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Abstract. This study presents a fractal-fractional model in the Atangana—Baleanu sense to investigate
the dynamics of deforestation and pollution driven by industrialization. The model is analyzed for posi-
tivity and boundedness, and the existence and uniqueness of its solution are established using fixed-point
theory. The system’s equilibrium points are identified, and the threshold parameter R, is determined,
with local asymptotic stability confirmed for all equilibria. Sensitivity analysis highlights the key pa-
rameters influencing R,, while Ulam—Hyers stability ensures robustness of the solution. Lagrangian
polynomial interpolation is employed to approximate the solution, and phase portraits along with nu-
merical simulations in Matlab illustrate the model’s dynamic behavior. The results demonstrate that the
fractal-fractional approach provides a comprehensive framework for capturing complex environmental
interactions, offering valuable insights into the effects of industrialization on deforestation and pollution.
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1 Introduction

Deforestation due to industrialization represents a critical environmental challenge, characterized by the
systematic clearing of forested areas to facilitate industrial growth and economic development. Driven
by increasing demands for resources, space, and improved living standards, industrial expansion often
entails logging for timber, land clearance for manufacturing plants, the construction of transportation
infrastructure, and the extraction of natural resources such as minerals and fossil fuels. While industri-
alization fosters economic progress, it simultaneously engenders profound environmental consequences,
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including biodiversity loss, habitat destruction, and the exacerbation of climate change through reduced
carbon dioxide (CO,) absorption. Additionally, deforestation contributes to soil erosion, disrupts hydro-
logical cycles, and adversely affects indigenous communities dependent on forest ecosystems. Industri-
alization also introduces significant pollution into the environment, as emissions from factories, power
plants, and other facilities release harmful gases and particulates-such as sulphur dioxide (SO,), nitro-
gen oxides (NOy), carbon monoxide (CO), and volatile organic compounds (VOCs)-which contribute to
air quality degradation, smog formation, acid rain, and respiratory illnesses. Furthermore, greenhouse
gas emissions from industrial activities are major drivers of global warming. Prior to industrialization,
atmospheric CO, levels were relatively low; however, the end of the last ice age and the advent of the
Industrial Revolution led to substantial increases [30]. Water pollution results from the discharge of un-
treated or inadequately treated industrial waste containing toxic chemicals and heavy metals into aquatic
ecosystems, while soil pollution arises from the improper disposal of industrial waste and the use of haz-
ardous substances, leading to the deterioration of soil quality and agricultural productivity. In response
to these environmental impacts, afforestation is the planting of trees in previously non-forested areas-
serves as a crucial mitigation strategy. By restoring lost forests and enhancing green cover, afforestation
helps to improve air quality, sequester carbon, purify water, remediate soils, and restore ecosystems,
offering a natural and effective solution to the dual challenges of deforestation and pollution caused by
industrialization.

Over the past few decades, numerous studies have employed integer-order mathematical models to
investigate the effects of population growth and industrialization on the depletion of biomass resources.
For instance, Shukla et al. [22] developed a dynamic model to analyze the impact of industrialization
on biomass resource degradation. Shukla and Dubey [21] have developed and examined a mathematical
model to investigate how pollution and population growth affect resource biomass when contaminants
are released into the ecosystem at steady rates from outside sources. In [17], the authors have proposed
and analyzed a mathematical model to study the depletion of forestry resources caused simultaneously
by population growth and population pressure augmented by industrialization. Dubey and Dass [7] have
developed and examined a mathematical model that takes into account the effects of species diffusion in
order to investigate the survival of species that are dependent on a resource that is being depleted as a
result of industrialization. In [11], the authors investigated the impact of mining activities and pollution
on forest resources and wildlife populations using a mathematical model.

In recent years, fractional differential equations (FDEs) have gained significant attention across var-
ious scientific and engineering fields due to their ability to yield more accurate and realistic results.
The non-local nature of fractional derivatives makes them particularly effective for capturing the mem-
ory effects inherent in complex physical systems. In the past few decades, several fractional operators
with distinct kernels have been introduced. Notably, the Caputo operator [18] features a singular ker-
nel, while the Caputo—Fabrizio [5] and Atangana—Baleanu [2] operators employ non-singular kernels.
These operators are associated with different underlying behaviors, including power laws, exponential
decay laws, and generalized Mittag-Leffler functions. For instance, approximate analytical solutions to
the Bagley—Torvik equation were obtained using the fractional iteration method, demonstrating the ver-
satility of fractional calculus in handling systems that exhibit both viscous and elastic behavior [16]. A
Caputo—Fabrizio fractional model has been proposed to study HIV/AIDS dynamics, focusing on indi-
viduals unaware of their infection. The study analyzes stability using the abdicate method and linear
matrix inequalities (LMI), and employs optimal control to identify effective intervention strategies [ 15].
Karthikeyan et al. [12] analyzed a fractional-order predator—prey model that includes prey refuge and
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predator anti-predator behavior. Fractional operators have expanded to nonlinear and spatio-temporal
systems, with the beta-derivative effectively modeling traveling waves in nonlinear directional cou-
plers [24]. Verma et al. proposed a combined SIR-SI fractional-order model for dengue transmission,
incorporating memory effects through Caputo derivatives [29]. Additionally, they introduced a fuzzy
fractional model of the human liver using ABC gH-differentiability based on the generalized Hukuhara
derivative, and applied a fuzzy double parametric q-homotopy analysis method with a generalized trans-
form to study the model and its convergence [28]. Fahimi et al. [9] developed a new mathematical model
describing the spread of epidemic diseases with vaccination, focusing on Chinese measles. Singh et
al. [23] proposed a new approach for solving a time-fractional cancer tumor model using Caputo, CF,
and ABC derivatives, considering variable net-killing rates in an uncertain environment.

