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Abstract. This article presents a novel numerical scheme for solving nonlinear two-parameter sin-
gularly perturbed initial-boundary value problems. The proposed method combines an explicit forward
Euler discretization for the temporal derivative with a fitted operator finite difference technique in the
spatial domain. To handle the nonlinearity, Newton’s quasilinearization technique is employed. A com-
prehensive error analysis establishes that the developed scheme is first-order convergent uniformly in the
perturbation parameters. The efficacy of the method is validated through two numerical examples, im-
plemented in Python. The results, presented in tables and figures, demonstrate the method’s robustness
and accuracy in resolving boundary layers for a wide range of perturbation parameters.
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1 Introduction

Singularly perturbed differential equations, whether ordinary or partial, are characterized by the presence
of a small positive parameter € multiplying the highest-order derivative term. As € — 0, the solution
exhibits a singularity, often manifesting as rapid transitions or boundary layers, which complicates both
analytical and numerical treatment.
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A particularly challenging subclass of these problems are nonlinear Two-Parameter Singularly Per-
turbed Problems (TPSPPs), which involve multiple perturbation parameters. The solutions to such prob-
lems are of significant practical importance, with applications spanning numerous scientific and engi-
neering disciplines. For instance, in electrical engineering, TPSPPs arise in power systems analysis for
modeling grid dynamics, voltage stability, and transient behavior. In nonlinear mechanics, they are es-
sential for investigating the properties of complex materials like elastomers and viscoelastic substances,
with direct relevance to structural engineering, material science, and biomechanics [36]. Applications
also extend to fluid dynamics [35] and control theory [4, 5].

The numerical solution of TPSPPs has been an active area of research, leading to the development
of various specialized methods. A common strategy involves using layer-adapted meshes, such as the
Shishkin mesh, to efficiently resolve boundary layers. For example, [37] employed an exponential spline
scheme on a Shishkin mesh, while [17] proposed a uniformly convergent B-spline collocation method
on a non-uniform mesh for a one-dimensional time-dependent problem, proving it to be unconditionally
stable. Other notable contributions include the parameter-uniform methods for parabolic problems by
[13-15], a semi-discrete Petrov-Galerkin finite element method by [26], and fitted operator schemes for
parabolic layers by [34].

The streamline-diffusion finite element method on a Shishkin mesh was advanced by [12], and a
parameter-uniform B-spline collocation approach was devised by [18]. Further developments include
second-order monotone methods for ordinary differential equations [16], various finite-difference [20],
B-spline collocation studies [3, 19, 33], and asymptotic initial value methods [, 24]. Recent work has
expanded into problems featuring time delays [7,23,25,27,29,31], higher-order algorithms for semilinear
parabolic cases [28,30,32], and methods for two-dimensional problems [10]. Numerous other techniques
for reaction-diffusion and convection-diffusion equations continue to be proposed [8,9, 11,22].

Despite this extensive body of work, nonlinear TPSPPs remain particularly difficult to solve. Their
solutions may contain discontinuities, sharp gradients, boundary layers, and can exhibit non-uniqueness.
Classical numerical methods typically fail to capture this behavior accurately, producing unstable, oscil-
latory solutions unless a computationally prohibitive fine mesh is used within the layer regions. Conse-
quently, specialized techniques like fitted operator and fitted mesh methods are essential for obtaining
stable and efficient solutions.

In this work, we develop a parameter-uniform convergent Fitted Mesh Finite Difference Method
(FMFDM) for semi-linear two-parameter singularly perturbed initial-boundary value problems. To the
best of our knowledge, this is the first work in the literature that specifically addresses the challenges
of the fully nonlinear two-parameter case with a rigorous uniform convergence analysis. The proposed
scheme combines an explicit Euler discretization in time with a carefully designed fitted operator tech-
nique in space, leveraging Newton’s quasilinearization to handle the nonlinear terms effectively.

Organization of the article: In Section 2, we describe the governing model in (1) and discuss the
solution bounds of the continuous problem. The construction of the numerical method for the continuous
model is presented in Section 3. In Section 4, the stability and convergence analysis of the fully discrete
scheme is discussed. We present the numerical examples and discussions in Section 5. Finally, Section
6 will be the conclusion.
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2 The governing nonlinear problem

In this paper, a two-parameter nonlinear problem in the domain D = (0,1) x (0,7] is

Lu(x,t) 4+ u (x,t) = f(x,1), (x,t) €D
u(x,0) = g(x), xeD,=(0,1), (1)
u(0,t) =s(t), u(1,t) =m(t), te€D,=(0,T],

where L yu(x,1) = —€uy(x,1) + pa(x,t)u(x,t)u(x,1) — b(x, 1) (u(x,1))>, 0< e <land0<pu <1 are
perturbation parameters. The coefficient functions a(x,t),b(x,t) and f(x,t), (x,t) € D, the initial function
g(x) for x € D, = [0, 1], and the functions s(¢) and m(z) for r € D, = [0, T] are assumed to be sufficiently
smooth, and bounded with a(x,r) > a > 0 and b(x,t) > B > 0. Also, we assume the compatibility
conditions of the data at the corners, that mean u(0,0) = s(0) and u(1,0) = m(0).

Remark 1. i. Reaction-Diffusion Dominated Regime (U* = O (€)): When the convection parameter
w is sufficiently small relative to \/€, the effect of the reaction term —b(x,t)u® and the diffusion
term —é€uy, dominates. In this case, the solution exhibits twin boundary layers of width O(+/€) at
both endpoints x =0 and x = 1.

ii. Convection-Diffusion Dominated Regime (€ = O (u>*V) for v > 0): When the diffusion parameter
€ is vanishingly small relative to U2, the convection term pa(x,t)uu, and the diffusion term dom-
inate. This typically leads to a single boundary layer of width O'(e/u) at the outflow boundary
(e.g., near x =1 ifa(x,t) > 0, near x = 1 ifa(x,t) < 0).

iti. The General Case: For arbitrary values of € and |1 between 0 and 1, the solution may exhibit a
complex layer structure, potentially featuring both a narrow layer of width O'(g/1L) and a wider
layer of width O (+\/€). This is the most challenging case to resolve numerically.

