t1 _rafl
2(t1) — x(t2)| = | _ I ey /0 B =1 b w(r))dr

r(y)” T ()

< G(t1,t2) + |F(1a)/0 1(751 — )L (r, 2 (r))dr
1

- /;2 (ts — 1) £ (r, 2(r))dr]
< Gltnta) + gy | =) = (=)
r =l f(r,x(r))dr|
Pl [l = " = =) (e

n |F(1a) / 12<t2 P ()|

T —r a—1 _ —r a—1
< G(t1,t2) + | /O [t =7) - (ath ) ]T_O(A:c)(r)dﬂ

1

+ F(Oé)/T [(ty — )t = (ta — ) )| f(r, (7)) |dr

to
iy L St
LS

< G(t1,t2) + Ta)  J, [(t1 — 7)™ = (tp — )2 ) Odr
i [ 6 =0 = =
* r((J;) /t *(t2 = ryetar

< Gty t2) + [[Azflg [ (t1) = J(t2)]

C « «
Mo+ 1) [[(tl —) = e )]

t1

+ [(tz - T)a}

T

+

t2:|
t1
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< Gt t2) + [[Axlg I (t1) — J(t2)]
Ch
———2(te — 1) t1 —7)% = (ta — 7).
+F(a—|—1)[(2 D+ (1 —7)% = (t2 — 7)%]
From continuity of G(r,t) and J(¢) together with the Cauchy convergence
criterion, we obtain lim xz(t) = z*.
t—v—

Step 2. Now we show that z(¢) is continuable. Since (2 is closed subset,
we have (v,2*) € Q. Define z(v) = z*. Then z(t) € C1—4[0,v]. We define
operator

1

(Ny)(t) = z1(t) + F(a)/ (t — )L f(r, x(r))dr, teyv+1],

where y € [v,v + 1] and

L0 41— 1 Y a—1
x1(t) = =——t 'Y—i-/ (t—r)*" f(r,x(r))dr, t€y,v+1].
I'() () Jo
In view of Lemma 5 and Lemma 6, we have N(Clv,v + 1]) C Clv,v + 1].
Suppose X = {(t,y) :v <t <v+1,yl < VSI?23<H|:E(7§)| +b}, b>0. In
view of continuity of f on Xj, we denote M = (Hl)&))({ |f(t,y)|. Consider
ty)eXy
Xn ={y € ;v + h] s maxye,n)y(t) — 21(t)] < b,y(v) = 21(v)}, where

h =min< 1, (71“(04]\-;1)1;)%

We claim that IV is completely continuous on Xj. First we show that
operator IV is continuous. In fact, let {yn} € Clv,v+h], [lyn = yll;, ,yp) — 0
as n — 400. Then we have

Vi)t = (V)01 = s [ (6= 7)) = St
< ﬁ / (t = 1) f(rryn(r) — F(ry(r)]dr
< 7)) — f<~7y<‘>>||[y,y+h]ﬁ [ a=near
< 1Cam D) = SO e a7y

By virtue of continuity of f on X, we have ||[Nyn — Nyl|, ) — 0 as
n — 400, which implies that N is a continuous operator.
Secondly, we prove that N(X},) is eugicontinuous. For any y € X, for
which (Ny)(v) = z1(v) and
1

[(Ny)(t) —21(t)] = F(a)/ (t =) f(r 2 (r))dr]
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) T f (2 (r)ldr

— r)a_ldr

Mh <b.

Thus N(X}) C Xp.

Set
1

Ia+1)

I@):LAQt—th{ﬂnx&»dr

I(a)

By Lemma 6, I(t) is continuous on [v,v + h|. For every y € X, v < t; <

to < v+ h, we have

(Ny)(t1) — (Ny)(ta))
< Gltr, 1) + —— | / (tz — )21 £(r, 2(r))dr]
+—y / [t — )2 = (b — 1) Y f ()]
*@ ) ® (b2 = 1) £y ()|
Glt1,ta) + —— | / — (ty — 7)Y f(r, 3(r)) dr |

1
+r<a>/y e

1

< Gty te) +|I(t) — I(t2)]

M
Tl

< Gty te) +|1(t) — I(to)]

+ M [2(t2 — t1)* + (t1 —v)* —

MNa+1)

(tl — V)a + (tg — tl)a —

= (2 =) f (r () ldr

iy L O

(ta —v)* + (t2 — t1)*|]

(t2 —v)"] (17)

By uniform continuity of I(¢) on [v, v+h] and relation (17), we conclude that

{(Ny)(t)

:y € Xp} is equicontinuous. Thus N is completely continuous.

By Schauder fixed point theorem, N has a fixed point Z(t) € Xj,. i.e.

1

z(t) = x1(t) + / (t —r)* L f(r, &(r))dr

()
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_ ey b t — )L (r, 2 (r))dr
S e v A (RO

where
(1) = {g:«(t), ?f t e (0,v],
z(t), if t € [v,v+h.

It follows from Lemma 3, that z € C1_4[0,v + h] and

t
- Lo ,1-— 1 a—1 -
z(t)= ——t "+ / (t—r)* " f(r,z(r))dr.
I'() I(a) Jo
Therefore, in view of Lemma 5, Z(t) is a solution of IVP (5) on (0,v + h].
This yields contradiction since z(t) is noncontinuable. O

Now we present another continuation theorem which is more convenient
for application purpose.