Atangana Abdon [ ] introduced the fractal-fractional (FF) derivative, a novel operator that integrates
power-law, exponential, and generalized Mittag-Leffler behaviors with fractal derivatives, including vari-
ants such as the fractal-fractional Caputo derivative, fractal-fractional Caputo—Fabrizio derivative, and
fractal-fractional Atangana—Baleanu derivative. This operator combines fractional calculus and fractal
theory, capturing both memory effects and complex geometric structures. The fractional component ac-
counts for historical dependence, while the fractal component models self-similar, irregular patterns in
non-integer dimensions. In environmental contexts, it can describe phenomena such as pollution accu-
mulation, ecological degradation, and forest dynamics, where past events influence future outcomes in
fractal-like spatial patterns. Due to the exceptional accuracy of these operators in numerically simulating
solutions for various FF systems, numerous researchers have developed several FF models. Gomez-
Aguilar et al. used FF derivatives to study a malaria transmission model [10]. The researchers in [20]
examined the SARS-CoV-2 outbreak in Pakistan through the application of FF derivatives. Awadalla et
al. explored the impact of fractal-fractional operators in the mathematical modeling of corruption [4].
In [19], M. Rahman analyzed the FF mathematical problem of an Atangana-Baleanu in the sense of the
Caputo fractional operator with a non-singular Mittag-Leffler kernel. An analysis of a Mittag-Leffler FF
derivative TB and HIV co-infection model was conducted in [14]. D. Baleanu et al. investigated a FF
model of the AHIN1/09 virus via power law-type kernels in [8]. An FF waterborne disease model was
studied in [13]. Verma et al. [27] developed a temporal fractional HIV/AIDS model incorporating fractal
dimensions to analyze the impact of awareness on disease dynamics using Indian data from 1990-2016.

The primary objective of this study is to develop and analyze a mathematical model that captures the
dynamics of deforestation and pollution driven by industrialization, incorporating both memory effects
and fractal geometries using the Atangana-Baleanu fractal-fractional derivative.

The accelerating pace of industrialization across the globe has intensified the pressures on forest
ecosystems and exacerbated environmental pollution, threatening biodiversity, human health, and cli-
mate stability. Traditional integer-order models often fail to capture the long-term memory effects and
complex, self-similar patterns inherent in ecological and industrial systems. Fractal-fractional calcu-
lus, particularly in the Atangana-Baleanu sense, offers a novel framework to model these phenomena
by simultaneously accounting for historical dependencies and fractal structures, providing a more real-
istic representation of deforestation, afforestation, industrial growth, and pollution dynamics. Despite
growing interest in fractional and fractal-fractional modeling in biological and epidemiological contexts,
their application to environmental systems impacted by industrialization remains limited. The present re-
search is motivated by the urgent need to develop mathematically rigorous models that integrate memory
effects and fractal geometries to better understand the nonlinear interactions between industrial activities,
deforestation, afforestation, and pollution,offering insights for sustainable mitigation strategies.



410 N. Daimary, R. Paul

The present article is organized as follows. In Section 2, the definitions of FF operators based on
the Mittag-Lefler type kernel and some important theorems that are required for the next sections are
provided. Section 3 presents the mathematical formulation of the proposed model using integer-order
derivatives. In Section 4, the positivity and boundedness of the solution of the integer order model
are studied. The equilibrium points of the model are determined in Section 5. The local stability of
the equilibrium points are investigated in Section 6. In Section 7, the proposed model is generalized to a
fractal-fractional form in the sense of the Atangana—Baleanu derivative. Section 8 discusses the existence
and uniqueness of the model solutions under the fractal-fractional derivative framework. In Section 9,
the Ulam-Hyers stability is discussed. The sensitivity analysis is presented in Section 10. Sections 11
and 12 illustrate the numerical method and the numerical simulations, respectively. In Section 13, we
end the paper with our conclusions.

2 Preliminaries

In this section, we state the definitions of fractal-fractional derivative and integral operators based on the
generalized Mittag-Leffler type kernel and some concepts that are required in the next sections.