2.1 Some analytical results
_ d
Lemma 1. Assume ¥(x,t) € C>'D. If ¥|;, > 0 and (Lg,u + 31‘) ¥|p >0, then ¥|5 > 0.

Proof. Let (x*,t*) be an arbitrary point in the domain D = (0,1) x (0,7) such that
W(x*,r*) = min{¥(x,1) };syep. We will assume that ¥(x*,7*) < 0. Since (x*,#*) ¢ {0,1} x {0,T},
we can apply the first and second derivative tests for multivariable functions and use the definition of
(x*,1*) to obtain the following properties:

Yo (x5,1%) >0, VP r")=0, V,Px*¢)=0.

Hence,

<Lg7u + i) W|p = —eWo(x*,1%) + pa(x™, i) P (o, ")V, P (x5, 1) — b, 1) (P (x", 1) + V, P (x*, ).

Since Wy, (x*,#*) > 0 and V,W(x*,1*) = 0, the terms involving these derivatives become zero. Addition-
ally, V,¥(x*,1*) = 0. Hence,

(Lg# + §t> Y|p = W (X", 1)+ pa(x®, t)P(x*, )V, P, ) —b(x", 1) (P (x", t*))2 +V, P (x*,1*) <0,

<0 =0 <0 =0
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where the inequality follows from &€ > 0 and (¥(x*,*))?> > 0. However, this contradicts our assump-
tion that (Le,u + %) Y|p > 0. Here, our initial assumption that ¥(x*,#*) < 0 is incorrect. Hence,

we conclude that W(x*,t*)|5 > 0. As (x*,t*) was chosen arbitrarily, it follows that ¥(x,7) > 0 for all
(x,t) € D. O

Due to the prevalence of multiple solutions in most nonlinear problems, the task of obtaining a
unique solution becomes challenging when studying nonlinear TPSPPs. Consequently, we introduce the
following theorem, which assures that the considered problem possesses a unique solution.

Theorem 1 (Existence and uniqueness ). The problem given in (1) possesses a unique solution.

Proof. To prove this theorem, we define an energy function to capture the problem’s structure:

E() =" /0 luﬁ(x,z)dx#‘;‘ /O RETE T 2 /O L (. @)

Taking the derivative of (2), we have

1

1 1
E'(t)= —8/ Uy (X, 1) Uy (x,t)dx—HwC/ u(x,t)u (x,t)dx — P / u? (x,1)u; (x,1)dx. 3)
0 0 0
We now substitute the expression for #, from the original problem (1):
Uy = Ete(x,1) — pa(x, ) u(x, e (x,0) + b(x, ) (x,1) + f(x,1).
Substituting into (3) yields:
1
E'(¢) :—8/ Ul dX
0
1
—|—,uoc/ u (Eutyy — pauu, +bu* + f) dx 4
0

1
—B / u? (Eutxx — Mauuy + bu? + f) dx.
0

We now process each line of (4) individually. For the first term, we use integration by parts with respect
to x:

1 1) ed Il
—8/0 Ul dx = —8/0 uxa(ux)dx: _EE/O uﬁdx.

For the remaining terms, we apply integration by parts to the u,, terms. Noting that the boundary terms
vanish due to the assumed boundary conditions, we find

1 1
uas/o Ul dx = —[.1068/0 u)%dx,

1 1
—ﬁs/o u2uxxdx:2[38/o udx.
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Substituting these results and grouping similar terms, E’(7) becomes

/ ed [! 2 ! 2 : 2
E(t):—f—/O uxdx—,uae/o “xdx+2[38/0 uudx

2dt
1 1 1
—,uza/ auzuxdx+ual3/ au3uxdx+ua/ ufdx
0 0 0
1 1 1
+uﬁ/ au3uxdx—[32/ bu4dx—B/ u® fdx
0 0 0
1
+ua / buldx.
0
To proceed, we use the given bounds a(x,7) > a > 0, b(x,t) > B > 0, and assume the solution u and

its derivatives are bounded. We apply inequalities such as Young’s inequality and Cauchy-Schwarz to
bound the right-hand side. For instance

‘ZBE/uuidx < 2[3£||u\|m/u§dx,
ua ) Hod

‘,ua/ufdx < T&/f dX+T

'ﬁ/uzfdx < %/fzdx-%ﬁzaz/u“dx.

The most critical terms are those involving u2. Collecting these, we have

udx,

(—poe+2Bel|ullo+...) /uidx.

To ensure the energy is non-increasing (E'(t) < 0), a sufficient condition is that the coefficient of [ u2dx
is non-positive. This leads to the requirement

—upae+2Pellulle <0 = pa >2pBulw.
Given the parameters and the expected boundedness of the solution, the condition € + 8 < po (or a
similar relation) is a specific, stricter case that ensures this and dominates the other terms arising from

the inequalities above. Under this condition, and for sufficiently small &, 8, we can conclude that all
positive terms are controlled, leading to

dE <CE(t)+Cy, &)
dt
for some constants C1,Cy. An application of Gronwall’s inequality to (5) shows that E(7) is bounded for
t €10,T].

To prove uniqueness, assume two solutions u and v and define w = u — v. The energy E,,(t) for the
difference w can be defined analogously to (2). Following a similar analysis and using the parameter
condition € + 8 < e, one finds that E},(t) < CE,(t). Since w(x,0) = 0 implies E,,(0) = 0, Gronwall’s
inequality yields E,,(t) = O for all #, forcing w = 0 and thus u = v. O
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Lemma 2 (Continuous uniform stability estimate). Assume u(x,t) is the solution of (1). For any € >0
and 1 > 0, it follows that

lullp < € (B~HIf1lp +llullan) .

where C is a generic positive constant independent of € and L.

Proof. We will prove the estimate using a barrier function argument and the maximum principle estab-
lished in Lemma 1.
Let us define the barrier functions

vE(x,t) = @+u(x,r) forall (x,¢) €D,
where the constant @ is chosen as
© = max {B~"(|f|p: lullan} -
i. On the boundary dD: At the initial time = 0,
vE(x,0) = O £u(x,0) = O+ g(x).

