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Abstract. The present study introduces a new technique of homotopy
perturbation method for the solution of systems of fractional partial dif-
ferential equations. The proposed scheme is based on Laplace transform
and new homotopy perturbation methods. The fractional derivatives are
considered in Caputo sense. To illustrate the ability and reliability of the
method some examples are provided. The results obtained by the proposed
method show that the approach is very efficient, less computational and can
be applied to other linear and nonlinear partial differential equations.
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1 Introduction

In recent decades, fractional differential equations have found consider-
able importance due to their application in various branches of engineering
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and applied sciences. Studies show that the behavior of many physical
systems is based on the theory of fractional derivatives. Fractional differ-
ential equations are increasingly used to model problems in acoustics and
thermal systems, rheology and mechanical systems, signal processing and
systems identification, control and robotics and other areas of applications
[6, 19, 4, 5]. It is worth noting that, recently much attention has been
paid to the distributed-order differential equations and their applications
in engineering fields that both integer-order systems and fractional-order
systems are special cases of distributed-order systems. The reader may re-
fer to [17, 16, 3]. Partial differential systems are very important in various
fields of science and technology, especially in biology, solid state physics and
bioengineering. Many researchers have applied various methods to study
the solutions of systems of fractional partial differential systems such as the
Adomian decomposition method [9], the variational iteration method [7],
the perturbation analysis method [14, 10], and the differential transform
method [11, 18], etc.

In this paper we introduce a new form of homotopy perturbation and
Laplace transform methods by extending the idea of [2, ], that we called
LTNHPM to solve the time-fractional linear and nonlinear partial differen-
tial. This method leads to computable and efficient solutions to linear and
nonlinear operator equations. The corresponding solutions of the integer-
order equations are found to follow as special cases of those of fractional-
order equations. We consider the system of fractional-order equations of
the form

Dfluz—l—Nl(ul,,un) :fi(IL‘l,...,fL‘n,ht), 1=1,2,....n, 0<pu; <1,

(1)

with initial data

Ui($1,$2, cey Tp—1, 0) = gi($17$27 <o 7331171)7
where u;, i = 1,2,...,n, are unknown functions and Ny, No,..., N, are
nonlinear operators, which usually depend on the functions u; and their
derivatives. For ¢ = 1,2,...,n, f; are known analytical functions.

This paper is organized as follows. In Section 2, we recall some ba-
sic definitions and results dealing with the fractional calculus and Laplace
transform which are later used in this paper. The basic idea behind the
new method is illustrated in Section 3. Finally, to give a clear overview
of our main result, four illustrative systems of fractional partial differential
equations are investigated in Section 4.
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2 Preliminaries and notations

Some basic definitions and properties of the fractional calculus theory which
are used in this paper are given as follows.

Definition 1. A real function f(t), ¢ > 0, is said to be in the space C,,,
u € R if there exists a real number p > p such that f(t) = P f1(¢t), where
fi(t) € C[0,00) and it is said to be in the space C}; if and only if fmec,
n € N. Clearly C, € Cg if 8 > p.

Definition 2. The left sided Riemann-Liouville fractional integral operator
of order p > 0, of a function f € C},, u > —1 is defined as follows

1 ! 1
—— — ) f(7) dT, 0,
Jrf(t) = F(“’/o(t e

f(t)7 p =0,
where I'(.) is the well-known Gamma function.

Some of the most important properties of operator J# for f(t) € C,,
w, 8 >0 and v > —1 are as follows

(1) JrIPf(t) = JEHD (),
(2) JHIPF(t) = JPTM (1),

R Ty

Definition 3. Amongst a variety of definitions for fractional order deriva-
tives, Caputo fractional derivative has been used [12, 15] as it is suitable
for describing various phenomena, since the initial values of the function
and its integer order derivatives have to be specified, so Caputo fractional
derivative of function f(t) is defined as

t (n) P
D) =0 = s [ e @)

wheren —1<pu<n,neN,t>0and f(t) € C";.

The Caputo fractional derivative is considered because it allows tradi-
tional initial and boundary conditions to be included in the formulation of
the problem.
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In this paper, we consider fractional systems of partial differential equa-
tions, where the unknown function u(z,t) is a assumed to be a causal
function of space and time, respectively, and the fractional derivatives are
taken in Caputo sense as follows.