Definition 1 ([3]). Suppose that y(t) is a continuous and fractal-differentiable function of order T on the
interval (a,b). Then, the fractal-fractional derivative of y(t) of order @, in the Liouville-Caputo sense
with a generalized Mittag-Leffler type kernel, is defined as:

_ ABC(a) [? o dy(s)
FF—ABC O, T o
Dy (y(t)) = E (—— t— ) ds, 1
01 01 ===, /o a1 ) e )
where Eq(.) denotes the Mittag-Leffler function, 0 < o, < 1, ¥ — 1im, , 2026 49 ABC(ar) =
I — o+ g

Definition 2 ([3]). Suppose that y(t) be continuous on an open interval (a,b), then the fractal-fractional
integral of y(t) with order o having Generalized Mittag-Leffler type kernel is defined as follows:

t _ 7—1
FFfABCJ(()Jfl,T(y(t)) _ Boé’ga)/o s —8)% y(s) ds + 7(1 Aggt(a)y(t)' )

Lemma 1 ([4]). A solution for the problem

FEAREDEE (V1) = 7™ 'R (1,(1)), 1 €(0,7],
¥(0)=yo, 0< ;T <1,
is provided by

-«
ABC(a)

1) =0+ g pst ™ Ry (0) + g [ = 2)* R (R, y(3) 2.

ABC(a)T' () Jo
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Table 1: The parameter descriptions of the model

Parameter Description

r Intrinsic growth rate of industrialization.

K Carrying capacity or maximum potential for industrialization.

B Rate of depletion of industrialization due to afforestation.

U Control rate of industrialization applied by government agencies.
0 Rate at which deforestation increases due to industrialization.
U Rate at which deforestation reduces due to afforestation efforts.

Ao Constant growth rate of afforestation.

Us Natural depletion rate of afforestation.

Py Constant growth rate of pollution due to pollutants emitted from different sources.
o Growth rate of pollution due to industrialization and deforestation.
Y Depletion rate of pollution due to afforestation.

Ua Natural depletion rate of pollution.

3 Model formulation

At any time 7, we consider four dynamical variables: the level of industrialization (denoted by I(z)),
the level of deforestation (denoted by D(r)), the level of afforestation (denoted by A(z)), and the level
of pollution (denoted by P(t)). We assume that industrialization grows logistically and is controlled by
government authorities. Also, it decreases due to afforestation. Here, we assume that the growth of
deforestation is directly proportional to the level of industrialization. The growth rate of afforestation is
supposed to be constant. The growth rate of pollution level emitted from different sources is assumed
to be constant. However, it is also assumed that the level of pollution increases due to industrialization.
Based on these assumptions, we construct an integer-order mathematical model with variables 1, D, A,

and P as follows:

dil(zt) =rl(t) < - 1(;)) —BAWI(t) — (1),

dl;ft) = 01(r) — WA (1)D(t), 4
% = Ao — [3A(1),

dl;gt) = Ry+81()D(t) — YA(1)P(1) — uaP(1),

with the initial conditions

1(0) > 0, D(0) >0, A(0) >0, P(0) > 0.

All parameters are assumed to be positive, which are listed in Table 1.
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4 Positivity and boundedness

We investigate the positivity and boundedness properties of the solutions to the integer-order system (3)
in this section.

Theorem 1. Any solution of the system with initial condition (I(ty),D(to),A(ty),P(t9)) € R remains
non-negative for all t > 1.

Proof. Let X (to) = (I(to),D(9),A(t0),P(t0)) e Tt = {(I,D,A,P) e Tt : I,D,A,P € Z"} be the initial
point of solution of the model.
Let us consider that there exists a constant ¢, fyp < ¢ < 1 such that

A(t) >0, to<t<tm,
A(l‘l):(),
At <.

By analyzing the third equation of system(3), we obtain

dA
— =Ap>0.
di 0=

A(t)=0

It follows that at any time the solution reaches the axis, its derivative increases, and so the function A(z)
is non-decreasing, i.e. A(t;") > 0 which contradicts our assumption that A(7;") < 0. Therefore, we get
A(r) > 0,Vt € [tp,o0). Similarly, we can show that I(z) > 0,D(¢) > 0,P(t) > 0,Vt € [tg, o). Thus, for any
positive initial conditions, all the solutions are positive. O

Theorem 2. The region given by Q € Ri such that Q = {(I,D,A,P) € Ri :0<I<K,0<D<

6K u3
Ay’

the initial conditions in Ri.

