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Stability of the Kawahara equation with time-varying delay
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Abstract. In this work, we consider the nonlinear Kawahara equation with internal time-dependent delay
in a bounded domain. We prove that this equation has a unique solution. Moreover, we use a Lyapunov
functional approach to prove the exponential stability of the nonlinear system, under some assumptions
on the weights of the feedbacks and on the time-dependent delay. We present some numerical simulations
to illustrate the obtained results.
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1 Introduction

This article concerns the stabilization of the nonlinear Kawahara equation with a time-varying delay on
the internal feedback. This equation is given by

Ve +Yx + Yaorx T Mo T YV = 0.

It is a fifth-order nonlinear one-dimensional equation that describes water waves with surface tension. It
is a model for small amplitude long waves, as plasma wave, water waves and other physical phenomena
arising in fluid dynamics. In control systems, sensors act with a certain delay, which motivates the
interest in studying the equations in the presence of a constant or time-dependent delay. Time delay
phenomena appear in many problems of engineering and biology. We know that even a small delay
can destabilize a system. In [4] the authors analyzed the stability for one-dimensional heat and wave
equations involving time varying delay and in [5] the authors addressed the same problem for wave
equations in domains in R”. The stability of the Kawahara equation has been studied by many authors
without delay (see [9] and [1]) and with constant delay (see [2]). The problem of stabilization of the
Korteweg-de Vries equation has recently been studied in the case of time-dependent delay (see [6]) and
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we propose to extend these results for the Kawahara equation using the Lyapunov approach. In our best
knowledge, there is no work dealing with this problem for the Kawahara equation.
In this work, we consider the following system

yl‘('x7t) +yx<-x7t) +yxxx(x7t) +77yxxxxx(x7t) +)’(X;t))’x<xat)

+a(x)y(x,1) + b(x)y(x,t —o(t)) =0, t>0,x€e(0,L),
y(Ovt):y(l‘7t):yx(07t):yx(l‘vt>:yxx(L7t):07 t>0, ey
y(x,O) ZYO(X)7 RIS (OvL))
y(x,t —0(0)) = zo(x,t — c(0)), 0<t<o(0), xe(0,L),

where L > 0 is the length of the spatial domain, y(x,#) is the amplitude of the water wave at position x
at time ¢ and 7 is a negative real number. The initial data y is supposed to belong to L?(0,L) and the
delayed data zo belongs to L2(0,L) x L*(—c(0),0). We assume that the delay o is a function of time ¢,
which satisfies the following conditions

0<op<o(t)<M, vt >0, )
6(r)<d<1, vt >0, 3)

where M is a positive constant, 0 < 6 < 1, and
c cw>>([0,T]), VT >0. 4)

The functions a and b are nonnegative and belong to L=(0,L). Let @ = supp b be an open nonempty
subset of (0,L) and assume that

b(x) >byp>0, in o. 5)
We assume that a and b satisfy the following assumption
2-9
3 — < , i .
q>0, Y b(x)+g<a(x), in o (6)

Then @ = supp b C supp a and a(x) > by+¢q > 0in o.

We recall the definitions of spaces used in this work for an open subset Q C R, 1 < p,m < 40 and
aconstant ¢ >0 :

LP(Q) = {f Q—R f measurable//g |f(x)|Pdx < +<>o},

L”(Q)={f:Q— R, f measurable/|f(x)| <c},
whm(Q)={feL™(Q)/D"f e L"(Q), foralln € Nyn < p}.

For a Banach space X, we define the space L”((0,7);X) as the usual Lebesgue space with X valued
functions defined on (0,7) :

LP((0,T);X) = {f: (0,7) —>Xfmeasurable//0T £ (@) ||5dt < —|—°<>}.

The plan of this paper is as follows. In Section 2, we prove the well-posedness results for the linear
system using semigroups theory and then for the nonlinear system thanks to the fixed-point argument.
The exponential stability result is proven in Section 3 using a Lyapunov functional approach and an
estimation of the decay rate is given. The last section is devoted to some numerical simulations to
illustrate our results.
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2 Well-posedness results

The aim of this section is to prove that the system (1) has a unique solution. We start by proving that the
linear system has a unique solution using semigroups theory and finally, we prove the well-posedness of
the nonlinear system using the fixed-point argument.

