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1 Introduction
We investigate the nonlinear fractional differential equation
o _
=Dju(t) = f(A,t,u(t)), 0<t<1, 3<a<4, A>1 (1)
with the boundary conditions (BCs)

0, (@)
0, 3)

q

D¥3u(0)
Dgu(l) = Déu(l)

where « is a real number, f = O(1) for a sufficiently large parameter A and f : [1,00) X [0,00)x R — R
is assumed to be continuous. DS‘ represents the Riemann-Liouville fractional g-derivative (g-RLFD) of
order Q.

In this paper, we discuss the existence of a positive solution for a fractional differential equation with
BCs that involve g-derivatives. Our approach to prove the main theorem is based on utilizing the fixed
point theorem (FPT) presented in [7]. Specifically, we modify the problem in [7] by introducing a new
BCs and assuming that the function f is continuous and bounded for large real parameter A. The new
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conditions for the problem are formulated based on the g-derivative and we compute the Green’s function
associated with this problem. Moreover, the Green’s function obtained under these conditions signifi-
cantly influences the proof of the existence of a solution. Consequently, both the problem formulation
and the proof method are novel. By utilizing the Green’s function in Theorem 1 and FPT in Theorem 2,
we investigate the existence of a solution to the g-fractional boundary value problem (g-FBVP), which
introduces a new asymptotic condition in the g-fractional differential equation.

In the field of fractional differential calculus, numerous researchers have studied such equations in
various applications (see [13] for examples). In particular, extensive research has been conducted to
identify the existence of solutions for fractional boundary problems (FBPs). Relevant examples can
be found in [5, 10, 12, 16]. For instance, in [2], the existence of positive solutions for the nonlinear
singular Riemann-Liouville fractional differential equation with Riemann-Stieltjes boundary conditions
was investigated. By computing Green’s function, the authors provided the solution form of the problem
and applied FPT theorems to establish the existence of multiple solutions.

Both linear and nonlinear Caputo-type fractional differential equations have been studied in [3]. In
this paper, the problem is reformulated as an integral equation. In other words, the aim of this article is
to introduce methods that provide membership of the solution of the problem in the L”[0, 0] for positive
integers p. The Leray-Schauder theorem is a powerful tool for solving various mathematical problems.
By applying this theorem, the author was able to analyze her fractional problem in [11].

Etemad et al. in [6] investigated the existence of solutions for the following class of g-integro frac-
tional difference equations with g-BVPs, which include BCs containing g-integrals of different orders:

(ADZ + (1= A)DB)u(h) = cf(h,u(h)) +dIl g(h,u(h)), he0,1], c,d R

The governing equation is considered along with the following g-integral boundary condition:

1_qs Cl 1) l(l_qs)(CZ—l) B
u(0) =0, n/ (s)dqs+(1—n)/() Srn) s =0, 5,60

where 0 <g< 1,1 <o, <2,0<6<1,0<A<,0<n<L,a—B> l,andDZ‘ represents the
g-RLFD of order o and f,g : [0,1]x R — R are continuous. While the definition of the p-derivative is
provided in [14], this article aims to introduce the g-derivative of the g-FBVP. The definitions, theorems
and lemmas utilized in this study are presented in the next section.

2 Preliminaries on fractional g-calculus
In this section, we present some definitions and lemmas that are used to prove our main results.

Definition 1. ( [/2]) We say that f(z) = O(g(z)) as z — 2 if there exist positive constants K and & such
that | f| < K|g| whenever 0 < |z —zo| < 8.

Definition 2. ( [/]) If n € R is fixed, a subset A of C is called 1-geometric if Lz € A whenever 7 € A.