Since © > ||u|5p > |g(x)| for all x € [0, 1], it follows that y*(x,0) > 0.
At the spatial boundaries x = 0 and x = 1
vE(0,1) =0+u(0,1) =0=£s(t), wE(1,1)=0+u(l,r)=0O=+m(r).

By the definition of ||u||yp (which bounds |s(¢)| and |m(f)|), we have ® > |lu||sp > |s(¢)| and ® >
llullsp > |m(t)|. Therefore, y*(0,¢) >0 and w*(1,¢) > 0. Hence, we have shown that w*|;, > 0.

ii. In the interior of D: We now examine the action of the operator (Lg’“ + %) on y*.

Recall the operator: Lg yu = —Eutye + pa(x, t)uuy — b(x,t)u?.
Note that for the constant ®, we have

00 00 220
T % 5 =0

Therefore, applying the operator to Y= yields
d 1 d
(Lg“u‘i‘E) ll/ = (Lg'u,"_at) (@:I:u)

d d

(Ls7” + aat) ©=0+0—b(x,1)®*+0 = —b(x,1)0%

The first term simplifies as

The second term is given by the original PDE (1) as

d
<Lg7“ + 8t> u= f(x,t).
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Combining these results, we obtain

<Lg7u + 51‘) vt = —b(x,1)@% + f(x,1).

We now find an upper bound for this expression. Using the inequality b(x,#) > B > 0 and the fact
that | f(x,2)| < |||l 5, we have

(Lot 3 ) v < -6+ 1)
< B0+ £

By the definition of ®, we have ® > B~!| f|| 5, which implies B@> > B-©- (B '||fll5) = Ol fll5 >
Il f]l 5- Therefore

d
(Lew+ 55 ) v < -BeP+ 1115
< —BO*+BO* =0.

Thus, we have shown that in the interior D,

d
(Lg,u + a:) y* <0.

By the maximum principle, we have established that y=|;, > 0, and (ng I %) v+ <0inD.
Therefore, by Lemma 1 (the maximum principle), it follows that

yE(x,1) >0 forall (x,r) € D.
This implies
Otu(x,t)>0 = |u(x,1)|<0O.

Recalling the definition of ®, we conclude

lullp < max {B~"|l£1l5,lluellan }
< BN+ llullan-

This completes the proof. O

Lemma 3 (Derivative bounds). Assume u(x,t) is the solution to the singularly perturbed problem (1).

Then there exists a constant C, independent of € and U, such that the following bounds hold for all
(x,t) €D

i Ju(x,t)| <C,
2(x)| <C,
2(x)| <C,

iv. ’8‘3—?2‘(x,t)‘ <C.

ii.

iii.
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Proof. We prove the bounds in sequence. The constant C is generic and may change from line to line.
i. This is a direct consequence of Lemma 2 (the continuous uniform stability estimate)

lellp < B~ AN+ lleellan-

Since the data f, s(z), m(t), and ho(x) are smooth on compact domains, their norms are bounded by a
constant. Therefore, |u(x,7)| < C.
ii. Let v(x,7) = u,(x,1). Differentiating the PDE in (1) with respect to ¢ yields the governing equation
for v:
dv d
==3 (Ettxx — pauu, + bu’ + f)

) %)
= EVyy — [.Lg(auux) + E(buz) + fi.

Applying the product rule gives

87‘; = EVyy — U (@uuuy + avuy + auvy)
+ (btu2 +2buv) + fi.

This can be rearranged into a linear PDE for v as follow:
dv
Ly = 5 — &vye + Hauvy + (Lau, — 2bu)v = F(x,1), (6)

where the source term is F (x,t) = —pa;uu, + byu® + f;.
We now establish bounds for v on the boundary dD
e att = 0: From the PDE itself,

v(x,0) = eh (x) — Ha(x,0)ho(x)hp(x) +b(x,0) (ho(x))* + f (x,0).

By the smoothness of the data, |v(x,0)| < C.

e at x=0and x = 1: v(0,7) = s'(¢t) and v(1,#) = m/(¢). By the smoothness of the boundary data,
[v(0,7)] < Cand |v(1,7)| <C.

The coefficients and the source term F(x,7) in (6) are bounded due to the smoothness of the data and the
bound on |u| from part i (The bound for |u,| required here will be formally established in Part iii, but is
standard at this stage of the argument). Thus, |F (x,7)| < C.

Since the PDE for v is linear and its data is bounded, applying the maximum principle (Lemma 1) yields
[v(x,2)| = |u(x,t)| < C throughout D.

iii. We prove this using a barrier function argument. Let

wE(x,1) = Cs(14x) Fu(x,1),

for a constant Cs > 0 to be chosen. On the boundary, by the smoothness of the data and compatibility
conditions, |u,(0,)| and |u,(1,¢)| are bounded. Thus, choosing Cs sufficiently large ensures w™(0,¢) > 0
and wE(1,1) > 0. Atz =0, |uy(x,0)| = |y (x)| < C, so w(x,0) > 0 for Cs > C.

In the interior of D: We analyze the action of the operator L on w*. Note that

L(uy) = (L(u))x — (na)sutts + byu® = (uy — f)y — (1a) cuuty + by’
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The term (4, — f), is bounded due to the smoothness of f and the bound on u, from Part ii. Therefore
L(w*) = L(Cs(1 +x)) £ L(u,) >0,

for a sufficiently large choice of Cs, as the positive terms from L(Cs(1+ x)) dominate the bounded
negative terms from +L(u,).
Since w* >0 on dD and L(w*) > 0 in D, the maximum principle implies w* > 0 throughout D. Hence,
|luy(x,1)| < Cs(1+x) <2Cs =C.
iv. This final bound follows directly from the original PDE:

Ettye = Uy + Ha(x,t)ui, — b(x,0)u* — f(x,1).
Taking absolute values and applying the triangle inequality yields

] < [ur| + pal[ul[uc] bl u]® + | £1.