2.1 Study of the linear system

We consider the following linearization around 0 of the system (1)

(x t)—"_yx('x’t)—"_yxxx('x t)+nyxxxxx('x t)
+a(x)y(x,t) +b(x)y(x,t —o(t)) =0, t>0, xe(0,L),
(0 t) (L7t) Yx ( ) yx(L,l) :yxx(L7t) =0, >0, @)
y(x,0) = yo(x), x€ (0,L),
yxt—o ( )) = 20(x,t = 6(0)), 0<t<0(0), xe(0,L).

Now, following [6], we introduce a new variable, z(x,p,t) =y, (x,t — 6 (¢)p) for any x € @, p € (0,1)
and ¢ > 0. We can see that z satisfies the following transport equation

o(t)z(x,p,t)+(1—=6(t)p)zp(x,p,t) =0, x€w, pe(0,1),r>0,

Z(X, )_y\a)(x t) x€w,t>0, (®)
Z(X,p 0) —ZO(X _G(O)p)v xXew,pe (051)

We set v = <)z; ) . Then we obtain

Vr —Yx = Yaxx — Moo — Ay — bZ( 1)
w,:(z): Sl)p 1 ,
' ot)

where Z(., 1) € L*(0,L) is the extension of z(., 1) by zero outside @. We can rewrite this problem as the
following first-order evolution equation

{ vi(t)=)y(t), t>0, ©)
v(0) = wo = (yo,20(-,—0(0)-))7,

where the operator .27 (¢) is defined by

y B —Yx = Yxxx — nyxxxix ay—bZ(.,l)
() - o1, ,

with domain

D(/ (1)) = {(,2) € H>(0,L) x L*(@,H'(0,1)), y(0) = y(L) = yx(0) = yx(L) =0,
yxx(L) =0, Z(X, 0) =V (X)} :
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We note that D(7 (1)) = D(<7(0)), for all ¢+ > 0, that means that the domain of the operator 7 (t) is
independent of the time. The Hilbert space H = L*(0,L) x L*(®w x (0,1)), is equipped with the usual

inner product
y )7 L 1
<( >,<~>> :/ yﬁdx+// zZdpdx.
Z Z H JO o J0

Now, due to (6), we can choose a positive function & in L(0, L) such that supp & = supp b = @ and

b))+ < E() <200 —b() g in o (10)

We introduce the following time-dependent inner product on H

<<§> ’ <§> >, - /oLyyderG(t)/w/ol & (x)zzdpdx.

Obviously, the two norms || - ||; and || - |z are equivalent on H. Indeed,
W1 > 0,Y(y,2) € H, (1+00bo)|(%,2) |y < 1,217 < (1+2M |lall) || (3, 2) 17 (11)

using (2), (5) and (10).
To prove the well-posedness of (9), we follow [4,6]. We will use the following theorem which gives
the existence and uniqueness results of the solution. The reader can find the proof of this theorem in [3].

Theorem 1. Assume that
1. % =D(4/(0)) is a dense subset of H,
2. D((t)) =D((0)), forallt >0,

3. forall t € [0,T], </(t) generates a strongly continuous semigroup on H and the family of =
{/(t) :1 € ]0,T|} is stable with stability constants C and m independent of t (i.e. the semigroup
(S:(s))s>0 generated by < (t) satisfies ||S;(s)y||g < Ce™||\y||u, for all y € H and s > 0),

4. 0,4/ (t) belongs to LY ([0,T],B(# ,H)), the space of equivalent classes of essentially bounded,
strongly measure functions from [0,T| into the set B(% ,H) of bounded operators from % into H.

Then, problem (9) has a unique solution w € C([0,T],2)NC'([0,T],H) for any initial datum in % .
Now we are able to prove the following result.