Definition 4. The Caputo time-fractional derivative operator of order p >
0 is defined as

Diu(x,t) = J' Hu(z,t)

t 7
= :F(nl—u)/o <t - T)n_u_lagg_a;,,r)d'r, n—1< % S n. (4)

Definition 5. The Laplace transform of a function u(z,t), t > 0 is defined
as:

Llu(z,t)] = /000 e S u(x,t)dt,

where s can be either real or complex. The Laplace transform Llu(z,t)] of
the Caputo derivative is defined as:

n—1
L{D}u(z, 1)} = s"L{u(z, )} =Y uP(2,0M)s*7F n-1<p<n (5)
k=0

Lemma 1. Ifn—1<pu<n,n €N and k > 0, then we have
tk“ tku+,u
(l-c,u—l—l)}} CT(kp+p+1)

£ (©

where L~ is inverse Laplace transform.

The Mittag-Lefller function plays a very important role in the fractional
differential equations, was in fact introduced by Mittag-Leffler in 1903 [13].
The Mittag-Leffler function E,(z) with x> 0 is defined by the following
series representation,

oo Zn

E = - 7

4= 2 T D ™
n=0
where z € C. The following identity result from the definition
> n X _n
z z
E = _— —_— = Z_
1(2) Z F(n+1) Z nl ~©
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3 Basic ideas of the LTNHPM

In this Section, to illustrate the basic concepts NHPM [1], we can construct
the following homotopies:

(8)
—fi(x1,...,xp_1,t)] =0, 1=1,2,...,n,

or equivalently

H(Vi,p) = D"Vi — wio + pluio + Ni(Vi, ..., Vo) — fi(z1, ..., 2p_1,t))]

(9)
where p € [0,1] is an embedding parameter and ;¢ are the initial approx-
imation for the solution of (1).

Clearly, the homotopy equations H(V;,0) = 0 and H(V;,1) = 1 are equiv-
alent to the equations D}"V; — u;g = 0 and D"V, + N;(Vi,...,V,) —
fi(x1,...,xn_1,t) = 0 respectively, for : = 1,2,...,n. Thus, a monotonous
change of parameter p from zero to one corresponds to a continuous change
of the trivial problem D}"V; — u; o = 0 to the original problem.

By applying Laplace transform on both sides of (9), we have

L{D{V; —uio + pluio + Ni(Va, ..., Vo) = fi(z1, . 201, 1)} = 0,
i=1,2,....n.  (10)
Using of (5), we derive
st L{Vi} — s#71Vi(0) = L{uio — pluio + Ni(Vi, ..., Va)

(11)
—fi(lbl,...,l'nfl,t)]}, 1=1,2,...,n,

or
L{Vi} = Vi0) + g {L{uio = pluio + Ni(Vi, .-, Va)
(12)
—fi(xl,...,mn_l,t)]}}, i:1,2,...,n,
where V;(0) = w;(z1,22,...,2,-1,0), for i = 1,2,...,n. By applying in-
verse Laplace transform on both sides of (12), we obtain

Vi = Vi(0) + L7 57 L{ui0 — pluio + Ni(Vi, ..., Vo)

—fi(xl,...,xn_l,t)]}}, i:1,2,...,n.
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Next, we assume that the solution of system (13) can be written as a power
series in embedding parameter p, as follows:

V;:‘/%,O—i_p‘/ti,la izla"w”a (14)

where V; o and V; 1, ¢ =0, ..., n, are functions which should be determined.
Suppose that the initial approximation of the solutions of Eqgs. (8) are in
the following form:

o0

al‘j ¥ . .
: t””, i=1,...,n, 15

where a; j(x) for j =1,2,...,7=1,...,n are functions which must be com-
puted. Substituting (14) and (15) into (13) and equating the coefficients of
p with the same powers leads to:

P0: Vio = Vi(0) + L7 H{ G {032 prat s tini ),

(16)
Vz 1=—-£L7 1{ SH L{Zn 0 FC(L;;(-T-)I) I 4 [Nl(VLO) - fi(l'h s 7$n*17t)]}}~

Now, with vanishing V; 1, and by taking u; = 1, ¢ = 1,...,n, we obtain
the coefficients a; j(x), for j = 1,2,..., 4 = 1,...,n. Therefore the exact
solution may be obtained as the following:

= Vi =Vi(0) + LG L{Z OFO’},j 5 M
(17)

ai,j(x) j i i -
Vi(0 )+2J OFJuzjrerl) prth, i=1,...,n.