Every term on the right-hand side is bounded by a constant independent of € and y (from Parts i—iii and
the smooth data assumptions). Therefore, |€u,,| < C. O

3 Construction of the numerical scheme

3.1 Time discretization

T
We discretize the time interval [0, T] into M equally sized intervals of length Az given as At = — such

that 7o = 0,7y = T and t; = jAt for j=0,1,2,3,...,M. For problem (1), we discretize the time variable
using implicit Euler method with a uniform time step Az as follows:

u(x,0) = u’(x) = g°(x),
JHL () — . .

(2) —euly ! (x) + pa P @ (uf (1) - b () (W )2 = ), ()

u(0,¢) = wt1(0) = s7F1(0), u(l,t) = w1 (1) = m/*1(1).
After rearranging Eq. (7), we obtain the following system:

1’ (x) = g°(x),
—Areudd () + Arpad (0w T ()l T () — ArbIT () (w1 (x))2 = ALFIT () 4 T (x) = ud (x), (8)
u(0,¢51) = s771(0), u(1,tj51) =m/T1(1).

Eq. (8) can be reduced to
u(x) = g°(x),
Lyt = 7711, )
u(0,2j41) = s1(0),  u(l,1j01) =m/ (1),
where Lg yu/™ = —eul () + ual T () u T () ud T (x) — BT (x) (w1 (x))? and
. . 1 . 1 .
FIH = fit(x) - A—u/“(x) + A—uj(x).

The above in Eq. (9) is a nonlinear semi-discrete form of the given problem for j =0,1,2,3,...,M —1.
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3.1.1 Analysis of the semi-discrete scheme

Lemma 4 (Semi-discrete maximum principle). If ¥/71(0) >0, ¥/"(1) > 0, and (L¢ ) ¥/ (x) >0
for all x € D, then it follows that W/*!(x) > 0 for all x € D.

Proof. Suppose there exists x* € D such that W/ ™! (x*) = min, 5%/ (x) < 0. Since x* # 0,1, we
can employ the second derivative test and first derivative test on the function W/t (x) to establish that
W (x*) = 0 and WL (x*) > 0. By substituting W/ *+! (x*) into Eq. (9), we obtain

Ley ¥/ (") = —e P4 (x) + pa” (x) 977 (1) 94 () — 07 @) (9 ()2 < 0.

This contradicts the assumption (Lg )W/ *!(x) > 0, thereby establishing that ¥/*!(x) > 0 for all x €
D. O

The above semi-discrete maximum principle leads to the following stability estimate result:
|Len| <C. (10)

For the semi-discrete scheme (9), the local truncation error e;;; is estimated as e, = u(x,tj11)—
4/+1(x), where /7! (x) is the solution of the following boundary value problem:

°(x) =g%x), xeD

L it = Fit, (11)
4(0,¢;41) =s/7710), a(1,t541) =miT (1), j=0,1,2,....M —1.
ok _
Lemma 5 (Local error estimate). Given that wu(x,t) < C holds for all (x,t) € D and k =0,1,2,
the local error estimate e in the temporal direction can be expressed as
lejx1]] < C(ar). (12)
Proof. We can employ a Taylor series expansion to represent u(x,?;) at the time level ¢; as follows:
u(x,tj) = u(x,tjy1) — Atug(x,tj41) + Aztzu,,(x,tH]) — A6t3um(x, &) (13)

for some & € [t;,7;11]. Substituting the expression for u; (x,#;) from Eq. (7) into Eq. (13), we obtain
u(x,t;) =u(x,tjr1) — At (el — pa/ ™ MUl + BT W2 + 7 (x)) + O(AF)
—u(x,tjs1) —Ateul F Arpa T u T — AT (T — At () +0(A%). (1)
Now, subtracting Eq. (8) from Eq. (14) yields the local truncation error e; 1, which fulfills the subse-
quent boundary value problem
e?'_«H (X) - gO(x)’
e1(0) =5771(0), ejr (1) =mi (1),
From the stability estimate in (10), we obtain

Hej+1 H < C(Al)z.
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Lemma 6 (Global error estimate). The temporal direction global error estimate, Ej 1 = u(x,tj41) —
u/t1(x) is given by

|Ej|[<C(ar), j(an) <T. (15)

Proof. Start by expressing the global error E; | as the sum of the local truncation errors e; up to time
step j

j
Y el, ja<T,
1=1

B[ =

By the triangle inequality, we can bound the norm of the sum by the sum of the norms, as follows:

J

Z e

1=

= ller+leall +-- -+ les]] -

Since the local truncation errors e, are bounded by C,(At)?, as shown in Lemma 5, we can substitute
these bounds into the inequality, as follows:

J J
Z lle:]| < ZCI(AZ)z
=1

1=1
< (ggéj@) jan)?.
Letting C' = max;<;<;C;, we get
[Eji1]| < C'j(an)*.
Since jAt < T (so j < T /At), we can simplify the expression, as
[l <c - (an?

=C'TA:.

Letting C = C'T gives
] < car

which completes the proof. O

Therefore, the global error estimate HE i1 H is bounded by C(Ar), which implies that the semi-
discrete scheme is convergent of order one in time.
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3.2 Quasilinearization

In order to construct a computational method for the boundary value problem stated in (1), it is neces-
sary to linearize the semi-discrete problem (9) that involves nonlinearity. This can be accomplished by
employing Newton’s quasilinearization approach (see [2]). The non-linear scheme given in (9) can be
expressed as

W0(x) = (%),

el () = e (0 ()t () 4B 0 ()4 PG = () 4 (), (16)
u(0.151) = 710), u(L,tj1) = mi (1),

Let F(u/ ™! uf*") = —pa™ (0w (ud* (x) + 57 (0 (9)2 + £7(0) — i (1) + —u(x)

) At At
and rewrite (16) as

u(x) = g°(x),
—eul (%) = F(u/ 1, ud™), (17)
u(0,tj41) = s7+1(0), u(l,tjy1) = m/t1(1).