Theorem 2. Assume that the conditions (2)-(6) hold and that Wy € H. Then there exists a unique mild
solution y € C([0,+0),H) to (9). If Wy € D(e7(0)) then y € C([0,+o0),D(.27(0))) NC' ([0, +0), H).

Proof. We are going to prove the four assumptions of the Theorem 1.
1. % = D(47(0)) is a dense subset of H.
2. We have D(</(t)) = D(<7(0)), for all r > 0.
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3. The proof of the third point of Theorem 1: Let ¢ € [0,T] be fixed. In order to prove that the operator
is dissipative, we compute (< (t)y, ), for ¥ = (y,z) € D(</(t)). Then we have

L L L
(A )y, y) =— / Yreydx — / Yaydx — / a(x)y*dx — / b(x)z(x, 1)y (x)dx
0]
—77/ Yxxxxxydx+// 5 —l)zpzdpdx

After some integration by parts in space and in p we get
t L Lo L 2
(1), W>t:/ Yadadx = el = 3 7l —/ a(x)y dx—/wb(x)z(x,l)y(x)dx
—77/ yxxyde—l-z/& —1) ]de

—76 //5 2(x,p)dpdx,

then
@y = [ a0 s~ [ ploete (e z)dx—g[moc 0l
2/5 1) = 1)22(x, 1)dx+ /&i x,0)dx
—76 //’é %(x,p)dpdx.
We have
—2z(x, Dy(x,1) < 22(x, 1) +y*(x,1),
then

(SO <200~ 5 [ (2a) b0~ §(W) 1)

2 [ €W -8 b 20 nar— 160 [ [ ewwp)apar

From (10) and (3), we have 2a(x) — & (x) —b(x) > 0 and &(x)(1 — &) — b(x) > 0. Therefore, we obtain

(o ()y, ¥ s—fc //5 2(x,p)dpdx.
We set

(667 +1)'

YO =550

Hence
(60w W= V(W W < 5 (60 + 1) +6(0) //6 2 (x, p)dpdx < 0,

then the operator JZ/{\EI) =/ (1) — v(t)] is dissipative.
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The adjoint <7 (t)* of <7 (t) is defined by

Y+ Yare + M — ay + € (x)Z(.,0)
ww@( 1—6()p_ 60) )

¢ o(t) @ G(t)Z

with domain

D(/(1)") ={(,2) € H>(0,L) x L*(@,H'(0,1)), y(0) = y(L) = y:(0) = yx(L) =0,

yu(0) =0, z(x,1) =

Now, we will prove that the operator ;z?(t)* = o/ (t)* — v(t)I is dissipative. Let v = (y,z) € D(/(1)*),
we have

L L L
(T (1) v, W) = /0 Veuydx+1 /0 Yoyl — / )y2dx+ / E(x

+/0Lyxydx+/w/01§(x)(l—o p)zpzdpdx — //é 1)z2dpdx.

Using integration by parts in space and in p, we obtain

@y = [ at s [ 6w xo>dx+'2’[ym<x,z>16

2//6 xpa’pdx+2/§ —6(1)p)2 (x, p)lpdx

//é‘ 2(x,p)dpdsx.

From the boundary conditions, we get
k n.»
(7 () V. W) = / a0y (x,1)dx+ /é 26, 0)dx+ 92 (L.1)

// E(x)Z2(x,p dpdx+2/ é)a(t))yz(x)dx

—E/wixz

x <N 1 alx) — E(x) — b*(x) 2(x.1dx
(0w <L - L (z<> 0~ g )

——//5 %(x,p)dpdx.

b (x)
S)(1—=06(1))

CAONA <——//§ *(x,p)dpdx,

then

From (10) and (3), we have 2a(x) — & (x) — > 0. Consequently
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hence

(A () W, y) —v(t)(y,y); <0.