To show the efficiency and reliability of the method, we apply the LTNHPM
to some examples in the next section.

4 Example

In this Section, we shall illustrate the the method above by linear and non
linear systems of fractional partial differential equations, two linear and two
nonlinear, which have been widely discussed in the literature.

4.1 The homogeneous linear system

First we consider the following the homogeneous linear fractional system:

Diu— vy + (u+v) =0,
(18)
Div—uz+ (u+v) =0,
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subject to the following initial conditions
u(z,0) = sinh(z) v(z,0) = cosh(x),

where 0 < p,v < 1.
To solve Eq. (18) by the LTNHPM, we construct the following homotopies:

D#U = UO(Z‘, t) - p[uo($at) - Vx + (U + V)]a
(19)
DYV = ug(x,t) — plvo(z,t) — Uy + (U + V).

Applying Laplace transform on both sides of (19) and using the property
of the Laplace transform, we have

st L{U} — s U (2, 0) = L{uog(x,t) — pluo(,t) = Vo + (U + V)]},

sV LIV} — sV (z,0) = L{vo(z,t) — plvo(z,t) — Up + (U + V)]},( |
20

E{U} = %U(l‘, O) + S%{ﬁ{u()(l‘,t) —p[uo(x,t) - VZ + (U + V)]}},

(21)
L{V}=1V(z,0) + Z{L{vo(z,t) — ploo(z,t) — Uy + (U + V)]}}.

Operating with the inverse Laplace transform on both sides of (21) and
from the initial conditions U(x,0) = sinh(z) and V(x,0) = cosh(z), we
derive

U = sinh(z) + £ {3z {L{uo(z,t) — pluo(z,t) = Va + (U + V)I}}},

V = cosh(z) + £~ L{L{vo (e, 8) — pluola, t) — Uy + (U + I,
22

Suppose the solutions of system Eq. (22) have the following form:
U(J:‘, t) = Uo(.%', t) + pUl(x7 t)a
(23)
Vix,t) = Vo(z,t) + pVi(z, t),

where U;(t,z), 0 < i < 1, and V;(t,z), 0 < i < 1, are functions which
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should be determined.
Substituting Eq. (23) into Eq. (22), collecting the same powers of p, and
equating each coefficient of p to zero yields:

. { Uo(z,t) = sinh(z) + L7 L {L{uo(z,1)}
pY
Vo(z,t) = cosh(z) + £*1{s%{£{vo(x,t)}},
Ui(z,t) = —L'_l{s%{ﬁ{ug(x,t) — Vo, + (Uo + Vo) }

Vi(z,t) = =LY {L{vo(x, t) — Up, + (Uo + Vo) }}-

Assume ug(z,t) = > 27, F?:}Ei)l) ", vo(z,t) = D07, Fg’;ﬁ)l) t". Now

if we set Uj(x,t) =0 and 4 = v = 1, then we have
Ur(z,t) = (—ag (z) — cosh (z))t + (=3 a1 (z) —  ag (x) — 3 bo (2)

+5 by (1)1 + (—f a2 (2) — § a1 (2) — § b1 () + § ££bi ()t

and by setting Vi (z,t) = 0 and 4 = v = 1 we obtain

Vi(z,t) = (—bo (z) — sinh (2))t + (=1 b1 (z) — L by (z) — % ap (2)

+5 im0 () + (—g b2 (2) — § b1 (2) — a1 (2) + § frar ()
+(—ag b3 () — 57 b2 (x) — 2 a2 () + 55 %ag (@)t +---=0.

It can be easily shown that

ap(z) = az(z) = ag(x) = --- = —cosh (x),
a1(z) = asz(z) = as(x) = --- = sinh (z),
bo(z) = ba(x) = by(x) = -+ = —sinh (z),
bi(x) = bs(x) = bs(x) =+ = cosh (x).