Theorem 4. [Continuation Theorem II] Assume that (Hy) holds. Then
z(t),t € (0,v), is noncontinuable if and only if

lim sup | M (t)| = +o0, (18)
t—v—

where M (t) = (t,z(t)) and |M(t)| = (> + mQ(t))%

Proof. We prove this theorem by contradiction. If possible, suppose z(t) is
continuable. Then there exists a solution Z(¢) of IVP (5) defined on (0, 7),
v < v, such that x(t) = Z(¢t) for t € (0,v), which implies tlim z(t) = 2(v).
—v
Thus |M(t)| — |M(v)|, as t — v, which is a contradiction.
Conversely, suppose that relation (18) is not true. Then there exists a
sequence {t,} and constant L > 0 such that

th <tn+1, n €N,
lim ¢, =v, |M(t,)| <L, (19)
n—oo

i.e. tp2 i (t,) < L2

Since {xz(t,)} is bounded convergent subsequence, without loss of generality,

we set
lim z(t,) = z*. (20)

n—-+0o

Now we show that, for any given € > 0, there exists T' € (0,v), such that
|z(t) —z*| <€, t € (T,v), we have

lim z(t,) = «™. (21)

t—v—
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For sufficiently small 7 > 0, let

X1 = {(t,l') ite [Ta V]? |:E‘ < s[up) |:L‘(7f)|}
te|T,v

Since f is continuous on X, denote M = ( m)au)(( |f(t,y)|. It follows from
t,y)eX1

)

Egs. (19) and (20) that there exists ng such that ¢,, > 7 and for n > ng, we
have |z(t,) — 2*| < §. If Eq. (20) is not true, then for n > ng, there exists
Mk € (tn,v) such that for t € (t,,ny), |2(t) — 2*| < € and |z(n,) — z*| > €.
Thus

€ < |z(nn) — 27| < |e(tn) — %[ + |2(nn) — 2(tn)|

€ tn o ,r. a 1 y — T a—1
<fy / e rateyar = [0S

<5+ i / (b =)0 = (o = ) £ ()

R / [t = 1) = (e — 1) ()]

INE)
Mn
sl [ = et
E+Mu< t) = ()]
<5 T(a) n
M a atn an”
+F(Oz—|—1)|:(tn_r) — (M —1) T + (=) tn:|
e Azl
M o « (¢4
+F(a+1)[2(nn—tk) + (tn = 7)% = (0 —7) ]

where J(t) is defined by (16). In view of the continuity of J(t) on [t,, V],
for sufficiently large n > ng, we have

HA ” [0,7] M €
LSt =T+ gy (20— t0) =)= (=) < §
that implies € < |z(n,) — 2| < § + § = €. This contradicts and lim x(t)
t—v—
exists.

By using similar arguments as in the proof of Theorem 3, we can easily
find the continuation of z(t). O
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Remark 4. For § = 0, above continuation Theorems I and II reduces to
continuation Theorems for R-L IVP ( [15], Theorem 4.1, Theorem 4.2,
respectively).

Remark 5. For 8 = 1, above continuation Theorems I and II reduces to
continuation Theorems for Caputo IVP ( [19], Theorem 4.2, Theorem 4.4,
respectively).

Now we discuss the existence of global solutions of IVP (5) based on
the results obtained above.

Applying continuation Theorem II, we have the following conclusion
about the existence of global solution for IVP (5).

Theorem 5. Suppose that (Hy) holds and x(t) is a solution of IVP (5) on
(0,v). If x(t) is bounded on [r,v) for some T > 0 then v = +00.

We need following lemma for our further discussion.

Lemma 7. [2/] Let v : Q — [0,400) be a real function, and w(-) be a
nonnegative locally integrable function on . For 0 < a < 1, there exists
a > 0 such that

v(t) <w(t)+ a/o (t—r)" “v(r)dr.

Then there exists a constant k = k(«) such that for t € Q, we have

v(t) <w(t) + k:a/o (t —r)"%w(r)dr.

Theorem 6. Suppose that (Hy) is satisfied and there exist three non-
negative continuous functions I(t), m(t),p(t) : [0,00) — [0,00) such that
|f(t,z)| < Ut)m(|z]) + p(t), where m(r) < r for r > 0. Then IVP (5) has
a solution in C1_+[0, 00).

Proof. The existence of a local solution z(t) of IVP (5) follows from Theo-
rem 1. By Lemma 1, x(¢) satisfies the integral equation (7). Suppose that
[0,v), v < 400, is the maximum existing interval of z(¢). Then

0 1 t—ro‘*l r,x(r))dr
w5+t L =

1) = |

o Vo — ) H(PYm Y |z (r 7)|dr
S Rt i A A (G G B )
0 v — ) U (Em (2 (r))dr
< T T [ €0 m el
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1=

t
a—1
+ (o) /0 (t —r)* p(r)dr

1—v t 1 1
tosy [ (6= (s al)ar

i) v
=T T

=

t—rafl r)dr
v [ =

o

_l’_

If we take v(t) = t1|z(t)], a = T() and
1—v t
Zo v a—1
wt:+/ t—r)* " p(r)dr,
0= 6y @ Jo ¢ 20

by Lemma 7, we know that v(t) = t!~7|z(¢)| is bounded on [0,v). Thus
for any 7 € (0,v), z(t) is bounded on [r,v). By Theorem 5, IVP (5) has a
solution z(t) on [0, c0). O

The following result guarantees the existence and uniqueness of global
solution of IVP (5) on R*.

Theorem 7. Suppose that (Hy) is satisfied and there exists a nonnegative
continuous function l(t) defined on [0,00) such that

Then IVP (5) has a unique solution in Ci_[0,00).

The existence of global solution can be obtained by the arguments sim-
ilar as above. From the Lipschitz-type condition and Lemma 7, we can
conclude the uniqueness of global solution. We omit the proof here.

5 Conclusion

The global existence of a unique solution of nonlinear IVP with Hilfer
fractional derivative is proved by using fixed point technique and Gronwall
inequality. Our results in this paper generalizes the existing results in the
literature.
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