Therefore, the operator <7 (t)* = o7 (¢)* — v(¢)I is dissipative. .27 (¢) is a densely defined closed linear

operator and in addition <7 (¢) and <7 (¢)* are dissipative, then 7 (¢) is the infinitesimal generator of a C
semigroup of contraction on H for any 7 € [0, 7] (see [7]). We can easily prove that

”y" <ex ' v eo,7], (12)

where ¥ = (y,z) € H and c is a positive constant (see [0]).
Then, <7 () generates a strongly continuous semigroup on H for all ¢ € [0,7] and the family o7 =

{4/ (t) :1 €]0,T]} is stable with stability constants C and m independent of ¢ (see Proposition 3.4 of [3]).
4. From (4), we can prove that

L 70) e L=((0,T), B(D(# (0)), H)),

dt
o se) &(1)(6(1)*+1)"/2
v(t) = 26(1)(6(1)2+ 1)1/ o 20(1)? ’
is bounded on [0, 7] for all T > 0 and
d .. : 0 .
Loy =| 8(ot)p—s()(6tp-1)
o(1)? P

Finally, all assumptions of Theorem 1 are verified, then the problem

{ Vi(t) = ()W,
lT/(O) = Yo,

has a unique solution §r € C([0, +eo), D(.e7(0))) NC' ([0, +o0), H) for yy € D(27(0)). We can check that
the solution of (9) is then given by y/(r) = el v(S)dsyy(r). Indeed,

t s)ds t s)ds 5
(D)) e o (O)(0) AL V(O F() + 7 (1) 0(0)

t

=v<t>e/o RS AL P00 = w).
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2.2 Linear Kawahara equation with a source term

Now, to consider the nonlinear term of the equation, we study the well-posedness of the linear Kawahara
equation with a source term f, that is

i (x,1) +yx X,1) =+ Yuex (6,1) + M Yxccne (X, 7)
+a(x)y(x,t) +b(x)y(x,t —o(t)) = f(x,t), t>0,x€(0,L),

(0 t) (Lvt) Yx ( ) )’x(Lat) :yxx(Lvt) =0, >0, (13)
x,0) =yo(x), x€(0,L),
(x t—o ( )) = zo(x,t — 0(0)), 0<t<o(0), xe(0,L).

Let T > 0 and introduce the space B = C([0,T],L*(0,L)) NL*((0,T),H(0,L)) endowed with the norm

Il18 = [1¥llcqo,ry.22(0.2)) + IVl 2 0.7). 12 (0.0))-

Proposition 1. Assume that the conditions (2)-(6) are fulfilled. Then for f € L'(0,T,H}(0,L)) and
(vo,z0(.,—0(0).)) € H, there exists a unique mild solution (y,y(.,t —o(t).)) € B x C([0,T],L*(® x
(0,1))) to (13). Moreover, there exists C > 0 independent of T and Cr > 0 such that

162l < € (100200, =GO Nl +1f oo ) (14)

H)’xx||L2(o,T;L2(0,L)) + HJ’xHLZ(o,T;LZ(o,L)) <Cr (H(yanO(-v —0(0))|lu + Hf”Ll(O,T.,H(}(O,L))) . (15)

Proof. The proof is similar to the proof of [2, Proposition 2] (see also [8, 9]). We can write the system
(13) as

v = ()y+ <£> .

2.3 Well-posedness result of the nonlinear system

To complete the study of the existence of the solution, we prove the well-posedness result of the nonlinear
system (1).

Theorem 3. Assume that the conditions (2)-(6) are satisfied and let L > 0. Then for any (yo,z0(.,—0(0).)) €
H, there exists a unique solution'y € C(0,00;L*(0,L)) N L2 ((0,%0),HZ(0,L)) of the system (1).

loc

Proof. Following [8] (see also [2], we can prove the local (in time) existence and uniqueness of the
solution of the nonlinear system (1). Let j € B, we consider the map ® : B — B defined by ®(7) =y,
where y is the solution of the following system

(X t) +yx(xat) +yxxx(x t)+nyxxxxx(x t)
+a(x)y(x,t) +b(x)y(x,t — (1)) = —(x,1)¥c(x,2), t>0, x€ (0,L),
( ) y(L t) Yx ( ) yx(Lat) yxx(L t) =0, 1>0, (16)