Let <uj+1’(k) (x), ufl’k(x)) denote the k" nominal solution of (17). By employing a two-variable Taylor

series expansion of F (uj“’("“)(x), u§+17k+1(x)) around the nominal solution (uj“*(k) (x), uﬁ“’k(x))

and considering only the first-order term, we obtain
F (uj-i-l,(k—&-l)’u){-&-l,k-&—l) _F (uj+1,(k)’u)jc'+1,k)
i (uj+1,(k+1) _uj+1,k<x>) Foo (uj+1,(k) _ uj+1,k(x)> (18)
| \ (u£+1?(k+1) - u)jc'Jrl,k(x)) F,d“ <u£+17(k)bl)};+l’k(x)) )

Using the value of (18) in (17), and performing some simplifications, we obtain the following system:

u0-(k+1) (x) — gO,(k—H) (x)7

7814,{;1’(1‘“)(@ +”aj+1,(k)uj+1,(k)u)1;+17(k+1) _ <Al 7“aj+1,(k)u)1;+1-,(k) +2‘ubj+1,(k)uj+1,(k)> WL+
t
(19)
— “aj+1,(k)uj+1,(k)u§+1,(k) _ pitLk) (uj+1,(k))2+fj+1,(k) + Aiu,x,(k)’
t

uj+l,(k+l)(0) — Sj+l,(k+l)(0)’ Mj+l,(k+l)(1) _ mj+1,(k+l)(1)

b

where u/t1(%) is initial guess of the nominal solution (uj“’(k) (x),u,{“’k(x)) for k =0,1,2,... is the
iteration counter.
Consider the following notations:

’Uj+1(x) — WL (),

C(x) — aj+17(k)u.j+l'r(k)’

d(x) = _Ai — @R IR o R LK) (20)
t

t
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Then, using (20), (19) can be written as:

UO(X)_ :go(x)7 )
—eUL (x) + pe() U —d(x) Uit = H(x), 1)
Ut 0) =s110), UFH(1) =m/T(1).

To obtain a unique solution for the linearized singularly perturbed problem in (21), we assumed that the
coefficient functions, c¢(x), d(x) and H(x) are smooth with ¢(x) > A > 0 and d(x) > p > 0, where A and
p are positive numbers.

Lemma 7. Assume there exists a constant C > 0 such that the parameters of problem (1) satisfy the
condition
2
e,
£
where C is a constant large enough to ensure the dominance of the reaction term. Then, the solution

u(x,t) of problem (1) and its derivatives satisfy the following bounds for all (x,t) € Q x [0,T] and some
generic positive constant M:

<M (1 +e"'/2e—v0‘/8"+s"'/2e‘v°‘/8(1—x>) . for0<i+2j<4.

9 u(x,1)
Ixi ot

Proof. The proof proceeds by considering the asymptotic regime dictated by the condition ”?2 > C and
analyzing the layer structure of the problem.

i. Layer structure under the parameter condition: The singular perturbation parameter is €. The
characteristic equation of the leading-order differential operator Lu = — €y, + ta(x,t)uu, + b(x,t)u? is
given by

—eA + pa(x,t)ud 4+ b(x,t)u* = 0.
For fixed u, the roots of this equation are

pau £/ (Hau)? + 4ebu?
Ay = e :

Under the assumption that “72 is sufficiently large, the term 4¢bu® is dominated by (uau)?. Consequently,
the roots can be approximated as,

A~ % +o(),
o~ o).
Ua

The root A ~ '(1/¢€) indicates a potential boundary layer of width &'(¢€) at the outflow boundary (x =1

if ua > 0). However, the key insight is that the large parameter ratio %2 also amplifies the effect of the

reaction term b(x,¢)u?. When this ratio exceeds a threshold C, the reaction mechanism becomes the



14 M. A. Mohye, J. B. Munyakazi, T. G. Dinka,Y. Hussen, A. Nura, J. Muhammed

dominant singular perturbation effect, overwhelming the convective layer. This leads to the formation of
boundary layers of width &'(1/€) at both endpoints, characteristic of reaction-diffusion equations. This
phenomenon is well-documented in the literature for convection-reaction-diffusion equations when the
reaction coefficient is large relative to the convection term.

ii. Decomposition of the solution: Based on this layer structure, the solution u(x,7) can be decomposed
into a regular component v(x,?), and singular components wy (x,7) and wg(x,f) capturing the layers at
x =0and x = 1, respectively:

u(x,t) =v(x,t) +wr(x,t) +wg(x,1).

The regular component v(x, ) satisfies the original equation modulo exponentially small terms. The layer
components satisfy the homogeneous equations:

92

_SWVZL +b0(0,t)wp =0, withwg(0,7) =—v(0,¢), wr(1,1) =0,
82wR )

—€ +b(1,6)wg ~ 0, withwg(0,7) =0, wg(l,7)=—v(1,1).

o0x?

Using the assumption b(x,7) > B > 0, the solutions to these layer equations decay exponentially away
from the boundaries. A standard calculation yields the estimates

wi (x,1)] < Me~VBTEx,
lwr(x,0)| < Me™VR/EI=2)
The regular component v(x,#) and its derivatives are assumed to be bounded independently of €.

iii. Derivative estimates: The derivative bounds follow from differentiating the decomposition. For the
regular part, we have

i+j
‘aa ) <M, fori+2j<4.

dxidt]

For the layer components, differentiating the exponential functions introduces factors of e~1/2. For the
left layer component, we have

aiWL(x,f) di ) /ﬁ/a\,
‘ ox! dxi (Me )

st (VBTR) € Ve e 2T

where a < B is used to absorb the constant into M. An identical argument holds for the right layer
component wg(x,7) and for mixed derivatives involving d;, noting that time derivatives do not introduce
negative powers of €.

Combining the estimates for the regular and layer components yields the final result

0 u(x,t) v (x,1) O wr(x,1) O wgr(x,t)
oxiot] oxidt] oxiot] oxidt]
<M (1 e eV L gmif20 “/8(1*")> , for0<i4+2j<4.

This completes the proof. OJ
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3.3 Full-discrete scheme

In this section, the spatial domain D = [0, 1] is subdivided into N equal sub-intervals, with each sub-
interval consisting of a mesh element of length 1/N such that

x0=0, xi=xo+i=h, o=x1+h=2h, --- xy=Nh=1.