Therefore, we gain the solutions of Eq. (18) as:

. 2 3
u(z,t) = sinh(z) (1+F<$Ti1>+---> — cosh(z) (F(Li‘jrl)+ F(#‘:Ll)+> ,
(24)
3v

20 . v
v(z,t) = cosh(zx) (1—}—%4_...) —Smh(@(%"rmﬁ-'“),
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which are the exact solutions. Now, if we put 4 = v =1 in (24), we obtain
u(x,t) = sinh(x — t), v(x,t) = cosh(z — t) which are the exact solutions of
the given nonlinear system (18) for y =v = 1.

4.2 The inhomogeneous linear system

We next consider the inhomogeneous linear fractional system:
Di'v — vy — (u—v) = =2,
DYv+u, — (u—v) = -2,
subject to the following initial conditions
u(z,0) =1+¢e* ov(z,0)=—-1+¢",

where 0 < p,v < 1.
To solve Eq. (25) by the LTNHPM, we construct the following homotopies

DU = ug(a,t) - pluo(a, t) — Vo — (U = V) + 2],

(26)
D}V = wo(x,t) — plvo(z,t) + Uy — (U = V) + 2].
Applying Laplace transform on both sides of (26), we have
st L{U} — s#7 U (2,0) = L{ug(x,t) — pluo(x,t) — Vo — (U — V) + 2]}, o)
27
sV L{V} — "7V (x,0) = L{vo(x,t) — plvo(x,t) + U, — (U — V) + 2]},
or
‘C{U} = %U($,O) =+ ﬁ{ﬁ{uO(xvt) _p[UO(xvt) - V£ - (U - V) + 2]}}7 ( )
28

L{V} =1V (2,0) + L{L{vo(z,t) — plvo(z,t) + Up — (U = V) + 2]} }.

By applying inverse Laplace transform on both sides of (28) and from the
initial conditions U(z,0) =1+ e* and V(x,0) = —1 + €*, we derive

U=1+e"+ LY {L{uo(z,t) — pluo(z,t) = Vo — (U = V) + 2]}}},

(29)
V=-1+e"+ LI {L{vo(z,t) — plvo(z,t) + Uy — (U = V) +2]}}}.
Suppose the solutions of system Eq. (29) have the following form:
U($, t) = UO(J:? t) + pUl('T7 t),
(30)

V(xvt) = V()(x’t) —f—le(CC,t),
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where U;(t,z), 0 < i < 1, and V;(t,z), 0 < i < 1, are functions which
should be determined.

Substituting Eq. (30) into Eq. (29), collecting the same powers of p, and
equating each coefficient of p to zero yields:

Un(,t) = 1+ €7 + L& {L{uo(x.1))
Vola.t) = —1+ ¢ + L7 E{L{wo (. 1)),
Ur(e.t) = —L7 S { L (2. t) — Vo, — (Uo — Vo) +2}

V1($,t) = —£’1{S%{£{vg(x,t) + U()x - (Uo - Vb) + 2}}

n bn
Assume ug(z,t) = ZZOZOF(“T% t" ) vo(x,t) = Z?:()F(T(ﬂ) t". Now

if we set Uj(x,t) =0 and p = v = 1, then we have
Ui(x,t) = (—ag () + ")t + (=5 a1 (x) + §ao () + 5 ghbo (x) — § bo (2))¢>
—I-(—% ag () + %al (x) + % %bl (x) — %bl (x))t3

+(—o5 a3 () + 55 a2 (2) + 55 by (x) — 57 b2 ()t 4+ =0,
and by assuming Vi (z,t) =0 and p = v = 1 we deduce
Vi(z,t) = (—e” = bo(2))t + (=5 b1 (z) — 3 bo () — § 4£ao () + § ao (z))t

+(—g b2 (x) — b1 (x) — § 4£a1 (2) + § a1 (2))E°

+(—o5 b3 () — 57 b2 (2) — 5 d%ag (2) + gy a2 ()t + -+ = 0.
It can be easily shown that

ai(z) = €%, bi(x) = (—1)"e”, i=0,1,2,....
Therefore, we gain the solutions of Eq. (25) as

) %1 - 21 $3p
u(z,t) = 1+e"(1+ + + +-
() ( F'p+1) T'u+1) TBp+1) )
=1+e"E,(th),

Y t21/ 2531/
t) = —1+e"(1— -
vlz,t) tel s fre sy tern T

= —1+4+€"E,(—t"), (31)
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which are the exact solutions. Now, if we put 4 = v =1 in (31), we obtain
u(z,t) =1+ e* ™ v(x,t) = —1 + e® ! which are the exact solutions of the
given nonlinear system (25) for p =v = 1.