Ag /J.3([12A()P()+59/J,3K2) . .. . . .
0<AL s O0<P< 1oAo (YAo + 13 13) is bounded and positively invariant for the system with

Proof. Using the comparison theorem of differential equations, from the first equation of model (3), we

get
di i
Con(1-2).
dt_r< K)

Integrating using the separation of variables method, we get the solution as

1) =10
~ 1+Be "’
limI(t) — K,
t—yoo
where B is a constant.
From the third equation of system (3), we get
dA
—— = Ao — U3A,

dt
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dA
— A=Ap.
dt+l13 0

The integrating factor is e/ #3% = ¢! thus the solution is

A

Aet = /Aoe“3t dt+C =2t 4,
U3

Ao

s

A(t) = —+Ce ™™,

where C is a constant. Using initial condition A(0), we get

A
C=A(0)— =2,
M3
Thus, we get
A A
Ay =22+ (4(0) = 22 )b,
H3 H3
Ag —uat —lat
= —(1—e ™) +A(0)eH,
us
A
lim A(f) — =2,
fve M3

Furthermore, by considering the second equation of the model, we obtain

dD Ao
— =0K—-uw—D
dt %) 13 )
db | WeAop, _ o
dr U3

Applying the same procedure as discussed above, we get

0K _ ity _ iAo
D(r) = 2 (1 T L poye Y,
H2Ao
0K
lim D(1) — —H3.
1= H2Ao
In a similar manner, the final equation of the system yields
dP
= = Py+ 81D — yAP — u4P,
dP 0K 3 Ao
— =P+ 6K — P
ar 0+ 1Ay <7u3+ll4 g

dP  yAo+Uss ,  HaAoPy+ 80 u3K?
— 4+ P= .
dt U3 H2A0

413
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So, we get
2
P(t) = 12A0Py + 80 UK s <1 B e”o;gsfu,) Lp (O)e,mo;gﬂt’
H2A0 YAo + U3 l4
AoPy + 80 u3K?
hmP(t) N :u'3(.u’2 ofo+ U3 ) 0
1=vo0 H2Ao (YA + H3Ha)

5 Equilibrium points

In this section, we obtain the possible equilibrium points of system (3). The proposed model possess two

equilibrium points, E® = (0, ‘%,O, o [fjf’yAO) and the coexisting equilibrium point E* = (I*,D* A*, P¥).
These two equilibrium points can be obtained by solving the following system of nonlinear equations:

1
) = BAI -1 =0,

rl(1——

K
01 — L, AD =0, (@)
AO - ‘LL3A = 0)

Py+ 81D — YAP — P = 0.

The second and third equations of system (4) yeild

p_ 94 I
H2A0
A
A=22
us3

It follows from the first equation of system (4) that

K[rus — (BAo+ uiu3)] .

1
1 (r(l — ?) —BA— /.11> =0, which implies either /=0, or [ = L

_ _ _ A p_ 3R o ser  Krus—(BAo+up3)]
IfI=0,thenD=0,A = H(a)’ P= T Again, if | = L then

3 [roAogRy + 08K {rus — (BAo + pii3) M|
riAo(YAo + Uapls)

P=

Thus E* = (I*,D*,A*, P*), where

_ Klrus — (BAo+ M1 3)]

I ,
T3
_ K(BAo+ i 3)(Ro — 1)
rus ’
D — 9;”3 I*,
H2Ag
ot

U3’
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_ pa[rpAoPy + 08K {rps — (BAo+ piuz) ]

B ripAg(YAo + Uz ls)

U3 [r,LLzA()P() + 95K(ﬁAo + ,Lll,l.l3)(mo — 1)1*]
rigAg(YAo + U3 ps) ‘

P*

)

It will exist only when rus — (BAo + i u3) > 0. We define a threshold quantity R, = m. So, E*
exists only if R, > 1.

6 Local stability of system

The following matrix represents the Jacobian of model (3) at (I,D,A,P) :

r—% _BA—w 0 —BI 0

J= 0 7:“’2A 7:““2D 0

- 0 0 —1i3 0
oD ol —YP  —vA—

The equilibrium points of system (3) are asymptotically stable if and only if all of the eigenvalues of the
associated Jacobian matrix have the negative real parts.

Theorem 3. The equilibrium point E° = (0, %,O, ™ ;ff%/Ao) is locally asymptotically stable if R, < 1
and unstable otherwise.

Proof. The Jacobian matrix of system (3) at the equilibrium point E is

r— ﬁ% — 0 0 0
) A
0 0 —it 0
u A
0 0 _yll3#j+(;/Ao _y#% —Ha

The characteristic equation of the above matrix is
Ao Ao > ( Ao )
r—=B——uw—A )| —t——A|(—uz3—A — —us—A | =0,
< 6“3 [0} >< Ko (—u3—2) Vi M

h=rphoy — (BAotmp)(Ro— 1)

which gives

)

s s
Ao
A =—lp— <0,
2 Hzm
l3 =—l3 <07

We deduce that all the eigenvalues have negative real parts except A;. Also, A; is negative if R, < 1.
Hence, EY is locally asymptotically stable if 93, < 1. Furthermore, if 93, > 1 then it is unstable. O
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Theorem 4. The coexisting equilibrium point E* = (I*,D*,A*, P*) is locally asymptotically stable when
Ro > 1.