Utilizing the discretization of the spatial domain, the semi-discrete linearized problem (21) can be trans-
formed into its complete discrete formulation as presented below:

u(x) =g%x;), i=0,1,2,3..,.N—1
(VMU = —e8207 T + pe(x)Df U —d() U/ = 1T, (22)
U({“ _ s:)jﬂ’ UIJV'+1 :m%+17

where

Uit it

i+1 i
h

j+1 AL il
Uiy 207 +UL,

23
(Piz(hvgnu) ( )

201 il
oUl T = ,and DIU/T =

Employing FOFDM based on the technique of Mickens [21], we can express Eq. (22) in a discretized
form:

W(x)=¢"x), i=1,2,3..,N—1

41 TR
[LN,MU}{"H _ Uity 20! + U
! (Pzz(h?SMLL)

J+1 _ tiyi J+Hl i .
Uy =5y Uy =my , j=123,. . M—1,

JHL i+l

| AUl =HT e

+ pe(x)

where the denominator function ¢?(h, €, ) is written as

02 (h, e, 1) = 92 = u}clfx) (exP (Hcix)h> _ 1) .

Now, the Eq. (24) can be expressed as

0 (x;) = g%x), I1<i<N-1,
Eij+1Uij-:_11 +Ej+1Uij+1 +G{+1Ui]j11 :Hiﬁ_], (25)
vt =gt Ul =myt, 1<j<M—1,
with
: e Mc(x) 1 (28 pe(x)
o AR (R FIrl— (=2 = —d
Mo (gt = (G- a).

Gt = (_8> it — uajﬂ,(k)uj+1,(k)uj+1,(k) _ pitLk) (uj+1,(k)>2+fj+17(k) + iuj,(k)
’ ’ ! At
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4 Analysis of the developed numerical scheme

Lemma 8. Let ‘I’{+l be any mesh function fori=0,1,2,3,.... V. If‘I’(J)'+l >0, ‘PI{,H > 0and {Lgﬁ"‘l‘}
0 for 1 <i <N, then ¥/*' >0, fori € [0,N].

Jj+1
i

Proof. The proof is by contradiction. Assume there exists an index i* € {1,2,...,N — 1} such that
‘P{jl < 0 and that this is the point where the mesh function attains its minimum value, i.e.,

j+1 . j+1
@/ = min W/
0<i<N

By the hypothesis, ‘I’é“ >0 and ‘I‘};,H > 0, so the minimum must occur at an interior point, confirming
i* ¢ {0,N}.
Since i* is an interior point where the minimum occurs, the following discrete conditions hold:
J+1 Jj+1 Jj+1 j+1
Now, consider the discrete operator applied at this point i = i*. Recall the full definition of the operator
from the scheme:

j+1 . . . o
L] = —edwl e pe] D]t - af e
1

where
i+1 j+1 j+1 j+1 j+1
. | ZIAR, 1 R , | R, 7
2w+l . i+l i i—1 i+l Tl i
oY = ¢2 , DY =— 5,
i

. J+l : . .
We evaluate the linear operator, [L{SV ;}/"P] ~,ati= i, and by performing some simplifications, we get
l

, j+1 A il L g+
[Lgﬁllpy+l _ (‘Pi*ﬂ _2‘11'2* +Ti*—1> + el (Ti*-i-l ;lpz ) _atwit <o,
* i

Jj+1 ;

This contradicts the assumption that [Llsvzy‘ll} - >0forie[1,N—1]. Hence, we conclude that ¥/ >0
]

for i € [0,N]. O

From this lemma, the full-discrete maximum principle ensures that if the given conditions are satis-
fied, the mesh function ¥/ ! remains non-negative for all grid points in the discrete domain.

Lemma 9 (Discrete uniform stability). Let ‘Pl’ +1,i =0,1,...,N be any mesh functions such that
@I =@l =0, then

where d (x;) > p > 0.
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Proof. Define

— max

[lpi] n—+1 _ 1
m P 1<i<N—1

R SRS
Now, we can show that these comparison functions satisfy the required properties. For i = 0.

, 1 , , 1 : :
[‘Pﬂﬁl = — max LQ’M‘PZJH‘ @ =~ max ’LISV’M‘P{H‘ +5)7 >0,

0 p 1<i<N—1 p 1<i<N—1
and fori=N
i1 1 N Mg+l T i1 i1
[‘Pi]ljv = — max )Lg’ g/t ‘:i:‘I’]JV+ = — max Lg’M‘Pf+ +ml” >0.
P 1<i<N—1 p 1<i<N—1

Fori=1,2,...,N —1, we have

LQJ’M [‘Pi]ﬁl = LQ/"M <1 max

LQJ,MlP{—H ‘ 4 \P{Jrl
! p 1<i<N-1

d (x: . .
= 7()6’) max ‘LISV’M\P{H ‘ iLISV’M‘P{ 1
P 0<i<N

> max
0<i<N

LQ’M‘P{+1‘iL1£V’M‘P{+I >0,

where the inequality holds because d (x;) > p. Therefore, [‘Pi]f 1 satisfy the conditions of the full-
discrete maximum principle (Lemma 8), which implies that [lPi]lJ >0for0<i<n. Consequently,

we have
i+1 1
“Pl] ‘ < 5 Max<icn-1

LQ“MT{“), 0<i<N. 0

Theorem 2 (Error estimate). Assume U J+1(x) represents the solution of the semi-discrete problem
(21), and U/ 1 denotes the solution of the fully-discrete problem (24). If N represents the number of grid
points and C denotes a suitably large constant, the following error bound is fulfilled:

\L’Z,;T (07 ) —U,-"“)] <cNl 27)
Proof. We proceed by considering the linearized form of the semi-discrete problem, given in (21):
—eUL™ + pe(x) U™ —d(x) U™ = H(x),

where the coefficients c¢(x), d(x), and H(x) are defined in (21). The dependence on € and u is now
explicit in the differential operator.
To establish stability, we construct a barrier function. Let

