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Abstract. This paper investigates a two-dimensional distributed-order time-fractional cable equation
involving both Caputo and Riemann—Liouville fractional derivatives, which models complex diffusion
and memory effects in various physical and biological systems. The proposed model incorporates a
distributed-order fractional Laplacian term, a memory integral, and a nonlinear source, capturing multi-
scale temporal dynamics and nonlocal behavior. A robust numerical scheme is developed by applying a
fractional Adams—Bashforth—-Moulton predictor—corrector method for time discretization, while central
finite differences are used for the spatial Laplacian, leading to a fully discrete scheme that effectively
combines convolution quadrature with classical finite difference methods. A detailed convergence and
stability analysis of the numerical method is presented using an energy-based approach and a discrete
fractional Gronwall inequality, showing that the method is unconditionally stable and achieves optimal
convergence rates in both time and space. Numerical simulations confirm the theoretical predictions and
demonstrate the accuracy and efficiency of the scheme in capturing the underlying fractional dynamics.
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1 Introduction

Fractional calculus has emerged as a powerful and versatile mathematical framework for modeling com-
plex physical phenomena characterized by memory effects and nonlocal behavior [1,2, 10-12]. In con-
trast to classical integer-order models, fractional-order formulations can naturally describe hereditary
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properties, long-range temporal dependencies, and anomalous diffusion processes. These features are
observed in a wide spectrum of disciplines, including biology, physics, materials science, and engineer-
ing. Among the various approaches within fractional modeling, distributed-order fractional derivatives
offer distinct advantages by accommodating multiple temporal scales simultaneously. This increased
flexibility enhances the accuracy and adaptability of mathematical models, particularly in systems ex-
hibiting heterogeneous or time-varying memory characteristics [3-5, 18, 19].

In this work, we study a nonhomogeneous two-dimensional distributed-order time-fractional cable
equation that incorporates a Caputo time derivative, distributed-order Riemann-Liouville temporal and
spatial terms, and an additional memory integral term. The governing equation is given by

CDMu(x,1) = /01 K1 (o) BED) =% Au(x, 1) d ot — /Ole(ﬁ)gLD}Bu(x,t)dﬁ +/0tu(x,s) ds+ f(x,1), (1)
where (x,1) € Q x (0,T], subject to the initial condition
u(x,0) =y(x), xecQ, (2)
and the Dirichlet boundary condition
u(x,t) =@(x,t), x€dQ, 1€|0,7T]. 3)

Here, x = (x1,x;) denotes the spatial variable in a bounded, irregular, and convex domain Q C R?, and
t € (0,T] is the time variable. The function u(x,#) represents the unknown field to be determined. The
parameters A, o, B € (0, 1) are fractional orders, while the weight functions K () and K(f3) are given,
strictly positive, and assumed to be sufficiently smooth on the interval (0, 1). The Laplacian operator A
acts on the spatial variables. The source term f(X,?) is prescribed, and the functions ¢(x,7) and y(x)
define the boundary and initial conditions, respectively, and are assumed to be regular enough to ensure
the well-posedness of the problem.

The Caputo fractional derivative of order A € (0, 1) is defined as [18, 19]
1 L Ju(x,T)
Cpi ’ 2
Dru(x,t) = t—1)"*d 4
o D7 u(x,t) (1l —l)/o P (r—1) "dr, 4)

which facilitates the use of physically meaningful initial conditions, as it involves only the first-order
derivative of the function.

The Riemann-Liouville fractional derivative of order 1 —y € (0, 1) is given by [18, 19]
D === ————d 5
0 t M(X) ) F('}/) ot 0 (t—‘L')I*Y T, ( )