4.3 The inhomogeneous nonlinear system

We now consider the inhomogeneous nonlinear fractional system:
Di'u+vuy +u =1,
(32)
DYv—uvy —v =1,
subject to the following initial conditions
u(z,0) =€ v(z,0)=e",

where 0 < p,v < 1. To solve Eq. (32) by the LTNHPM, we construct the
following homotopies:

DU = up(z,t) — plug(x,t) + VU, + U — 1],
(33)
DYV =vy(x,t) — plvo(x,t) = UV, =V —1].
Applying Laplace transform on both sides of (33) and using the property
of the Laplace transform, we have

st L{U} — s#7 U (x,0) = L{ug(x,t) — pluo(z,t) + VU, + U — 1]},

sV LIV} — sV (x,0) = L{vo(z,t) — plvo(z,t) — UV — V — 1]},
(34)
L{U} = %U(m, 0) + S%{E{uo(x,t) —plug(z,t) + VU, + U — 1]}},
(35)
L{V} =1V (2,0) + Z{L{vo(z,t) — plvo(z,t) — UV, — V — 1]} }.

Operating with the inverse Laplace transform on both sides of (35) and
from the initial conditions U(z,0) = e* and V(x,0) = e™*, we derive

U=e®+ L HE{L{uo(z,t) — pluo(z,t) + VU, + U — 1]} }},

(36)
V=e+ LY {L{vo(z,t) — plog(z,t) — UV, — V — 1]} }}.
Suppose the solutions of system Eq. (36) have the following form:
U($, t) = UO(J:? t) + pUl('T7 t),
(37)

V(xvt) = V()(x’t) —f—le(CC,t),
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where Uj(t,z), 0 < ¢ < 1, and V;(¢,z), 0 < i < 1, are functions which
should be determined.
Substituting Eq. (37) into Eq. (36), collecting the same powers of p, and
equating each coefficient of p to zero yields

p

1

Uo(z,t) =€ + E_l{s%{ﬁ{uo(:n,t)}
Vo(z,t) = e~ + L7 {L{vo(z, )}},
U(z,t) = =LY 5 {L{uo(z,t) + VoUo, + U — 1}

Vi(z,t) = =LY {L{vo(z, 1) — UpVo, — Vo — 1}}.

Assume ug(z,t) = Y07 anl®) - ynp vo(z,t) = >0 bu(@) _ 4mv - Now

n=0 T'(np+1) n=0 T'(nv+1)
if we set Uj(x,t) =0 and 4 = v = 1, then we have
Ur(z,t) = (—ap (x) — ")t
=z (@) = 5 (a0 (@) e = 30 () = 3bo (x) )t
-l—(—% bo (x) %ao (x) — %ag (x) G ((va (x))e ™
—g a1 (z) = gbi (z) )’
(=g bo () a1 (2) — g b1 (2) frao (x) — 95 a3 (2)
5 (Lay () e™ — 4 az () — 34 be (x) )t =0,
and by taking Vi(x,t) =0 and p = v = 1 we see that
Vi(z,t) = (=bo (z) + e “)t + (=3 e %ag (z) — 5 by (z) + 1 e® L by ()
+3bo (2)t? + (-3 e %ay (z) + % (%bo () ao (z) — & ba ()

+% e‘”%bl (x) + % by (x))t3

H(—gre az (2) + § (b (@) ao (2) + L ar (2) 4
—21bs (2) + 312 (2) + g7 " by (@)t 4 - =0

It can be easily shown that

ai(z) = (=1)*e?,  bi(x)=e", i=0,1,2,--



34 H. Aminikhah, A. Refahi Sheikhani, H. Rezazadeh

Therefore, we gain the solutions of Eq. (32) as:

%1 tH +21 $3p
u(r,t) = e’ (1 — + - + e
(@,1) ( Fp+1) T(@2p+1) TBp+1) )
=1+ e"E,(—t"),
T t21/ tSV
t) = -z 1 e
vt = et ot sy Ftern T

=e "E,(t"), (38)

which are the exact solutions. Now, if we put p = v = 1 in (38), we
obtain u(x,t) = €%, v(x,t) = e~ which are the exact solutions of the
given nonlinear system (32) for p =v = 1.