¥(,0) = yo(x), xe(0.L),
y(x,th( )) = 20(x,7 — 5(0)), 0<1<0(0), xe (0,L).
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Let r > 0 and B, = {y € B/||y||sp < r} a closed ball. Using Proposition 1, we can prove that ® is a
contraction on B, for r small enough similarly to the proof of [8, Proposition 4] (see also [6, Theorem
2.6]). Finally, from the Banach fixed point theorem, the map & has a unique fixed point y € B which is
the requested solution of the nonlinear Kawahara equation (1). Using the decay of the energy, we can
get the global existence of the solution. O

3 Exponential stability result

In this section, we prove the exponential stability of the nonlinear Kawahara equation using a new Lya-
punov functional. We consider the following definition of the energy of the nonlinear system (1)

L 1
E0) = [ Penderol) [ [ Ey e —owp)dpdx (17)
where & is defined by (10).

3.1 The decay of the energy

We start by proving the decay of the energy of the nonlinear system (1) in the following proposition.

Proposition 2. Assume that the conditions (2)-(6) hold. Then for any regular solution of (1), the energy
E defined by (17) is decreasing and satisfies

S E() < (0.0 + / (~2a(x) + b+ E WP 1)dx
+/ 5 — 1)+ b))y (x,t — 6 (1))dx < 0. (18)

Proof. We differentiate E:

:2/0Lyyzdx+ c'f(t)/w/olﬁ(x)yz(x,t—G(t)p)dpdx+26(t)/w/01é(x)zz,dde

then

d

B0 =2 [ V0t v Dy b by (s0) 4001~ 0(0))da

+6(t)/ /0 E(x)y? (x,t — o dpdx—|—2/ / E(x )p — 1)zzpdpdx. (19)
(0]
Integrating by parts and using boundary conditions, we obtain

() <0y (0.0) + / (~2a(x) + () + E () (x.1)dx

dt
+/ 8 — 1) +b(x)y*(x,1 — 6(1))dx <O0.
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3.2 Exponential stability by Lyapunov functional

To prove the exponential stability, we consider the following Lyapunov functional
V(t) =E(t) + ouVi(t) + axVa(t), (20)

where ;, ap > 0 are fixed constants taken small enough to obtain the decrease of the energy E defined
by (17). The functions V; and V; are defined by

L
Vi(r) = /O Y2 (x,1)dx, @1)

1
Vo(1) = o (1) / /O (1= p)y2(x,1 — a(1)p)dpdsx, (22)
-
where A > 0 will be chosen small enough to obtain the decay of the energy. V; is classical for the

Kawahara equation and V, comes from the delay term depending on time. We can prove from the
definition of V(¢) and E(¢) that, for any ¢ > 0,

E(t)<V(t) < <1 +max{e* o, Zz}> E(1). (23)
0
Indeed, from (5) and (10), we have

E() V() =E()+a | "N ()t aro () N (1= )2 (1 — o(1)p)dpdx
gE(r)+a1e“/0Ly2(x,z)dx+ Ocza(t)/w/olifox)yz(x,t—o(t)p)dpdx
< (1 +max{eMay, 2?}) E(r).

The main result of this paper is given in the following theorem. We will prove that the energy of the
nonlinear system (1) decays exponentially.

Theorem 4. Assume that the conditions (2)-(6) are fulfilled. Then, there exists r > 0 small enough,
such that, for every (yo,z0) € H satisfying ||(yo,z0)|lo < r, the energy of the nonlinear system (1) decays
exponentially. More precisely, there exist two positive constants 'y and K such that

E(1) < Ke *E(0), Vt > 0,

where, for o, 0p > 0 and A > 0 small enough,

(—15nAn? —V2AL e M r) oy 2 (1-8)o } 24

< min )
= { 6L4(1+ agerl) 2M (0 + (1€ ]| 2=(0.2))

o
K< l—i-max{euocl,Z}.
bo
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Proof. We start by proving that V decays exponentially, so we have to prove that

d
Vnﬂxavm+2ﬂdﬂga
Consider y as the solution of (1) with (yo,zo(.,—0(0).)) € D(<7(0)) and satisfying the condition

10, 20(-, =6 (0).)) |l < 7.