Proof. The Jacobian matrix of system (3) at the positive equilibrium E* is

r—2L —BA* w0 —Br: 0

J— 0 — A" —uD* 0

- 0 0 — s 0
oD* or —YP*  —yA* —

The two eigenvalues are

A
M= —lA" = — =2, Ay = — 1.
U3

The other two Eigenvalues can be found by solving the following characteristic equation:

2rl*
K

(YA*—N4—7L)<F— —ﬁA*—ul—A)zo.
Then

A
A3 = —YA* — iy = — (Y2 + a),
H3

2rl*
Aa=r— ;{ — BA*—p,
_ r—ﬁ@ - 2rK (BAo + tip3) (Ro — 1)7
M3 Krius
_ ri3— (BAo+ MiMs) —2(BAo+ pi3) (Ro — 1)
13 ’
_ (BAo+m113)(Ro — 1) —2(BAo + tat3) (Ro — 1)
13 ’
_ —(BAo+mip3)(Ro— 1)
U3 '

We conclude that all the eigenvalues have negative real parts except A4. Also, A4 will be negative if
Ro > 1. Therefore, E* is locally asymptotically stable if 5, > 1. O

7 Fractal-fractional model

In this section, model (3) is generalized to a FF form based on the Atangana—Baleanu (AB) derivative.
The resulting system is represented as follows:

FE-ABCDETI(t) = ri(t) (1 — I;?) —BA@I(t) — i),

FF—ABCD&;TD(I‘) = 0I(t) — A(t)D(t), )
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FFfABcD&,er([) — Ao — tA(D),
FIEABCDRT P(t) = Py+ 81(1)D(t) — YA()P(t) — uaP(t),

where, *ABCDS’_ " (.) represents the fractal-fractional derivative of order 0 < a < 1 and fractal order

0 < 7 <1, defined in the sense of the Atangana-Baleanu operator with a generalized Mittag-Leffler
kernel, subject to the following initial conditions:

1(0) > 0, D(0) > 0, A(0) > 0, P(0) > 0.

8 Existence and uniqueness

This section presents an analysis of the existence and uniqueness of the solution to system (5) based on
the Picard—Lindel of theorem.

Consider the Banach space U = X*, where X = C(0,T) under the norm

IMl[x = [[(1(2),D(2),A(2), P(1))[lx = max{&(r) : 1 € [0, T]}

for which 8(¢) = |I(¢)|+ |D(t)| +|A(z)| + |P(t)|. From theorem 2, we know that I(¢), D(t), A(t), and P(t)
are bounded for all # > 0, i.e., |[I(2)]| < 1, [|D@)]] < n2, [|A(2)]] < 13, and ||P(2)|| < N4, where 1; > 0
(i=1,2,3,4) are constants.

Model system (5) can be rewritten as:
FF—ABC 1y0,T
D 0, {I
FF—ABC Dg,tr D

FF—ABC .7
D, 0, {A

~ T~ T~

FF—ABC 140, T
D, 0, {P
where

Fi(t,1
F(1,D
F3(t,A
Fy(t,P

1
61— 11,AD, (6)
AO_."L:’)Aa
Po+8ID — yAP — P

)
)
)
)

With the use of the fractal-fractional integral operator (2) and fixed point theory, we are able to
transform the created model system (5) into an integral equation as given below:
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T—1¢1 _
I(I)ZI(O)+WF1(t,I(t))
BT L AT DT R QLI
101 _
D(t) = D(0) + WE(I,D(:))

+ABC(($rm)/o A (e — )% By(A,D(A)) dA.,
(1 -a)
ABC(a)
+Mc<‘;‘;r(a)/0 A=) B(ALAL))dA.,
(1 - a)
ABC(a)
(043

BT A A B P i

A(r) =A(0) + F(t,A(1))

P(t) = P(0) + Fa(t, P(1))

Theorem 5. The kernels Fy(t,I), F>(t,D), F3(t,A) and Fy(t,P) satisfy the Lipschitz condition.

Proof. For any two functions / and /;, we have
I I
||F1(Z,I)—F1(l‘,11)||: rl 1—E —ﬁAI—,ull — |rh 1—E —ﬁAll—,ulIl

!

= r(l—ll)—%(12_112)_BA(I_Il)_“l(I_Il)
= || (r—<t+m)—Ba—m)(1-1)

,
< (r+ i+ BlAl -+ ) 1= 1]l

i

Let @ = r+2%n1 + BNz + w1, then we get

[F1 (2, 0) = Fi (s, L) < on[|1(2) = L (@)

Next
[F2(2,D) = F2(t,D1)]| = [|(61 — u2AD) — (61 — 2 AD ) |,
= | =1A(D - D1,
< w2 Af[ID — Dl
< @[ D(1) = Di (1), @2 = pams.
Again

1F3(2,A) = F3(1, A1) | = [[(Ao — t3A) — (Ao — u3Ay) |,

I

(N
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= ||—us(A—Ay)],
< os]|A(t) —AL(1)]], o3 = us.

Also
HF4(I,P) —F4(I,P1)H = H(Po +0ID — }/AP—H4P) — (P() +6ID — ’}’AP] — ‘U4P1)”,
=[[(—=YA —uwa)(P—P)||,

< (YAl + ua)l|P = Pi]|,
< ayl[P(r) =P, o4 =ym3+ pa. m

Theorem 6. The given FF model (5) has a unique solution if

<ftf1(1 —o)  otl(t)T%+ !