4.4 The homogeneous nonlinear system
We finally examine the homogeneous nonlinear fractional system:
Di'u + vpwy — vywy = —u,
Do + uzwy + uyw, = v, (39)
D w + ugvy + uyv, = w,
subject to the following initial conditions
Tty

u(x7 y? O) = ex+y U(x7 y? 0) = exi:u? w(x7 y? 0) = 67 9

where 0 < p,a,v < 1. To solve Eq. (39) by the LTNHPM, we construct
the following homotopies

DU = ug(z,y,t) — plug(z,y,t) + Vu W, — V,W, + U],

DV =wo(x,y,t) — plvo(z,y,t) + U Wy + U, W, — V], (40)

DYW = wqg(x,y,t) — plwo(x,y,t) + Uz Vy + Uy Vy — W1.
Applying Laplace transform on both sides of (40), we have

st £{U} - s‘u_lU(w7y7 0) = l:{uo(x, yvt) - p[UQ(:E, Y, t) + VIWy - Vsz + U]}7
s L{V} — 5%V (z,y,0) = L{vo(z,y,t) — plvo(z,y,t) + Us Wy + UyWy — V]}, (41)

s¥ 'C'{W} - Sy_lw(x’?ho) = L{wo(x7y7 0) - p[wo(z7y’ t) + Usz + Usz - W]}:
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or
L{U} = ; U(z,y,0) + s%{ﬂ{uo(:c,y,t) —pluo(z,y,t) + VaWy — V, W, + Ul}},
L{V} = 1V (2,y,0) + = {L{vo(z,y, 1) — plvo (@, y, t) + Us Wy + UyWe — V1}}, (42)
L{W} = LW (z,y,0) + H{L{wo(x,y,t) — plwo(z,y,t) + UsVy + Uy Vi — W1}}.

By applying inverse Laplace transform on both sides of (42) and from
the initial conditions U(z,y,0) = *™¥, V(z,y,0) = e* ¥ and W (x,y,0) =
e Y we derive

U=e*tV + L7 o {L{uo(z,y, t) — pluo(z, y,t) + VaWy — V,We + U},
V=e""Y+ Lil{s%{ﬁ{m(i’?a Y, t) — ploo(z,y, ) + U Wy + UyWo — V]}1}, (43)
V=e2ty + E’l{s%{ﬁ{wo(m,% t) — plwo(x,y,t) + UxVy + Uy Ve — W]}
Suppose the solutions of system Eq. (43) have the following form:
U(z,y,t) = Uy(x,y,t) + pUi(z,y,t),
V(z,y,t) = Vo(z,y,t) + pVi(z,y,1), (44)

W(x,y,t) = Wo(z,y,t) + pWi(z,y,t),

where U;(z,y,t), Vi(x,y,t) and W;(z,y,t) for 0 < ¢ < 1, are functions
which should be determined.

Substituting Eq. (44) into Eq. (43), collecting the same powers of p, and
equating each coefficient of p to zero yields

Uo(z,y,t) = e"V + L7 {L{uo(z,y,1)}
p”: Vo(z,y,t) = e ¥ + L7 e {L{vo(, y, 1) }}

Wo(z,y,t) = e + L7 S {L{wo(z,y,1)}},

Ur(z,y,t) = =LY 2A{L{uo(z, y, t) + Vo, Wo, — Vo, Wa, + Uo}
p': Vil t) = L& {L{vo(,y, 1) + Uo, Wo, + Up, Wo, — Vo}},

Wl(a:,y,t) = —E_l{s%{ﬁ{wg(z,y,t) + Uoz‘/by + U()y‘/bz — Wo}}

Assume

an (xa y) np = bn o

=Y I
UO(xaya ) ~ F(n,u—i—l) ) .CC ya OF(TLO(—I—
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and

o0
n(7,y)
wo(w,y,t) = Z m "
0

Now if we set Uy (z,y,t) =0 and p = o = v = 1, then we have

Ul(xvyvt) = (70’0 (l‘,y) - ex—i—y)t + (7% ao (‘/L‘ay) - %al (ﬂj,y)