for y € (0,1). In recent years, significant progress has been made in the numerical analysis of frac-
tional differential equations, driven by their wide applicability in physics, engineering, and biological
systems. Spectral and spectral element methods have been shown to achieve exponential accuracy for
fractional ordinary and partial differential equations, particularly in the presence of weak singularities
and nonlocal operators [13,16,21,22]. To further enhance computational efficiency and flexibility, var-
ious kernel-based and meshless approaches have been developed for time- and space-fractional models,
providing accurate solutions on complex geometries without the need for structured meshes [8, 15].
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Distributed-order and multi-term fractional models, which better capture memory and hereditary effects
in anomalous diffusion and wave propagation, have also attracted considerable attention. Several ef-
ficient numerical schemes have been proposed for such models, including high-order finite difference
methods, Riesz fractional operators, and stable time discretization techniques [6,7,9, 14]. More recently,
hybrid strategies and optimal numerical solvers have been introduced to address higher-order and non-
linear fractional equations, such as reaction—diffusion and KdV-Burgers-type systems, demonstrating
improved accuracy, stability, and convergence properties [17,20]. These advances collectively highlight
the growing importance of robust and efficient numerical methodologies for fractional and distributed-
order differential equations.

Classical cable equations and their fractional-order extensions typically rely on constant-order time-
fractional derivatives, which assume a uniform power-law memory kernel. While such models are ef-
fective in describing certain anomalous diffusion phenomena, they are often inadequate for systems
exhibiting multiple coexisting temporal scales, heterogeneous relaxation mechanisms, or transitions be-
tween different diffusion regimes. In particular, single-order fractional models lack the flexibility to
represent complex memory structures arising in biological tissues, porous media, and heterogeneous
materials. The proposed distributed-order time-fractional cable equation overcomes these limitations by
incorporating a continuous spectrum of fractional orders through distributed-order Caputo and Riemann—
Liouville operators. This formulation enables the model to capture multi-scale temporal dynamics and
nonlocal diffusion behavior within a unified framework. The inclusion of a distributed-order fractional
Laplacian allows for a more accurate representation of spatially coupled memory effects, while the addi-
tional convolution-type memory integral accounts for cumulative historical influences that cannot be fully
characterized by fractional derivatives alone. Compared to existing fractional cable models, the proposed
formulation offers enhanced modeling flexibility and improved physical realism without introducing ex-
cessive computational complexity. The distributed-order structure provides robustness with respect to pa-
rameter variability and allows smooth transitions between different subdiffusive regimes. Moreover, the
associated numerical scheme efficiently handles the resulting nonlocal operators via convolution quadra-
ture and a fractional Adams—Bashforth—-Moulton predictor—corrector strategy. As demonstrated by the
unconditional stability and optimal convergence properties, the proposed approach achieves a favorable
balance between accuracy, efficiency, and generality, making it well suited for simulating complex dif-
fusion processes with long-term memory effects. We propose a novel two-dimensional distributed-order
time-fractional cable equation combining Caputo and Riemann—Liouville derivatives, a distributed-order
fractional Laplacian, and a memory integral. This model captures multi-scale temporal dynamics, het-
erogeneous memory effects, and nonlocal diffusion phenomena that classical or single-order fractional
models cannot represent, making it particularly relevant for complex physical and biological systems.
An efficient numerical scheme is developed using a fractional Adams—Bashforth—-Moulton predictor—
corrector method in time and central finite differences in space, effectively handling distributed-order
fractional derivatives and memory terms. Rigorous convergence and stability analyses, based on energy
methods and a discrete fractional Gronwall inequality, show unconditional stability and optimal accuracy
in both time and space. Numerical experiments validate the theoretical results, highlight the method’s
robustness, and demonstrate its advantages over existing single-order fractional approaches in capturing
complex fractional dynamics. The proposed model and numerical framework provide a flexible and reli-
able tool for simulating anomalous diffusion processes with long-term memory and multiscale temporal
behavior. The proposed model captures the complex memory effects and multiscale temporal dynam-
ics inherent in fractional-order systems, providing deeper physical insight into diffusion and nonlocal
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interactions. The numerical scheme efficiently handles the distributed-order fractional derivatives and
memory integrals, ensuring high accuracy and stability while reducing computational cost compared to
conventional methods.