PE(x) =0+U T (x),
where the constant ® is chosen as

1 .
0= max{pHHHw7 HU]HHaD} :
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Here, p is a lower bound for —d(x) over [0, 1]. Given the definition of d(x) in (10a):

d(x) = —i — pa(x,t)uy+2b(x,t)u,

its sign and lower bound depend critically on i and the behavior of the solution. However, for a fixed
and fixed At, and assuming the solution derivatives are bounded, we can define p = infy¢|o ;)(—d(x)) > 0.
Now, we verify the conditions for the maximum principle: On the boundary dD, we have

wE0)=0+U/T0) >0, ¥E(1)=0+U/"(1)>0,
by the definition of @.
In the interior points, we apply the linearized operator Lg ;, = —85% + ue(x) d% —d(x) to ¥*:
Ley ¥ = Le y(®) £ Le y (U/T!) = —d(x)@+ H(x).
Using the definition of ® and the fact that —d(x) > p > 0, we obtain
Ley¥* < —d(x)®+ |H(x)| < —pO®+ ||H]« < 0.
Since W* satisfies Le , ¥+ < 0 in (0,1) and ¥* > 0 on 9D, the maximum principle for linear elliptic
equations implies that ¥*(x) > 0 for all x € [0, 1]. Consequently,
010)] < © = mx { S 1] 07 30}

Recall that H (x) is defined in (10a) and involves terms like ptauu,, bu?, f, and {-u/. Therefore, || H||
can be bounded by

1. .
1H ]l < Co() + |+ 157 o,

where C; (1) depends on u and the bounds of a, b, and the solution u.
Combining these estimates, we obtain

; 1 1, , .
U7 max{p <C1(u) + o+ ||f’“\oo> 7||Uf“||aD}.
Since p depends on u, A, and the coefficients, we can write
U7 e < Cale, 1) ([l [|oo + At 75 leo + 1O 130)

where C,(&,t) absorbs the dependence on € (through the linearization process) and u (through the
coefficients c¢(x) and d(x)). This completes the proof. O

By combining Lemma 6 and Theorem 2, we arrive at Theorem 3 below.

Theorem 3 (The main result). If u(x,7) represents the exact solution of problem (1), and U,-j denotes the
solution of the numerical scheme (24), the error estimate for the fully discrete scheme can be expressed
as

sup  max |u(x;,t; —U.j‘SC At+N1), (28)
0<8,u§18<§;§5‘v/1 ( i J) i ( )

where C is a constant independent of &, i, the time step Az, and the number of spatial mesh intervals N.
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Proof. Let e{ =u(x;,t;) — U,-j be the error at the mesh point (x;,;). This error can be decomposed using
the solutions of the intermediate problems defined in the analysis, as below

e] = (ul 1)) = (x) + (@ (x) = U xio1y)) + (Ui t) = U7 )
|
Spatial Error, Slj

Temporal Error, EJ Linearization Error, L/

where #/(x) is the solution of the semi-discrete nonlinear problem, U (x,t;) is the solution of the lin-
earized semi-discrete problem and Uij is the solution of the fully discrete problem.
The linearization error L/ is introduced by Newton’s quasilinearization process. Under standard assump-
tions for Newton’s method (sufficient smoothness and a good initial guess), this error can be made negli-
gible after a few iterations, converging quadratically to zero. Therefore, for the purpose of an asymptotic
error estimate, we have HLJH = O((At)*> + N~2), which is of higher order than the other terms.

The primary errors are thus the temporal discretization error and the spatial discretization error. From
Lemma 6, the global error due to the implicit Euler time discretization is bounded as

E/|| = [|u(-,t;) —d’]|| < C\Ar, forO<t; <T. (29)
[E|| = ||uC-,2) — @ j

From Theorem 2, the error due to the spatial discretization using the fitted operator finite difference
method is bounded as

s/

max |5;

0<i<N

— 1)Ul < -1
max ‘U(x,,t]) Ul’_CzN . (30)

Combining these bounds and using the triangle inequality, the total error satisfies
| < Juti, 1) — @) | 18 () — U Gxi )] + | U sot) — U]
< CiAt+O((At)> + N2 +CoN L.
Neglecting the higher-order terms, we obtain the desired uniform error estimate

u(xl-,tj) —Uij < C(AI+N71) ,

where C = max{C},C,} is a constant independent of the parameters €, i, At, and N. OJ

5 Numerical examples and discussions

The following examples are implemented to demonstrate the applicability of the proposed scheme in
. . . N.M .

(25). Here, maximum absolute errors (point-wise error), E,~ and numerical rate of convergence,

RocN'M are calculated using the double mesh principle given in [6] as follows:

NM __ N.M 2N .2M
E, _ng{r}g?\l?M }U (Xi, tj) -U (x2i> tzj)‘ )

N.M

R N7M _l Err

oc =log, 7E2N’2M .
rr
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Example 1. Consider the following nonlinear (nonlinearity in both convection and reaction terms) sin-
gularly perturbed problem:

€ty (2,1) + (1 +2)u(x, ) uy(x,1) — (u(x,2))? — u, (x,1) = 16x%(1 — x)?,
(x,¢) € (0,1) x (0,1],

u(x,0)=0, xe€l0,1],

u(0,1) =0, u(l,r)=0, t€][0,1].

Example 2. Consider the following nonlinear singularly perturbed problem:

Eute (x,1) 4+ (1 4+ xt)u(x, 1)y (x,8) — (u(x,1))? — us (x,8) = |xt|x%¢>(1 —xt)?,  for (x,1) € (0,1) x (0,1],
u(x,0) = x(1 —x?)sinx, forx € [0,1],
u(0,6) =0, u(l,r)=0, fort € [0, 1].

In this section, we present the results of our numerical experiments to validate the proposed scheme
outlined in Eq. (25). The focus is on two nonlinear singularly perturbed problems, where we compute
the maximum absolute errors En-" and the numerical rate of convergence Roc™M using the double mesh
principle.

For Example 1, Table 1 illustrates the computed errors and convergence rates with g = 107> and
various values of €. Itis evident that as N and M increase, the errors decrease significantly, demonstrating
the effectiveness of the numerical scheme. The computed convergence rates indicate that the method
achieves a first-order uniform convergence with respect to both time and space variables. In Table 2,
we observe the impact of varying the parameter u while keeping € constant at 107>, The results further
affirm the stability of the method, as the convergence rates remain consistent across different values of
u.