Property 1. ([/]) If a subset A of C is a |1-geometric, then it contains all geometric sequences {zi" }7_,
z €A
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Definition 3. ( [/]) A function f which is defined on a q-geometric set A with O € A is called g-regular
at zero if
lim f(z¢") = £(0), Vz€A.

n—yo

Definition 4. ( [/]) A function f is called g-absolutely continuous on [0,a] if it is g-regular at zero, and
there exists k > 0 such that

Y \fq') — f(tg™") <k, V1€ (gasa). 4

=0

If (4) holds then it can be extended throughout (0,a]. To see this, it is enough to examine the case
x € (0,a]. Actually, if x € (0,a], then there exists ¢ € (ga,a] and k € N such that x = t¢*. Then

Y 1f(xq) = flxg” ) = Y 1f(q)) = f1a” ) < Y 1£(eq7) = £(eg7 )] < oo,
J=0 Jj=k =0
Definition 5. ( [/]) The space of all g-absolutely continuous functions defined on [0,a] is 2/ C,4[0,al,

where a > 0.

Definition 6. ( [7]) If fis a real continuous function on a q-geometric set A, the g-derivative of a function
fis defined by

D)) = T g,
qz

(Dgf)(0) = lim(Dyf)(2).
Under similar conditions, higher order g-derivatives can be expressed as follows:
(D)f=f and Dif =Dy(Di'f), neN.

Definition 7. ( [7]) g-Integral is defined by

= [ g =ai-a) ¥ s, 0<lal <1, ack ®
n=0
b b a
/af(s)dqs:/o f(s)dqs—/o f(s)dgs, a<b a,beR. 6)

Definition 8. ( [/5]) The left-sided Riemann-Liouville fractional integral (RLFI) is defined as
oI® f( / flt ) ldr, >0,

and the right-sided RLFI is written in the following form:
Ay f(2) / f(o)(z—1)*tdr, t<b.

Definition 9. ( [7]) The function q-gamma is defined as follows:
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—g)D)
L) =2, xeR\{0,-1,-2,..}, 0<g<l,
that satisfies Ty(x+ 1) = [x],'(x).

Definition 10. ( [7]) The q-RLFI is defined as follows:
1 X

IZf)(x) = / —qt)* ' f(t)d R* 0,1

(qf)(x) Fq(a) 0<.X qt) f(t) qta ac ’ XG[ ’ ]7
and (19F)(x) = £(x).
Definition 11. ( [/]) If Ng = N U{0}, then the ceiling function is defined as [x| := min{n € Ny : x < n}.
Definition 12. ( [7]) The g-RLFD of a function f of order « is defined by

(DG f)(x) = (DI~ f)(x), Va>0.

Remark 1. ( [8]) The following formulas that will be used later:

la(t = )] = a%(t —5)"*, )
Dyt —5)@ = oyt —5) Y, ®)
(D, [ ) ) = [ Duf Grt)dyt + flar). ©)
Note 1. ([7]) For g € (0,1), the notation al, is defined as
[a]g := %, acR.
Definition 13. ( [7]) For a € R, we define
(a— b)( . = a—>bq"

pa— bqa+n :
Definition 14. ( [/]) If X and Y are Banach spaces and A € B(X,Y), then A is completely continuous if
for any sequence {x,} in X such that x, — x weakly, it follows that ||Ax, — Ax|| — O.

Definition 15. ( [/]) Let N be a real number and let p be a positive number. .,fq{’ 110, 4] is the space of
all functions f defined on (0,a] satisfying
x 1
fllpa = sup (| 1170 dge)F <o
x€(0,a) YO
For simplicity, we shall use the symbols L;[0,a] , £;'[0,a] and ||f||, to denote L ,[0,d] , Z[0,d]
and ||f|| .0, respectively.

Definition 16. ([/]) %CL(]") [0,al, n € N, denotes the space of all functions fon [0,a] such that f,Df, ... ,Dz_lf
are g-regular at zero and Dg_lf € o/ Cy[0,al.

Lemma 1. ([7]) Let o0, > 0 and f be a function defined on [0,1]. Then (Iﬁl Hx) = a+ﬁf)( ) and
(D13 f)(x) = £ (x).