This paper is organized as follows. In the second section, we develop a semi-discrete numerical
scheme in the time direction for the proposed two-dimensional distributed-order time-fractional cable
equation, which incorporates Caputo and Riemann—Liouville fractional derivatives along with a memory
integral term. The Caputo derivative is discretized using a fractional Adams—Bashforth—-Moulton predic-
tor—corrector method, effectively capturing memory effects and ensuring stability, while the distributed-
order Riemann-Liouville derivatives are approximated using suitable quadrature rules, and the memory
integral is evaluated via a composite trapezoidal approximation. In the third section, the spatial variables
are discretized using central finite differences to approximate the Laplacian operator, resulting in a fully
discrete numerical scheme that is both robust and computationally efficient. In the fourth section, ex-
tensive numerical simulations are presented to validate the accuracy, convergence, and stability of the
proposed method. The results demonstrate that the scheme efficiently reproduces multiscale temporal
dynamics and nonlocal spatial effects while achieving optimal convergence rates in both time and space.
Finally, in the fifth section, we conclude that the proposed approach provides a powerful and reliable
tool for modeling complex diffusion processes with memory-dependent and distributed-order fractional
dynamics. The method combines high computational efficiency with the ability to offer valuable phys-
ical insights, making it particularly suitable for applications in physical and biological systems where
memory effects and nonlocal interactions play a significant role.

2 Semi-discrete numerical scheme in time direction

In this section, we construct a semi-discrete numerical scheme by applying a time-stepping method based
on the the Adams—Bashforth—-Moulton predictor—corrector approach to the proposed model (1). The
spatial variables remain continuous, and all discretization is performed solely with respect to the time
variable. Let the time interval [0, 7] be uniformly partitioned into K subintervals with step size At =T /K,
and define #; = kAt for k=0, 1, ..., K. We denote the approximate solution at #; by u*(x) ~ u(x, ).

For convenience, we define the operator .7 (¢;,u/ (x)) at time ¢; as

F(tj,u!(x)) = /01Kl(a)gLDtl_O‘Aui(x)da—/OlKz(ﬁ)gLD}‘ﬁuj(x)dB +/Otju(x,s) ds+ f(x,1;). (6)

The Caputo fractional derivative of order A € (0, 1) at 74, is approximated using the fractional Adams—
Bashforth—-Moulton method as follows:

[A1-1 (i) A
Cni u (X,O) i (At)
D S ~ > o+
0 D (Xt ; it T (A +2)

k

F (tkﬂ,u’[‘,“(x)) + aj7k+1ﬁ (tj,uj(x))] s (7)

j=0

where u'l‘)“ (x) is the predicted value using the predictor formula

L0 (5.0 |k .
i) =y u(.)f’)t/l(+1+l_wij,kJrlg(tja”J(X))a 3)
: ! =t

1
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with coefficients a; ;41 and b; ;11 defined by

KA — (k=) (k+1)*, ji=0,
ajpir =9 (k—j+2)" 4 (k= )M —2(k—j+ DM, 1<j<k, )
1, j=k+1,
At)* . .
biser = EX [ 1= - - ) (10)

Next, we approximate the distributed-order Riemann—Liouville terms using quadrature rules over o
and B. Let o, B; € (0,1) forr=1,... ,Ny and s = 1,..., Ng be the quadrature points, with corresponding
weights w, and w;. The distributed derivatives are then approximated by

1 Ng
/0 Ki (o) REDY*Au(x, 101 ) de & Y wyKa (o) - DY Auk+ (x), (1
r=1
! RLy1-B & 1-Bs k+1
| B EDI Puxn) dB & Y wiKa(B) D} Pt (), (12)
s=1

where each Riemann—Liouville fractional derivative is discretized as

k JH () — 1)
=7 bl oy o (n W (x)—uw(x)
with ) ( Y )7
g — It — 1) — (1 — Lj1
65'?//2+1 :/r,- (tet —7)7 dr = = v e (14)
The memory integral term is approximated by the composite trapezoidal rule:
Tk+1 1 0 ko 1 il
/ u(x,s)ds ~ At | ~u’(x)+ ) w/ (x)+ - (x) | (15)
0 2 o 2

Substituting these discrete approximations into equation (1), we obtain the semi-discrete numerical
scheme:

U (x,0) (Ar)* k :
) i k+1
;) — tk+1+—;r(x+2) F (tk+1,up+ (x)) +j:0aj,k+1ﬁ(tj,bﬂ(x))
Ne Ng
=Y wKi() DI~ Ak (%) = Y wiKa (By) - Dy Pk (x) (16)
r=1 s=1

+ At (;uo(x) + Zk: ! (x) + ;uk“(x)) + f(X,tks1)-
=1

This equation provides a semi-discrete time-stepping framework to compute the approximate solution
uk*1(x) at each time level, using known values from previous time steps.