ABC() ABC(a)F(a+1-))w" <1,ie{l,2,3,4}. (8)

Proof. Suppose there exists two distinct solutions (I,D,A,P) and (I;,D1,A;,P;) for model (5). Then
using (7), we have

=1l = s [ = 10~ 1. 0)
G o AT DT AL~ AL )
< mgg%\a (.10) —Fl<r,n<r>>\
+ABC teOT‘/ AT =) TR (A1) = F(A,10(2)))
< ”;;(Cl(;))umo,ur)) AL

Tl ()T (7)Te+ !
ABC(a)I'(a)'(ax+7)

- (ftfl(l— a) atl(t)T% !
ABC(a) ABC(a)T'(ot+ 1)

11 (A, 1(4)) = Fi (A, h(A)]];

Joulli) =) ©)

Hence

Ttr_l(l _ OC) OCTF(T)TO‘—H_I
o< |( ABC(a) +ABC(a)F(a+r)>wl S ILORIGIE

Using relation (8), we have
1= <0,

since norm cannot be negative. we get I = I. Similarly, we can show that

0< Krﬂl(l—a) atl(t)T* !

ABC(at) ABC(OC)F(Oc—i—'c))wz - 1} ID(2) = Dy (1)]],
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™ '(1—-a) otl(7)T !
o< |( ABC() +ABC(a)F(a+r))w3_l}HA(t)_Al(f)H,

" (1—a otl(7)T%+7!
o< [(* U= () Yo —1][1() ~ A0
ABC(a) ABC(o)I'(a+7)
Thus, D = D;, A=A and P = P;. So, the FF model (5) has a unique solution when the relation (8)
holds. O

9 Stability analysis

Stability is a fundamental aspect of differential equations, with Lyapunov, exponential, and asymptotic
types commonly studied. Ulam—Hyers stability is especially important for optimization and numerical
analysis, as it provides a link between exact solutions and their numerical approximations. While Lya-
punov stability examines the sensitivity of exact trajectories to initial perturbations, Ulam—Hyers stabil-
ity ensures that any approximate solution-such as those obtained numerically or experimentally-remains
close to an exact solution. This is particularly valuable for FF models with nonlocal memory effects,
where analytical solutions are often unavailable. Establishing Ulam—Hyers stability therefore confirms
the robustness and reliability of the model under small perturbations, making it directly relevant for
real-world applications and numerical simulations.
Following the approaches presented in [25,26], Ulam—Hyers stability is analyzed in this section.

Definition 3. For model (5) to have Ulam—Hyers stability, the following conditions must meet for every
constant & > 0, i € N*:

7—1 o t
I<t)_WFI(tal(t))_le((ZlW/o krl(f-l)alFl(/l,I(l))dl‘ S(S],
T—1¢1 _ t
D(t)WFz(t,D(t))MC(‘grw/o N—l(rxl)“—le(/x,D(;L))da‘ <&,
11— a) at L o
A(t)—IWE(I,A(t))—ABC()()/A ft—=2) ‘F3(A,A(7L))dl‘§§3,
101 _
P(t)—WE;(r,P(t)) ABC /N I )% 1F4(A,P(7L))dl‘ <&

For model (5), there is an approximation (I 1(2),D1(t),A1 (), Py (t)) that satisfies the following inte-
gral equations:

10 = LS R 0) + s [ AT - AL () dh
D)= LS =i 0)+ ABC(‘;‘SW [ A7 B, D) an,
a0 =" ka0 + ABC(“EF() [ 2t R AR ar,
Pl = e )+ s [ - B A a,
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so that

I—1| <vio,
|D—Di| < vy, (10)
A=A < viws,
|P—Pi| < viy.
Theorem 7. If (10) holds, then model problem (5) is Ulam—Hyers stable.
Proof. We have

rl o
0= | e (R10) = A1)
BT A ) (F IR~ F (LR ()
(1 - a)
< max | (FI0) = Filnh (1)
aTt

T ABC(a)T (@) /Otfl“(t ~ )N EAIR)) — F (AL (A)))

(Tt’l (1-a) atl(t)T**!

=\"aBC(@) T ABC(a)(at7)

JoullI=nll, (using Eq. (9).