Therefore, we will conclude the following lemma.
Lemma 2. ( [7]) Let o« > 0 and p be a positive integen Then, the following equality holds:

— yO—p+k
Uy Dgf)(x) = (Dgly' f) Z Ja+k—p+1)

(D4)(0). (10)
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3 Main results
In this section, we study the existence of positive solution for the g-FBVP (1) - (3).

Theorem 1. [fy € C[0,1] and 3 < o < 4, then the problem —Dgu(t) = y(t ) with boundary conditions
Dg_3u(0) =0 and Dyu(1) = th]”( ) = 0 has a solution u(t / G(t,qs)y(s)dys, where the Green’s

SJunction G is

(062(;;2—((23(4) (1- S)OFS o 052(;3—(‘23(4) (1~ S)O!*Z) 1l - (r— s)ail
ai(q) -3 ai(q) -2\ a2
1 +<0‘3(11)l—062(11)(1_s)a + 052(11)1—063(11)(1_s)a )ta ’ OSSSI‘ = !
G(t,s) = (11)
Iy(a) _ _ _
<a2($2((23(q) (1—s)%3— - (;;3(%5);(4) (1—s)% 2) a1
ai(q) 3 1(q) -2 -2
|+ (w1 9"+ a1 =972 0<i<s <

and [a — 1]y = ou(q), [ = 2] = a(q), [ = 3], = 05(q).
Proof. By using Lemmas 1 and 2, the following relationship can be obtained:

4 tocfj

{0 =) - L 0§ Oy

and we have

) 3
ult)= —— o-1 M a-=2 M a—3

Iy(a) Fy(a—1) Iy(a—2)
Dy u(0) oy [ (1—g5)*"
¢ 47/0 W (8)dys.

According to the initial condition Dg_3u(0) =0, since 3 < o0 <4, we have Dg‘_“u(O) = 0. Then

)O(—l

1 t—
M(t):A]tail-i-Azlaiz—/O 7( i y

T, (o) (s5)dys, (12)

?;:(7 ;ﬁ?)). Now by first g-derivative of u and by relation (8), we get

where fori = 1,2, we have A; =

—qs)*!

— [y — o— 2 o-3 \b—gs)
Dut) = o — 1), A1t + [0 — 2] Aot / Dy gy s
According to (9), we have
o o ot —1],(t — gs)* 2
Dyu(t) = [ — 1),A1r% 2 + [0 — 2] ,Apt* 3 — /O [ }lzi (a)‘”) y(5)dys. (13)
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For the second condition of BCs, we get the second g-derivative of u, so

a—2],(t—qs)*3
Ly(a)

y(s)dys.
(14)

D2u(t) = [t glo—2gA1r® > + o — 2] [ — 3]yt @ — /Ot o= 1l

We put the value of # = 1 in (13) and (14). Therefore from (3), we have

_ —gs a—2
[ —1],A; + [0 — 2],4, — [} %y(s)dqs

_ _ _ Sa—3
= [0 —1]y[c — 2] A1 + [0t — 2] [0t — 3] 47 — f ”q[“rj(]gg‘ 9T\ (5)dys = 0.

LetC; = [OC — l]q =0 (q), G = [OC —2]q = OCz(q), Cy = (q)ag(q) and Cy = OCz(q)OC?,(q), then we have
a system of equations of the form:

Mo — 1]y (1—gs5)* >
CilA +CA; — / q y(s)dys =0,
Bl )1 g9
o—1],lo— —qs)*~
CsA1 +CiA —/ al% 2 $)dys = 0.
341 442 o I, (c) y(s)dq
For this system, multiplying the first term by _% and then adding the two equations, the following

equation is obtained:

C4Cy Cy [Moe—1],(1—gs)*2 U —1],[a—2],(1 —gs)*3
(— G —&-C3)A1-i-a/O iiq(a) y(s)dqs—/O 1 Fq(OZ) y(s)dgs = 0.
Then, we find the values of A; and A, as follows:
) P(1—gs)*™ _ o(g) P=g9)*?
M= @ h @ O i m @ h  Toa Y
) T(1—gs)*? o3(q) i (q) L1 —gs)*?
= e @h @ G @) b TS
o) [ (1—gs)*?
+Otz(q)/0 T, (o) y(s)dys.