Q

(%CO (1‘7 y) + %CO (.’IZ‘, y)) S

N[ =

Q

(39050 (937 y) + 3%50 (l’, y)) e_$+y)t2

N[

+H(—Laz () — L (1,9) —  (Zbo (2.)) Zeo(.9)

(
(

+
SV
&

bo (x,y)) %co (x,y) — % (8%61 (z,y) + 8%01 (x,y)) oY
(z,y)

)

xr

[N

+ a@ybl (IL’, y)) e_$+y)t3 +ee= O’

and by taking Vi(z,y,t) =0 and g = a = v = 1 then

Vi(z,y,t) = (=bo (z,y) + " V)t + (3 (—a%ao (€,y) + #5ao0 (w,y)) e vy

3 b y) + 3o (e,9) — 3 (o (0,9) + oo (@) et

(=3 (Zao @) Zeo (@y) = 5 (Zao (@,9)) oo (@)

—Lbo(z,y) + 501 (2,9) + & (—%al (z,y) + a%al (z,y)) e—%+y

% (%cl ($7y) + (E%CI (xvy)) ew+y)t3 +---=0,

also, if assume that Wi (z,y,t) = 0 and Considering u = o = v = 1, then
we have
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+heo (@)~ her @y) — 3 (Sho(ey) + Lo (ay)) e )2

+(5 (%al (z,y) — a%al (z, ZU)) eVl (zy) — e (w,y)

—5 (Fao (@,9)) Zbo (2.9) = (Fao @) Zbo (2,9)
-1 (%bl (€,y) + 351 (%y)) et 4 =0,

It can be easily shown that

ai(xv y) = (_1)i+16x+y’
(&

bz(:l:7y) = :E—y7 7::071a2a"'a

Therefore, we gain the solutions of Eq. (39) as:

e o 20 £3n
u(@,y,t) = (1 = moamy + tepry T e T

) = "V E, (=),

2 tSu

w@,y,t) = e V(14w + e T Toagn T0) =€V Ea(tY),  (45)

2v tdl/

w(z,y,t) = e "T¥(1 4 r(zil) + rErn trEern ) = e T E(),

which are the exact solutions. Now, if we put 4 = a = v = 1 in (45),
we obtain u(x,y,t) = eVt v(z,y,t) = ¥V and w(z,y,t) = e TV
which are the exact solutions of the given nonlinear system (39) for p =
a = v = 1. The results for the exact solution u(z,y,t) of system (39)
are obtained using LTNHPM, for u = 0.5,0.8 and 1 are shown in Figure 1.
The results for the exact solution v(z, y, t) of system (39) are obtained using
LTNHPM, for a = 0.5,0.8 and 1 are shown in Figure 2. The results for
the exact solution w(z,y,t) of system (39) are obtained using LTNHPM,
for v =0.5,0.8 and 1 are shown in Figure 3.

5 Conclusion

In this paper, we have introduced a combination of Laplace transform and
new homotopy perturbation methods for solving systems of fractional par-
tial differential equations which we called LTNHPM. In this technique, the
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350503
S

Figure 1: The surface indicates the solution u(x,y,t) for the system (39),
for y = 0.4 where (a) p=0.5, (b) p=0.8 and (c) p = 1.

Figure 2: The surface indicates the solution v(z,y,t) for the system (39),
for y = 0.4 where (a) a = 0.5, (b) @ =0.8 and (¢) a =1

Figure 3: The surface indicates the solution w(z,y,t) for the system (39),
for y = 0.4 where (a) v =0.5, (b) ¥ =0.8 and (c) v = 1.
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solution is considered as a Taylor series expansion converges rapidly to the
exact solution of the equation. As shown in the four examples of this pa-
per, a clear conclusion can be drawn from the results that the LTNHPM
provides an efficient method to handle linear and nonlinear partial differ-
ential equations of fractional order. We point out that the corresponding
analytical and numerical solutions are obtained using Maple 13.
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