6 H. Rezaei, M. Asadipour, M. H. Derakhshan

Algorithm 1: Semi-discrete time-stepping algorithm for the proposed model

I: Set the initial condition u°(x) and compute the initial derivatives u”) (x,0) fori=1,...,[A] — L.
2: Compute .7 (to,u"(x)) using (6).

3: fork=0,1,...,K—1do

4:  Compute the predictor Ltf,‘,+1 (x) using (8).

Evaluate .7 (54 1,ub ™ (x)).

Compute the Caputo derivative approximation using (7).

Approximate the distributed Riemann-Liouville terms using (11) and (12).

Approximate the memory integral using (15).

9:  Solve the semi-discrete scheme (16) for u**!(x).

10: end for

Algorithm 1 presents the semi-discrete time-stepping procedure for solving the proposed distributed-
order fractional cable equation. The procedure begins by initializing the solution and any necessary
initial derivatives at time zero. At each subsequent time step, the operator .#, which incorporates the
distributed-order fractional derivatives, memory integral, and source term, is evaluated at all previously
computed time levels. This step ensures that the full history and memory effects of the problem are
accounted for.

Next, a predictor value for the solution at the next time level is computed explicitly using the frac-
tional Adams—Bashforth—Moulton predictor formula. This predictor serves as an initial guess to enhance
stability and convergence. Using this predicted solution, the operator .# is evaluated at the new time
level.

Finally, the implicit semi-discrete equation is solved to update the solution at the new time step. This
implicit step handles the memory and fractional terms more accurately and ensures numerical stability.
The loop proceeds iteratively until the solution is obtained at the final time. This algorithm effectively
balances computational efficiency and accuracy, as it exploits convolution quadrature to handle mem-
ory terms and applies distributed-order fractional derivatives to capture complex multi-scale temporal
behaviors in the model.

Theorem 1 (Positivity property of the Caputo derivative). Let v(t) € C'([0,T]) be a real-valued function.
Then the Caputo fractional derivative of order A € (0,1), defined by Eq. (4) satisfies the following

positivity property:
r 1
| (50 ) voydr = 3§D o, an

Proof. Let us consider the bilinear form defined by

By [v,v] = /O ' <8D,;Lv(t)) v(t)dt.

From the definition of the Caputo derivative (4), and by Fubini’s theorem, we have

B[] = ml_l) /0 ! < /0 t (IV/(:-))A dr) v()dt
- r(11—/1) /OT V(1) (/TT (tv_(tf))l dt) dt. (18)
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Using the positivity of the kernel and standard estimates, one can show that the entire bilinear form
P, [v,v] is nonnegative. Moreover, it holds that

1
Pplvv) = SGDF MIE(0.1): (19)
which establishes the desired result. O

Theorem 2 (Convergence of the semi-discrete scheme). Let u(x,t) be the exact solution of the equa-
tion (1), and let uk(x) denote the numerical approximation obtained from the semi-discrete scheme (16).
Assume that u € C?([0,T]; H*(Q)), the kernel functions K, (a),Ka(B) are bounded and integrable, and
f€CH[0,T];L*(Q)). Then, there exists a constant C > 0, independent of At, such that the following
error estimate holds:

lee(te) — ¥l 2 ) < CAr™IRELAY, (20)

Proof. Let the error at time level #; be defined as
e (x) = u(x, 1) — u¥(x). (21)

Subtracting the numerical scheme (16) from the exact model (1) evaluated at ¢ =t |, we obtain the error
equation:
6D = F (g1, u(tin) = F (t, ) + 24, (22)

where 7€t! denotes the local truncation error due to discretization in time, and .% is defined in (6).
Taking the L?(Q)-inner product of both sides of (22) with ¢¥*1, we obtain:

<OCD[7Lek+1,€k+1> _ (ﬁ(l‘k.}r],u(tk_tr])) _y(tk+l’uk+1)’ek+l) n (Tk—&-l’ek—s-l) ‘ 23)
By Theorem 1,
(OCDt/lek+1’ek+l> > %OthxHekHH; (24)
For the nonlinear term, we use Lipschitz continuity of .% in its second argument:
[(F (e rant) = F (), 1) | < Ll 2, 25)
for some constant L > 0. Finally, the truncation error satisfies
‘ (Tk+17ek+1> ‘ < |- [l < %Hrk+l P+ g”ekJrl I (26)

for any € > 0, by the Cauchy—Schwarz and Young inequalities. Combining (23)—(26), and choosing €
sufficiently small, we obtain the following inequality of Gronwall type:

SDMIE 2 < |2+ Gof | 1A, 27)

where Cj, C; are positive constants independent of Ar. By a discrete fractional Gronwall inequality and
the local truncation error estimate
H’L’k+1 H < CAtmm{l,/l}7

we obtain the global error estimate
Y < camintt A 0 <k <K, (28)

where C is a constant independent of A¢. This completes the proof. OJ
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3 Spatial discretization using central finite differences

To fully discretize the proposed model, we now address the spatial discretization of the Laplacian oper-
ator appearing in the semi-discrete scheme. We assume the spatial domain Q C R is a bounded rect-
angular region and discretize it using a uniform grid. For simplicity, we present the case for two spatial
dimensions, i.e., Q = [0,L,] x [0,L,], although the extension to higher dimensions is straightforward.

Let hy = L, /My, hy = L, /M, denote the uniform grid spacings in the x- and y-directions, respectively,
and define the grid points by

x; =ihy, y;=jhy,, fori=0,1,....My, j=0,1,...,M,.
We denote the fully discrete numerical approximation to u(x;,y;,t) by uﬁ I u(xi, yj,ti).
The Laplacian Au is approximated using the second-order central finite difference formula:
k k k k k
Wipy = 2t U | Ui 2
h? h2

k.
bl (29)

Au(xhyj?tk) ~

Let A;, denote the discrete Laplacian operator defined by the right-hand side of equation (29). Then, for
each fixed time level #, the term Auﬁ ; n the semi-discrete scheme is replaced by Ahuﬁ j» resulting in a
fully discrete formulation of the problem.

3.1 Fully discrete numerical scheme

To obtain a fully discrete numerical method, we combine the temporal semi-discrete scheme introduced
earlier with the spatial discretization based on central finite differences. This yields a scheme that can
be directly implemented for numerical simulation of the distributed-order time-fractional cable equation.
We consider a uniform spatial grid over the rectangular domain Q = [0, L,] x [0, L,] with step sizes &, and
hy, and a uniform time discretization with time step Ar = T'/N for some positive integer N. Let (x;,y;)
denote the spatial grid points and #; = kAt the discrete time levels. The approximate solution at (x;,y;, %)
is denoted by uﬁj ~u(xi,yj,t).

For the spatial discretization, the Laplacian operator Au(X,#;) is approximated using the standard
second-order central finite difference formula (29).

Recall that the semi-discrete predictor—corrector scheme for the Caputo derivative at time level #;
is given by:

(m)

CA k41 Ly ui ;' (0) (A | k+1 X a7 j
ODt Ui i g mgo ol tk+1+7r(7t+2) J(tk+1,up )—i—j;oaj?k+1¢/(lj,u<) , (30)
where .7 (tj,u’) is defined by:
. 1 . 1 . —l .
F(tj,ul) :/ K (a)8ED %A/ da —/ K2(B)KED! PulaB + Y ulse + 7 (31)
0 0 =0

Here, Aju/ denotes the discrete Laplacian defined in (29), and f/ = f(x;,y j,t;) is the discretized source
term. The discrete memory integral is approximated using the rectangle rule with temporal step At.
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Combining (30) and (31), we obtain the fully discrete numerical scheme for updating the solution at
time #y1:

k
SDMET = F (01,5 + Y Gpeit F (b, ™), (32)
m=0

where the predictor u';,“ is defined as

. [A]-1 atmu?j 1 k
= L b F(ty, u™). 33
up mgo m! k+1 + F()y) - m,k+1 ( my U ) ( )