Now by substituting A; and A; in the relation (12), we get

_ a(q) P(1—gs)*  os(g) T (1—gs)*2 o
O G v S e e v e CL

alg) H=g9)* w(g)ale) 1 (1-g5)*
(B T e s b T

o (q) [ (1—gs)*? wea [ (t—gs)*!
Tanla h T O e O
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By replacing integral fol with [§+ f,l, we have
1 ! (g (g 20—
u(x): I:/( () (l_qs)a 3oc 1_ () (l_qs)a 2ta 1
Jo \ o )

Iy(@) q) —os(q o (q) — as(q)
e ety
+ Z;EZ; (1—gs)* %2 — (1 - qs)o‘_l) y(s)dys
a9 i§;§§Z§l(%iz<q>>(l"qs>a2’“2

20 e o] - f

then the Green’s function is obtained as

#@%@(1 _ )a73ta71 _ #(23@(1 _S)a72toc71 — (¢ _S)ocfl

+ ai(q) (q)(l 5)%~ 3p0— 2+ ai(q) (q)(l_s)afztafz’ 0<s<t<l

G(t.s) 1 a3(q)—0n o (g)—o3
t,s) =
, F‘](a) o (q) 3.a-1 a3(q) el
1 a—3.00— 1 o—2.00—
o (1= G (1) 22, 0<r<s< 1.

O

Theorem 2. ( [9]) Let & be a Banach space and C C A be a cone on B. Also, let Q| and Qy be two
bounded open sets in B with 0 € Q1,Q] C Q. If T :CN(Q\ Q1) — C is a completely continuous
operator so that

1Ty <|yll, vV y€Cno
1Tyl > lIyll, ¥V y€CNoy,
then T has at least one fixed point in C N (Qy \ Q).

Lemma 3. The function G defined in Theorem 1 satisfies the following conditions;

G(t,qs) >0, G(t,95) <G(1,gs),

G(t,qs) >1*7'G(1,gs), 0<t,s<1.
Proof. From (11), we can define two functions g; and g, as follows:

az—(q) _ )3 a—1_063—@ _ga-2eel gl
wg @ T T ag-wg VT

061—@ _stx73 a—2 061—@ _S(xfz a—2 s
+0‘3(61)—052(6])(1 ) +a2(4)—063(61)(1 ) Ossstsl

gl(t7s):



670 F. Shahabi, A. Neamaty

10 —g)%3 a1 ) —5) 20!
e R AL AL ry mren ) L
o (q) ( - )(x73t(x72 al—(Q)(l _S)a72t(x72. 0<r<s<l1

a3(q) — oa(q) a2 (q) — o3(q)

According to the definition of g;, we have

_ o (q) )% 3 a3(q) _gs) %2 ) ol
00 = (o g )!

+ (aS( o (q) (1 _qs)a73+ o (q) (1 _qs)a2> t(x72_ (t_qs)(xfl

q) — 02(q) o (q) — 03(q)
N (az(q(;z—(qtis(q) (1=go) = az(q())CS—(th)ta(q) (1=gn)®= = (1= qi)ﬂ_l) a
> (OQ(;Z_(%(I —QS)“—M(I—QS)“Z—(I—LIS)“1>t°‘1

_ @l g ges, o a@ e e
+<0‘3(4)—0¢2(4)(1 ) ) - P )t |

We also have

(1=5)% 1< (1-5%2<(1-5)%3, (15)
therefore g;(z,qs) > 0. Let t = 0, then g,(0,¢gs) = 0. Similar to the previous relationships, this shows
that g»(7,gs) > 0. For s € [0, 1] we show that ;,Dg;(t,gqs) >0 (D = % is the classical derivative with
respect to the variable 7). We have