Then
' (1-a) atl(7)T* !
ABC() ABC(a)I'(a+ 1)

|I—Il| < vim;, with v| = (

=1l
Similarly, we can obtain
' (1-a) atl(7)T* !
+ )ID=Dil
ABC(a) | ABC(a)T(a+7)
(1 - ) N atl(t)To+7! )H Al
ABC(a) ' ABC(a)[(a+7) !
' (1-a) atl(7)T* !
+ )=l
ABC(a) ABC(o)T'(at+ 1)

|D—D1| < vpan, with v, = <

|A—A| < vz, with vz = (

|P—P1| < vy, with vq4= (

Hence, the results follows. ]

10 Sensitivity analysis

In this section, we analyze the sensitivity for some of the parameters utilized in the system under con-
sideration. The parameters that significantly affect the threshold quantity are found using the assistance
approach. The sensitivity index of R, is computed using Chintis’s method [6]. Particularly, the following
formula gives the sensitivity index A?° of a parameter b:

% _ 9o b
TN
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Table 2: Sensitivity indices of R, in relation to the model’s parameters

Sensitivity index | Value
AT 1
AG° ~0.99
A ~0.0074
Aye —0.99
AN 11.028

I
Y
Vi
W%%WWWW
1y

7 7
)

Y/
Vi e
I,
I, 7

©

Figure 1: Sensitivity analysis plot for threshold number R, with different parameters

The sensitivity indices for the various parameters in the suggested model are shown in Table 2. A
positive sensitivity index indicates a direct proportional relationship between R, and the corresponding
parameters, while a negative index signifies an inverse proportional relationship.

The results of the sensitivity analysis indicate that the threshold number R, is most sensitive to
changes in the parameters r and us, as depicted in Figures 1(a)—(c). Changes in these parameters, whether
increasing or decreasing, have a proportional impact on fR,. Specifically, an increase in industrialization
(r) leads to escalating deforestation and pollution. On the other hand, if any one of the three parameters
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increases, R, will decreases. Note that Ay represents the afforestation growth rate. From the figure
1(c), we can conclude that increasing afforestation is essential to mitigate the deforestation and pollution

resulting from industrialization.

11 Numerical scheme for FF operator

The generalized Adams—Bashforth method with Lagrange interpolation [3, 4], formulated for the frac-
tal-fractional derivative in the sense of Atangana—Baleanu, is employed to evaluate and predict the nu-
merical stability of the established model (5). The numerical scheme for our FF model is given as

follows:

T(Ar)® noro
ABC(a)T(0t+2) k;)[tk 'F (1,1 (1))

(1 — )
ABC(a)

((n+1—k)“(n—k+2+oc)—(n—k)o‘(n—k+2—|—2a))

R 1) (0410 = (=% — k+ 1+ @) ),

T(Ar)“ Ly
ABC(a)r(aH)k;)[tk "B (1, D(tx))

I(ths1) =1(t0) + Fy(tn, (1)) +

(1 - a)
ABC(a)

((n—i—l—k)“(n—k+2+a)—(n—k)“(n—k+2+2a))

Bt 1, Do) (04 1= 1) = (1=K (n—k+ 1+ @) )]

A
ABC(ZE)I?(OC 12) k;) {tkfflﬁ (tx, A1)

D(thrl) :D(ZO)+ F2(tnaD(tn))+

(1 - a)
ABC ()

A(tn-i-l) :A(t0)+ F3(tnaA(tn))+

((n—i—1—k)“(n—k+2—|—a)—(n—k)“(n—k—|—2+2oc))

B, A1) (04 1= 0 = (=0 (1 —k+ 1+ ) ) |

T(Ar)* noro
ABC(o)T (0 +2) k;) [tk VFy (1, P(1))

(1 - )
ABC(a)

((n+1—k)“(n—k+2+a)—(n—k)“(n—k+2+2a))

Bt P0) (041 =0 = (=0 (= k1)) .

P(tn-i-l) :P(t0)+ F4(tn7P(tn))+

12 Numerical simulation and discussion

In this section, we conduct a numerical simulation to the FF system (5) using the method presented in
the previous section. For the numerical experiment, the initial conditions are chosen as (23,20,25,10)
and the set of parameter values r = 0.09, K = 100, 8 = 0.003, y; = 0.0005, 6 = 0.07, u, = 0.004,
Ap =3, u3 =0.09, 6 =0.001, y=0.002, Py =7, uy = 0.008. Based on these initial values and pa-
rameters, the equilibrium point is E® = (0,0,33.34,93.75), which is found to be locally asymptotically
stable. The corresponding time-series trajectories of the system variables are depicted in Figures 2(a)-(d)
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Figure 2: Time series solution of (a) Level of industrialization, (b) Level of deforestation, (c) Level of afforestation,
and (d) Level of pollution for different values of o, 7 when R, < 1

for R, = 0.8955 < 1 under various combinations of fractional and fractal orders: (i) a =1,7=1,
(i) ¢ =0.95,7=0.97, (iii) a«=0.89,7=0.90, (iv) a =0.85,7=0.86, (v) o =0.78,7=0.80. In
each case, the system trajectories converge toward the equilibrium point E?, confirming the local stability
of the steady state when R, < 1. This outcome demonstrates that maintaining 93, below unity is crucial
for minimizing deforestation and pollution associated with industrial expansion. When the threshold
parameter ‘R, is less than one, the intrinsic growth rate of industrialization becomes inadequate to over-
come the effects of afforestation and regulatory control. As a result, industrial activity declines over time.
Furthermore, as the fractional order & approaches unity, the system gradually loses its memory property,
and its dynamics approach those of an integer-order system, which reacts more swiftly to current changes
and depends less on historical states. Under this regime, the decrease in industrialization reduces defor-
estation, while afforestation increases due to the lowered anthropogenic impact. Conversely, pollution
levels exhibit an upward trend because the reduced memory effect weakens the system’s cumulative
environmental recovery capacity, allowing pollutants to build up more rapidly than they dissipate. Envi-
ronmentally, this implies that although industrial and deforestation pressures can be effectively managed
in a less memory-dependent system, pollution may continue to rise owing to the persistent influence of
previously accumulated contaminants.
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Figure 3: Time series solution of (a) Level of industrialization, (b) Level of deforestation, (c) Level of afforestation,
and (d) Level of pollution for different values of o, 7 when R, > 1