Differentiating V| and using integration by parts, we obtain

V() = Z/Le (e, )y (6, )dlx
= —2/ ey (0, 1) (Ve (X,1) + Y (6, 1) + M Yrwran (,7) + ¥ (3, 1) 92 (x, 1) )dx
_z/ 2(x,1)dx — 2/ A b(x)y(x, 1 )y(x, 1 — o ())dx
=(A+A°+nA°) / Y2 (x,1)dx — (34 +5MA )/ Y2 (x,1)dx
+5n7t/ ey (x,t)dx+ = l/ Axy3(x,1)dx+1y2 (0,1)
—2/ e a(x)y? (x,t dx—i—/ e*b(x) (x,t)dx+/0LeMb(x)y2(x,t—G(t))dx.
In the same way, we differentiate V;. Using integration by parts and the relation

o(1)dy(x,t —o(1)p) = (6(t)p —1)dpy(x,t — o (1)p),

we get

// (1= p)2(x.1 — 6 (1)p)dpdx

+20() | / (1= p)y(x,t —0(1)p)dh(y(x,1 — 6 (1)p))dpdx
—o(t // (1= p)y2(x,1 — o (1)p)dpdx
v2f / (1= p)y(x,t = 0()p)Fpy(x.t — o (1)p)dpdx
o) [ [ (1-p s~ owp)apax+ [ [(6()p~ 11~ p)(x1 ~ o(0)p)jax
- / [ 1460 -260)p)* 51~ o(0)p)apas

—/y (x,1)dx — // (1-6 *(x,t — o (t)p)dpdx.
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d
Now, we are ready to calculate EVO) +2yV (). We obtain

%V(r)+2yV(t) < /w (—2a(x) + b(x) + & (x) + 01 M b(x) + )y (x,1)dx
+ [ (00 +(E = DEW + et b(x))y* 1 — (1))
+Snae / A2 (x, 1) dx 4+ 2(1 + oy L) /0 PETRRR
+= all/ hay3 xtdx+a1/L(7L+k3+1M5—2 ()2 (x, 1)dx
— oA (3+5012) /0 M2 (5, 1)dx 417 (14 0032, (0,1)
+// (Q27E ()0 (1) + 2700 (1) — 0 (1 — 8))y2(x,1 — 5(1)p)dpdx.
Note that from Cauchy-Schwarz’s inequality, we get

eZ/lL

L L
Ax 3 2 Ax 2
dx < - / dx < - —.
| e vx <yl [ e bldx < e lzont| 5
By the injection of H} (0,L) into L=(0,L), we have

2 2
HyHL“(O,L) < LH)’xHLZ(o,Ly
and from Poincare’s inequality, we obtain

L oxs L 2 M
)< vl 7oz Moo,

Since we have ¢ < a(x), we get
%V(t) +29V (1) < /0)(—2a(x) +b(x) + & (x) + a1 b(x) + ap)y* (x,1)dx
+ /w(b(X) +(8 — DE(X) + e b(x))y* (x,1 — o (1))dx

LA L3024 e L
+ (271 one) e smaan + ST [ G
T kY3 0

+an(A+A3 1A% —29) / M2 (x, ) dx
— o A(345022) / A2 (1) lx 41 (1 + a )y, (0,1)

+// (2¥E (x)o (1) + 27020 () — (1 = 8))y* (x,1 — o () p)dpd-x.

d
To obtain EV(I) +29V(t) <0, from (10), we can choose @, &, A, ¥ and r such that