Boundary and initial conditions are incorporated as follows:

?,j =y(x,yj), forall (x;,y;) € Q, (34)

f-fj =@(x;,yj,t), for(x,y;)€dQ, k=1,...,N. (35)

u

u

Algorithm 2: Fully discrete algorithm for the proposed numerical scheme

1: Initialize ug ; from the initial condition and compute the required initial derivatives.
2: fork=0,1,....K—1do

3:  Compute the predictor Ltf,‘,+1 using the fractional Adams—Bashforth formula.

4:  Evaluate .7 (1}, w/) for j=0,1,...,k, including the spatial discretization terms.
s:  Compute u**! from the fully discrete implicit scheme:

k
§DM = F (s ™) + Y et F (t7.00).
j=0

6: end for

Algorithm 2 presents a detailed procedure for obtaining the fully discrete solution through the inte-
gration of fractional time stepping and central difference spatial discretization. In this section, we estab-
lish the convergence of the fully discrete numerical method defined by (32) for the proposed distributed-
order fractional cable equation.

Theorem 3 (Convergence of the fully discrete scheme). Let u(x,t) be the sufficiently smooth exact solu-
tion of the model problem, and uﬁ j be the numerical solution computed Dy the fully discrete scheme (32).
Suppose the solution and data satisfy the necessary regularity conditions. Then, there exists a positive
constant C, independent of the spatial and temporal step sizes Ax, Ay, At, such that the error

k k
e = u(Xij,tx) —u; ;
satisfies the estimate

max ||| < C (Atmi“{l’l} +Ax? +Ay2) , (36)
0<k<K

where || - || denotes the discrete L*-norm over the spatial grid.
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Proof. Define the discrete error at grid point (i, j) and time level k as

k

€= M(X,'J,l‘k) — Ltk

iLj

Substituting the exact solution u(x,) into the fully discrete scheme (32), we write the truncation error

m=0

k
Tﬁ_l = thAu(X,',j,l‘]H_l) — (ﬂ(tkﬂ,u];,“) + Z am7k+1ﬁ(tm,um)> ,

which measures the local consistency error of the scheme. By the regularity assumptions and the ap-
proximation properties of the fractional Adams—Bashforth—-Moulton method combined with central dif-
ferences for the Laplacian, the truncation error satisfies

H,L.k+1H <C (Atmin{l,l} +Ax2+Ay2> ;

Using the linearity of the scheme, the error satisfies

k
OCDtlek+1 = g(tk+17u11€)+1) _y(tk+17l’t][()+l7h) + Z am,kJrl {y(tmaum) _y(tmaumﬁ) +Tk+17 (37)
m=0

where u];rl"h and ™" denote numerical approximations. Using the Lipschitz continuity of .# with
respect to the solution,

|7 (t,u) = Z (t,v)|| < Lllu—v],

we get

m=0

k
I5Df I < L (IIe';+l I+ Y ame IIe’"II> + [T

From the predictor definition,

. [A1-1 3m,0 1 & .
_ 13 m m m,
€p = mgo ! tk+1+1—~(l) mZ:,Obm,k-i-luy(tmau )—ﬁ(z‘m,u )Ha

implying
k
les ™ 1< C Y bugralle”]l
m=0

Combining the above inequalities leads to a discrete fractional Gronwall-type inequality for the error
sequence {||e*||}:

k
SDM < Y wmpralle |+ Cafl 7, (38)
m=0

for some positive constants Cy, (>, and nonnegative weights w,, 1. By applying the discrete fractional
Gronwall inequality, we conclude

max ||ef|| < C max |74
0<k<K 0<k<K
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Finally, inserting the truncation error bound yields

max ||ef]| < C (Atmm{l A AP+ Ay )
0<k<K

which completes the proof. O

Theorem 4 (Stability of the fully discrete scheme). Consider the fully discrete numerical scheme defined
by Eq. (32) as