By changing the parameter value to Ap = 2 while keeping the other parameters fixed, the system
admits a coexisting equilibrium point E* = (25.37,19.98,22.22,143.14), which is found to be locally
asymptotically stable for R, = 1.34 > 1. The corresponding time-series trajectories of the system vari-
ables are illustrated in Figures 3(a)-(d) for the fractional-fractal order combinations: (i) o« =1,7=1,
(ii) &« =0.95,7=0.97, (iii) a=0.89,7=0.90, (iv) a=0.85,7=0.86, (v) o =0.78,7=0.80. As
expected, the solutions of system (5) converge toward the equilibrium point E*, confirming the system’s
stability. When the threshold parameter R, exceeds unity, the rate of industrial growth outweighs the
combined effects of afforestation and regulatory control, promoting a self-sustaining expansion of indus-
trialization. As the fractional order approaches unity, the system gradually loses its memory property,
leading the dynamics to behave more like those of a classical integer-order model with faster responses
to current conditions and reduced influence from historical states. Consequently, industrialization inten-
sifies, accompanied by an increase in deforestation and a decline in afforestation activities. The escala-
tion of industrial and deforestation processes elevates pollution levels due to greater emissions and the
weakening of environmental memory, which diminishes the system’s capacity for natural recovery. This
regime characterizes a high-growth yet ecologically unstable state, where rapid industrial advancement
drives deforestation and pollution, ultimately compromising environmental sustainability.
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Figure 4: Effects of parameter i, on (a) Level of industrialization, (b) Level of deforestation, and (c) Level of
pollution for &¢ = 0.85,7 =0.90

For o = 0.85 and 7 = 0.90, Figures 4(a)-(c) illustrate the influence of the control parameter i,
representing government regulation on industrialization. As y; increases, the intensity of industrial
activities declines due to stricter enforcement of environmental policies and technological restrictions.
This reduction in industrialization leads to a corresponding decrease in deforestation and pollution levels.
Physically, this behavior implies that effective government interventions-such as emission limits, indus-
trial zoning, or reforestation mandates-can significantly mitigate the environmental impacts of industrial
growth. Hence, strengthening regulatory measures plays a crucial role in maintaining ecological balance
by controlling excessive industrial expansion and promoting sustainable resource management.

For a = 0.85 and 7 = 0.90, Figures 5(a)-(d) illustrate the impact of increasing Ay, the rate of af-
forestation, on the system’s behavior. As Ay rises, forest regeneration intensifies, enhancing the natural
capacity of the environment to absorb carbon dioxide and other pollutants. This leads to a gradual de-
cline in both pollution and deforestation levels, even under continuing industrial influence. Physically,
this reflects how sustained afforestation initiatives-such as replanting degraded lands, expanding green
cover, and conserving existing forests-an mitigate the adverse effects of industrialization. The increased
vegetation cover not only supports biodiversity and soil stability but also serves as a long-term buffer
against environmental degradation, promoting ecological resilience and sustainability.
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Figure 5: Effects of parameter Ay on (a) Level of industrialization, (b) Level of deforestation, (c) Level of af-
forestation, and (d) Level of pollution for ¢ = 0.85,7 = 0.90

13 Conclusion

In this study, we developed a fractal-fractional mathematical model to investigate the impact of indus-
trialization on deforestation and environmental pollution. Starting with a classical integer-order formu-
lation, we extended the model using the Atangana—Baleanu—Caputo Fractal-Fractional operator with a
generalized Mittag-Leffler kernel. We investigated the existence and stability of solutions, conducted a
comparative study across different fractal-fractional orders, and demonstrated the local asymptotic sta-
bility of equilibrium points. Using non-linear functional analysis, we established Ulam—Hyers stability
and identified key parameters through sensitivity analysis. Numerical simulations with Lagrange inter-
polation confirmed the precision of the stability analysis, with graphical results highlighting the model’s
effectiveness in capturing pollution dynamics. The graphical results indicate that the fractal-fractional
model offers deeper insights into dynamics of complex systems and can be reliably utilized as an effec-
tive modeling tool. Future work could include stochastic effects, integration with socio-economic factors,
and validation with real-world data. Exploring higher-order fractal-fractional operators and implement-
ing optimization or control strategies would further enhance the model’s applicability for sustainable
development planning.
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