Stability of the Kawahara equation with time-varying delay 441

o < inf
XEW®

{Za(X) —b(x)—&(x) (1-8)8(x) —b(x) }

eMp(x) ’ eMp(x)

o < inf{2a(x) = b(x) — & (x) — e b(x)},

A §min{7t{), _;7},

where Ay can be chosen such that Ao + A3 + nA3 —2¢ < 0, and

(—15nAn2 —V2AL3 e r) oy 2 (1-8)o } 25)

< min )
= { 6L4(1 + ogerl) 2M (0 + 1€ ]| 2=(0.2))

where r fulfilles the inequality —15n A2 — v2AL3e*r > 0 which implies that

—15nVAn?
O<r<———.
\/§L367LL
d
By integrating EVO) +2¢yV(t) < 0 over (0,1), we get for all t > 0, V(¢) < V(0)e 2. Since E and V
are equivalent from (23), we finally obtain

E(t) < <1 +max{e*a, (ZZ}) E(0)e "Vt > 0.
0

Lastly, we note that D(.27(0)) is dense in H, then we can take (yo,z0(., —0(0).)) € H. O

We can notice that the decay rate y decreases when the upper bound M of the time-delay function
increases. We have the same remark when 6 tends to 1.

4 Numerical simulations and conclusion

This section is devoted to some numerical simulations that adapt the schemes used in [6,8]. We illustrate
the stability result obtained in this study. We set a final time 7" and consider a uniform spatial and
time discretization. Let Ny, N, and N, be three positive integers. Let dx = L/N, be the spatial step,
dt = L/N; the time step and dp = 1/N, be the delay step. We introduce the notation y(idx,ndt) = y!
and z(idx,kdp,ndt) =z}, fori=0,... Ny, k=0,...,Ny, and n = 0,...,N;. For the first derivative with
respect to x, we will use the approximations

Yi+1 — Vi — Yi—Yi-1 Yi+1 —Yi-1
Dy = ——, D y = , Dyj=—F7—"7". 26
x Vi dx x Vi dx i 2dx (26)

The same definitions hold for the first derivative with respect to p. The third derivative will be given
as Dy = D DY Dy and the fifth by Dy = D Dy D DDy . Let s = E(L/2dx), where E is the floor
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Figure 1: Representation of ¢ — In(E(¢)) for different values of 6.

function. The system is discretized as follows

(v =y
# + (Dx + Dxxx - Dxxxxx)ylr'l
= fy;?_lD;‘y?_l —aiy?_l fbiz?’;,pl n=1...,N,i=2,...,Ne— 1,
yg:yrll:y;lefZZy;z\/xflzyK’x:O n=0,....N,
W = yo(idx), i=0,...,Ny,
-2t 1
i, ik : .
—— +g(1—6"kdp)D;sz=O n=1,...,N;, i=0,....s, (27)
k=1,...,Ny —1,
biy!
4MZEG£%S n=1,...,N,i=0,....s,
ng:ZO(ldx,kdp) iZO,...,S, k: 1,...7Np_17
o=} n=0,...,N;, i=0,...,s,
7, =0 n=0,...,N,i=s+1,...,Ny, k=0,...,Np,.
We take the following parameters L = 1, T = 20, n = —1 and the feedback terms are constant in their

support supp a = supp b = (0,L/2), a(x) = 2,2, b(x) = 1,5 and & (x) = 2.5. The initial conditions are
yo(x) = 1 —cos(27mx), zo(x,p) = cos(2wp)(1 — cos(2xx)) and the delay is o () = (1,1 —sin(r)). We
solve the discretized system using the backward Euler method. We observe that the decay rate y decreases
when J tends to 1 as shown in the estimation (25). Figure 1 represents ¢ — In(E(¢)) for different values

of 0.
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In this work, we present an internal stability result for the nonlinear Kawahara equation with time-
varying delay. We prove the existence and the uniqueness of the solution of the system and we study
the exponential stability using an appropriate Lyapunov functional. Finally, we present some numerical
simulations to illustrate the theoretical result obtained.

An interesting question to investigate is to consider the study of the stability of the Kawahara equation
with a delay in the nonlinear term.
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