k
Cph k 1 k1)
oD = F (e, uy ™)+ Y apaer F (tm, u™), (39)
m=0
where spatial derivatives are discretized by central differences, and the fractional Caputo derivative is
approximated as described. Also, assume that the operator & satisfies a Lipschitz condition

|7 (2, u) = F (1, 9)[| < Lfju—v], (40)

for some constant L > 0 independent of the discretization parameters. Then, there exists a constant
C > 0, independent of At and spatial mesh sizes hy, hy, such that the numerical solution u ; satisfies the
stability estimate

||| < C||d®), forallk=0,1,...,K, 41)

where || - || denotes the discrete L*>-norm.

Proof. Let u* and v* be two numerical solutions of scheme (39) with initial data u° and v°, respectively.

Define the error

ek 3 Mk —Vk.

Subtracting the schemes satisfied by «* and v¥, we get

k
6D} = Z (11, ul ) = F (e )+ Y st (F (o u™) — F (6, V™) (42)
m=0

k+1 k+1

where u’[‘f and v,,"" are the predictor values for u**t1 and VA1, Taking the discrete inner product with

1, and using the positivity property of the discrete Caputo derivative, we have
1
Cryh 1 k+1 Cryh(| ht+12
(Spfet 1) = 6D}k, (43)
where || - || is the discrete Z>-norm and (-,-) denotes the discrete inner product. Using the Lipschitz

condition (40), the right-hand side of (42) can be bounded by

Hy(tk—&-laM];H) F (trg1 W Vi D)l <L\|uk+‘ 1<+1H7
and similarly,
k

SLY amprille”]].
m=0

Z amk—H tma )_ﬁ(tmavm
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From the predictor formula, u’;,+l depends linearly on previous steps u™, so there exists a constant C,,
such that
k1 kel
laty ™" = vl < Cp max e, (44)
Combining these inequalities and applying the Cauchy—Schwarz inequality, we get
Lesay k2 k+1 - k+1
20 DHI I < LG s ]+ 3 a1 45)

Dividing both sides by ||e**!|| (assuming it is nonzero), we have

CpA k+1 m
<
oDr [le | _Comgrggklle I,

for some constant C depending on L, C,, and the coefficients a,, x+1. By applying the discrete fractional
Gronwall inequality, it follows that

1] < (|| exp(CT?), (46)

where T is the final time. Therefore, if ¢ = 0, then ¢! = 0 for all &, showing unconditional stability of
the scheme. Otherwise, the solution grows at most exponentially with respect to the initial perturbation.
This completes the proof. O

4 Numerical simulations

In this section, we present several numerical experiments to verify the accuracy and convergence prop-
erties of the proposed fully discrete scheme. All simulations were implemented in MATLAB R2023b.
To quantify the accuracy of the numerical solution uf j» we define the discrete L?-norm error at the final
time T as 1

2 2
Miv}—u(xi,yj,T)D : (47)

l7j

E(At, by, hy) = (hxhyz

where N, is the total number of time steps, &, and A, are the spatial step sizes in the x and y directions,
respectively, and u(x;,y;,T) is the exact solution at the grid point (x;,y;).
The convergence order in time is computed by fixing the spatial mesh and refining the time step,

using the formula
E(At,hy,hy)
=1 — . 48
pr="08 (E(At/Z,hx,hy) 45)
Similarly, the convergence order in space is computed by fixing the time step and refining the spatial
mesh, e.g., halving both A, and h,, and is given by

o ( E(At,hy,hy) )
Ps =8\ E(Ar e /2,0,)2) )
The convergence rate r is generally assessed by examining the error reduction as both time and space
step sizes decrease simultaneously:
log (E(At,hy,hy)/E(At)2,hy/2,hy/2))
"= log2

(49)

. (50)
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Figure 1: Approximate surface and contour plots of u(x,y,0.5) at + = 0.5 for two values of A. The left column
shows surface plots for A = 0.75 (top) and A = 0.95 (bottom). The right column presents the corresponding
contour plots.