Dg1(t,qs)
_ (q) a— o(q) o o
- <a2(q) ) (g - 8D g 2) (o 1y
* (as <qo>“—(q<3zz<q> (1=a9)""+ a2<q(§1—(q;3<q> < ‘qs)a_z) e el D
A vy os(g) . .
- <a2<q>2— i e 2) (a— 1)
- ( aa(q(;l—(q;z(q) (1-g9)"7+ az(q(;“—(q(iz(q) (1= qS)H) e ?)a_z
o (q) R a3(q) _gs)%2 a2
o <a2<q> i U e oy LU D) > =1y

ai(q) _g) 3 alg) a2 S (g 2] g2
+<a3(q)_az(q)(1 qs) +a2(q)_a3(q)(l qs) (o —2)t (00— 1)t%2(1 —gs)

_ % (q) —as)% 3 o3(q) — )2 (] — gs)*2 _1y,a-2
(ot - (149~ (149" 2) (e~ 1

@ s, 0l e a3
+<0¢3(61)—062(61)(1 as)" "+ (1—gs) )(a 2)1%3.,
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According to (15), g1(¢,gs) is an increasing function with respect to 7. Also, we have

Dga(t,qs) = (az(;;z_(%z}(q) (1 _qs)a73 - az(SS—((23(q) (1 _qs)aiz) (a— l)taiz

a(q) -3 o (q) ) 3
+ (a1 =) + ol (1= g9)%72) (@ =21
a(q) 03(q) ) 5
Z (az(fJ)z—OC}(CI) - OCz(q)g—o@(q)) (1—gs)* =(a—1)t*

a1(g) a(q) -2 -3
+ (Ots(q)l—az(Q) + az<q)'—a3<q>) (1—gs)*(a=2)r*".

According to (15), we can get ;Dg»(t,gs) > 0. Then g»(¢,gs) is increasing with respect to #, therefore
G(t,gs) is an increasing function with respect to 7 for fixed s € [0, 1]. Suppose now that gs < ¢. Then

G(l‘,qs) B thoc—l _Zzta—l +Z3toc—2 +Z4ta_2 —|—Zsl‘a_2 _ (t _qs)a—]

G(1,gs) z—(1—gs)*!
% =t gt g gt =2 (1 — )% !
- z— (1 —gs)*!
_ ta_lm —n+ututs—(1- ?s)"‘*1 S ja1z=(1-9)"" _ a1
7 — (1 _ qs)(xfl = z—(1—gs)*1 ’
where
a(q) a3 a3(q) a2
1=——"—(1—-¢g5)"p=—""""——(1—gs)
wlg) - i) " () — aa(g)
a4 (Q) o3 o3 (‘I)al (Q) o2
z=——(1—gq5)* "y = (1—gs)
o3(q) — oa(q) a2 (q)(0a(q) —as(q))
o
5 = @) (1 —CIS)OFZ,ZZZl —22+23+24+25.
o (q)

Also, for t < gs we have

G(t,gs) 2t =zt % 4 23t 2 4 7412 4 75192

G(1,gs) Z
th(x—l —Zzt‘xil +Z3ta71 +Z4la71 +Zsta71
=
Z
— tafl

In view of Lemma 3, we can conclude the following lemma.

Lemmad. If0 < 7 <1, then n?irhG(t,qs) > 1%71G(1,¢s), Vs € [0,1].
rez,

We know % = C|0, 1] is a Banach space by norm ||u|| = sup |u(t)|. Suppose T = ¢" withn € N, we
t€[0,1]

define C C £ as follows;

C={uecPB:ut)>0, min u(r) > % | |ul|}
relt,1]
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and the operator T : C — 2 is defined by

:/OIG(t,qs)f(l,Sau(S))dqs'