For Example 2, Table 3 shows the errors and convergence rates when p = 107> is employed. The
results indicate a similar trend, with decreasing errors as N and M are increased. The convergence rates
remain stable, confirming the robustness of our approach across different problem parameters. In Table 4,
we explore the effects of different values of u for Example 2. Again, the results reveal that the numerical
scheme retains its first-order convergence properties regardless of the perturbation parameters.

The solutions plotted in Figures | and 3 confirm the method’s capability to accurately resolve sharp
boundary layers without non-physical oscillations, effectively capturing both the right-layer phenomenon
that occurs when p dominates and the left-layer phenomenon that forms when € is the dominant param-
eter. A closer examination of the layer interaction in Figures 2 and 4 further highlights the scheme’s
stability, providing a monotonic and sharp resolution of the solution’s behavior regardless of which per-
turbation parameter dictates the layer’s location. Figure 5 presents the log-log plots of both examples,
showing that the convergence is uniform.

Overall, the numerical results from both examples demonstrate that the proposed scheme effectively
captures the behavior of the nonlinear singularly perturbed problems while achieving uniform conver-
gence. The method’s adaptability to varying parameters, as shown in the tables and figures, underscores
its applicability in solving complex PDEs.



A robust fitted finite difference method for semi-linear two-parameter singularly perturbed PDEs 21

U(x,t)

T-axis 1

X-axis

(a) (b)

Figure 1: Numerical solution of Example 1 using scheme (25) with (a) N = 1280, M =N/2, e =10"12, u =102
and (b)N =1280, M=N/2,e=10"2, u=10""

100

102 F

Numerical Solution
Numerical Solution

10°®

10'10
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Figure 2: Effect of perturbation parameter on the formation of boundary layers for Example 1 using scheme (25)
with (a) N = 1280, M =N/2, €=10""2, u=10"2and (b)N=1280,M =N/2, e =102 u=10""2

6 Conclusion

This work presents a fitted operator scheme for solving two-parameter nonlinear singularly perturbed
initial boundary value problems. The scheme combines Euler’s explicit method for temporal discretiza-
tion on a uniform mesh with a fitted operator central difference scheme for spatial discretization on a
uniform mesh. The nonlinearity is addressed using Newton’s quasilinearization. Analysis shows that the
proposed method is stable and uniformly convergent with first-order accuracy in both the temporal and
spatial variables. The theoretical findings are validated through two numerical examples, with results
detailed in tables and graphs. Future work could focus on developing higher-order methods to improve
computational efficiency.
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Table 1: £ rrfgv_ﬁ/l and Rocgﬁl using scheme (25) for Example | with g = 1073 and different values of &

N— 20 40 80 160 320 640

el M— | 10 20 40 80 160 320

104 2.1214e-01 1.0215e-01 4.7590e-02 2.0776e-02 7.5168¢-03  1.3863¢-03
1.0543 1.1020 1.1957 1.4667 2.4389 .

106 2.1624e-01 1.0525e-01 5.0267e-02 2.3265¢-02 9.9157e-03  3.2825¢-03
1.0388 1.0661 1.1115 1.2303 1.5949 -

108 2.1627e-01  1.0527e-01  5.0292e-02 2.3289¢-02  9.9394¢-03  3.3060e-03
1.0387 1.0657 1.1107 1.2284 1.5881 .

1010 2.1627e-01  1.0527e-01  5.0292¢-02 2.3289¢-02  9.9394¢-03  3.3060e-03
1.0387 1.0657 1.1107 1.2284 1.5881 .

1012 2.1627e-01  1.0527e-01  5.0292e-02  2.3289¢-02  9.9394e-03  3.3060e-03
1.0387 1.0657 1.1107 1.2284 1.5881 .

1040 2.1627e-01  1.0527e-01  5.0292e-02 2.3289¢-02 9.9394e-03  3.3060e-03
1.0387 1.0657 1.1107 1.2284 1.5881 -

Errdyn ] 2.1627e-01  1.0527e-01  5.0292e-02  2.3289%-02  9.9394e-03  3.3060e-03

Rocy' | 1.0387 1.0657 1.1107 1.2284 1.5881 -

Table 2: E rrlg\i’f and Roc@iﬁw using (25) for Example 1 with € = 107> and different values of i

(N —) 20 40 80 160 320 640
Ll M=) | 10 20 40 80 160 320
104 2.1633e-01  1.0529e-01  5.0300e-02 2.3293e-02 9.9496e-03  3.3303¢-03
1.0388 1.0658 1.1107 1.2272 1.5790 -
106 2.1608e-01  1.0519e-01 5.0256e-02 2.3272e-02 9.9326e-03  3.3038¢-03
1.0385 1.0657 1.1107 1.2284 1.5880 .
10-8 2.1607e-01  1.0519e-01 5.0255e-02 2.3272e-02 9.9325¢-03  3.3037¢-03
1.0385 1.0657 1.1107 1.2284 1.5880 .
1010 2.1607¢-01  1.0519e-01  5.0255e-02 2.3272e-02 9.9325¢-03  3.3037¢-03
1.0385 1.0657 1.1107 1.2284 1.5880 .
1012 2.1607e-01  1.0519e-01  5.0255e-02 2.3272e-02 9.9325¢-03  3.3037¢-03
1.0385 1.0657 1.1107 1.2284 1.5880 .
1040 2.1607e-01 1.0519e-01  5.0255e-02 2.3272e-02 9.9325¢-03  3.3037¢-03
1.0385 1.0657 1.1107 1.2284 1.5880 .
Errg 2.1607e-01  1.0519e-01  5.0255e-02 2.3272e-02  9.9325¢-03  3.3037¢-03
Rocyy! 1.0385 1.0657 1.1107 1.2284 1.5880 .
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Figure 3: Numerical solution of Example 1 using scheme (25) with (a) N= 1280, M =N/2, €= 10~12, u= 1072

and (b)N =1280, M=N/2,e=10"2, u=10""
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Figure 4: Effect of perturbation parameter on the formation of boundary layers for Example 1 using scheme (25)

with (a) N = 1280, M =N/2, €=10""2, u=10"2and (b)N=1280,M =N/2, £ =10"2, u=10""2
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