Table 1: Absolute error, convergence orders, CFL number, convergence rate, and CPU time for different values of
A and spatial resolution

A Ax=Ay Abs. Error = Time Order Space Order CFL Conv. Rate CPU Time (s)

0.75 1/1000 1.2x107° 0.73 1.87 0.50 - 1.52
0.75 1/2000 3.0x1078 0.74 1.93 0.50 40.00 6.87
090 1/1000 1.0x1076 0.78 1.90 0.45 - 1.60
0.90 1/2000 2.5x1078 0.89 1.97 0.45 40.00 7.05
095 1/1000 8.0x 107’ 0.99 2.02 0.40 - 1.65

Example 1. We consider the following distributed-order fractional cable equation on the spatial domain
Q=(0,1) x (0, 1) with time interval r € (0,T]:

1 1 t
6D} u(x,1) = /0 Ki(a)g Dy *Au(x,1)do - /0 Ka(B)§"D; P u(x,1)dp + /0 u(x,s)ds + f(x,1), (51)
for x = (x,y) € Q, with the initial condition

u(x,0)=0, xe€Q, (52)
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Figure 2: Absolute error function surface and contour plots of E(x,y,0.5) at r = 0.5 for two values of A. The left
column shows surface plots for A = 0.75 (top) and A = 0.95 (bottom). The right column presents the corresponding
contour plots.

and homogeneous Dirichlet boundary conditions
u(x,t) =0, x€dQ, t>0. (53)

We choose the exact solution by
u(x,y,t) = 1% sin(7x) sin(my). (54)

In this study, we consider the specific kernels
Ki(a)=T(2+a) and K (B)=T(2+p),

which allow us to explicitly evaluate the integrals appearing in the forcing term of the model. Substituting
these kernels into the forcing function, and using the properties of the Gamma function, the integrals

simplify as follows:
t]-i-O! 1 t—1
/ Ki (o) =———da :/ o =1——,
I'2+a) 0 Inz ’

and

[ zfﬁ - [
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where the last equality holds for r > 0, ¢ # 1, with the continuous extension at = 1. Thus, the forcing
term f(x,y,7) can be computed explicitly as

Fs) = sin(mosin(m) | g+ (472

r—1 2

Inr 3

We solved this problem for various values of A and with Ax = Ay = ﬁ. The numerical results are
presented in the form of graphs and tables for this example. The plots in Figure 1 illustrate how the
approximate function u(x,y,0.5) varies spatially for different values of A. As A4 increases, the amplitude
of both the surface and contour plots increases while maintaining the same sinusoidal pattern.

Figure 2 shows the spatial variation of the error function E(x,y,0.5) for different values of A. Table 1
presents the numerical results for various values of A with a fixed spatial discretization Ax = Ay. The
absolute error decreases as the mesh is refined, which indicates the convergence of the numerical scheme.
The observed time convergence order is consistent with the value of A, while the spatial convergence
order remains close to 1.97, confirming nearly second-order accuracy in space. The CFL (Courant—
Friedrichs—Lewy) number slightly varies with A, reflecting changes in time step size to maintain stability.

5 Conclusion

In this work, we introduced a novel two-dimensional distributed-order time-fractional cable equation
incorporating both Caputo and Riemann-Liouville fractional derivatives, as well as a memory integral
term. To solve this model efficiently, we developed a fully discrete numerical scheme by first applying a
fractional Adams—Bashforth—-Moulton predictor—corrector method to discretize the time variable, while
the spatial Laplacian was approximated using central finite differences. The distributed-order fractional
derivatives were treated with quadrature rules, and the memory integral was evaluated using a compos-
ite trapezoidal approximation, resulting in a robust and computationally efficient framework capable of
capturing multiscale temporal dynamics and nonlocal spatial effects. Extensive numerical simulations
demonstrate that the method achieves optimal convergence rates in both time and space, while preserving
unconditional stability. The results confirm the accuracy and effectiveness of the proposed scheme in re-
producing the complex memory and diffusion behaviors inherent in distributed-order fractional systems.
Overall, the proposed approach provides a powerful tool for modeling physical and biological processes
with memory-dependent and multiscale characteristics, offering both high computational efficiency and
valuable physical insight into the underlying dynamics.
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