Remark 2. Since G and f are positive and continuous functions, we conclude that operator T : C — B
is completely continuous. Furthermore for u € C, (Tu)(x) > 0 on [0,1] and we have

rr[nn](Tu)( ) = n[mh o G(t,q5) f(A,s5,u(s))dys
te(t,

> 1 [ G(1,5)f (A, 5,u(s))dys
=% |Tul|,
where ||Tul|| = max/ G(t,qs)f(A,s,u(s))dys.
1€0,1

We will use the following two symbols:

M= /qus) s, N= max/ths 45
t€l0,1

Now, we show the main result of the existence of a solution of the problem (1) - (3).
Let 0 < r{ < rp, we define the following two sets:

Q={ueC:|jul<n}, Q={uecC:|lul|<r}.
Theorem 3. Assume T = q" withn € N and f(A,s,u(s)) is a continuous positive function. If there are
two constants ry > ry > 0 so that

A <
56[0-,1]r-,rbltzémaglf( ,s,u(s)) <ri,

min _ f(A,s,u(s)) = r,

s€[7,1],ueCNI,
then problem (1) - (3) has a solution u such that u > 0 fort € (0,1].

Proof. Since the operator T : C — C is completely continuous, we only prove that equation Tu = u has a
solution u that satisfies u(r) > 0 for 7 € (0, 1]. For u € CNdQy, we have ||u|| = rp. Considering Lemma
4, we have

|| Tu|| = max/ G(t,q5)f(A,s,u(s))dys > max /] G(t,qs)dys min F(A,s,u(s))

0<r<1 0<r<1 se(r,1],ueCnIQ,

:N i )'7 9 > 9
se[al]ri}le%maszzf( $,u(s)) 272

therefore || Tu|| > r, = |jul|. For u € CNJQ;, we have ||u|| = r; on [0,1]. By using Lemma 3 it follows
that

I7ull = g, [ G050 (s, u(5)gs < o, [ G(1,5) (s, u(5)ys

0<t<1.Jo 0<t<1

=M max A.s.u(s)) <r
SG[O,I]MECﬂ&Q]f( 8,u(s)) <71,
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then we get || Tu|| < r; = ||u||. Theorem 2 states that the operator T has a fixed point in C N (Q\ Q).
Therefore u(t) > 0 for t € (0,1] and u is a solution of problem (1) - (3), so the proof is complete. O

Example 1. Let oo = 3.5 and g = 7 = 0.1. Define function f(A,7,u) = 37“ +u?, where u is a continuous
function on [0, 1], therefore f = O(1), for a positive real large parameter A. We have

! 1
M= 1,g5)dys = —— % 0.07 = 0.05 > 0,
/o G, gs)dys = 3

Moreover, there is the following approximation
0.1
G(1,qs)dgs ~ 0.008,

and [ | G(1,qs)dys = [y G(1,gs)dys— [ G(1,gs)d,s. By T =0.1, we have [ | G(1,gs)d,s =~ 0.04, and

1 1
N = max / G(t,qs)dys > / G(1,gs)dys =0.04 > 0.
T 0.1

0<t<1

Now, define r; = 16 and r, = 28000. Then, note that

M A,s5,u(s)) <0.05x 16(3+16) = 15.2 < ry,
SE[O,lf}gémanf( $;u(s)) x 16(3+16) r

N min _ f(A,s,u(s)) > 0.04 x (0.03) x 28000 x 28000 = 28224 > r.
s€[1,1],ueCnd,

Therefore, by using Theorem 3, the following problem

(D30 = )+, 0<x<,

with the following conditions
Dou(1) =D u(1) =0, Djiu(0)=0

has a positive solution in C N (Q;\ Q).

4 Conclusion

By considering a g-fractional boundary value problem, the fixed point theorem and Green’s function of
problem (1) - (3), it was proved that the problem has a positive solution. For this problem, we assume
that the given function is bounded with respect to parameter A. We used g-derivative calculus to get the
Green’s function of this problem. In the method of proving the results, an operator is introduced. We
show that this operator has a fixed point and thus this fixed point becomes a solution to the problem.
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