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Abstract. In this paper, we study the existence of a positive solution for q-fractional boundary value
problem by employing the fixed-point theorem. Our analysis relies on the Banach space and the fixed
point theorem. Finally, we provide an example to verify our hypothesis and showcase our results.
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1 Introduction

We investigate the nonlinear fractional differential equation

−Dα
q u(t) = f (λ , t,u(t)), 0 < t ≤ 1, 3 < α ≤ 4, λ > 1 (1)

with the boundary conditions (BCs)

Dα−3
q u(0) = 0, (2)

Dqu(1) = D2
qu(1) = 0, (3)

where α is a real number, f = O(1) for a sufficiently large parameter λ and f : [1,∞)× [0,∞)× R→ R
is assumed to be continuous. Dα

q represents the Riemann-Liouville fractional q-derivative (q-RLFD) of
order α .

In this paper, we discuss the existence of a positive solution for a fractional differential equation with
BCs that involve q-derivatives. Our approach to prove the main theorem is based on utilizing the fixed
point theorem (FPT) presented in [7]. Specifically, we modify the problem in [7] by introducing a new
BCs and assuming that the function f is continuous and bounded for large real parameter λ . The new
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conditions for the problem are formulated based on the q-derivative and we compute the Green’s function
associated with this problem. Moreover, the Green’s function obtained under these conditions signifi-
cantly influences the proof of the existence of a solution. Consequently, both the problem formulation
and the proof method are novel. By utilizing the Green’s function in Theorem 1 and FPT in Theorem 2,
we investigate the existence of a solution to the q-fractional boundary value problem (q-FBVP), which
introduces a new asymptotic condition in the q-fractional differential equation.

In the field of fractional differential calculus, numerous researchers have studied such equations in
various applications (see [13] for examples). In particular, extensive research has been conducted to
identify the existence of solutions for fractional boundary problems (FBPs). Relevant examples can
be found in [5, 10, 12, 16]. For instance, in [2], the existence of positive solutions for the nonlinear
singular Riemann-Liouville fractional differential equation with Riemann-Stieltjes boundary conditions
was investigated. By computing Green’s function, the authors provided the solution form of the problem
and applied FPT theorems to establish the existence of multiple solutions.

Both linear and nonlinear Caputo-type fractional differential equations have been studied in [3]. In
this paper, the problem is reformulated as an integral equation. In other words, the aim of this article is
to introduce methods that provide membership of the solution of the problem in the Lp[0,∞] for positive
integers p. The Leray-Schauder theorem is a powerful tool for solving various mathematical problems.
By applying this theorem, the author was able to analyze her fractional problem in [11].

Etemad et al. in [6] investigated the existence of solutions for the following class of q-integro frac-
tional difference equations with q-BVPs, which include BCs containing q-integrals of different orders:

(λDα
q +(1−λ )Dβ

q )u(h) = c f (h,u(h))+dIδ
q g(h,u(h)), h ∈ [0,1], c,d ∈ R+.

The governing equation is considered along with the following q-integral boundary condition:

u(0) = 0, η

∫ 1

0

(1−qs)(ζ1−1)

Γq(ζ1)
u(s)dqs+(1−η)

∫ 1

0

(1−qs)(ζ2−1)

Γq(ζ2)
u(s)dqs = 0, ζ1,ζ2 > 0,

where 0 < q < 1, 1 < α,β < 2, 0 < δ < 1, 0 < λ 6 1, 0 6 η 6 1, α −β > 1, and Dα
q represents the

q-RLFD of order α and f ,g : [0,1]× R −→ R are continuous. While the definition of the p-derivative is
provided in [14], this article aims to introduce the q-derivative of the q-FBVP. The definitions, theorems
and lemmas utilized in this study are presented in the next section.

2 Preliminaries on fractional q-calculus

In this section, we present some definitions and lemmas that are used to prove our main results.

Definition 1. ( [12]) We say that f (z) = O(g(z)) as z→ z0 if there exist positive constants K and δ such
that | f |5 K|g| whenever 0 < |z− z0|< δ .

Definition 2. ( [1]) If µ ∈ R is fixed, a subset A of C is called µ-geometric if µz ∈ A whenever z ∈ A.

Property 1. ( [1]) If a subset A ofC is a µ-geometric, then it contains all geometric sequences {zµn}∞
n=0,

z ∈ A.
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Definition 3. ( [1]) A function f which is defined on a q-geometric set A with 0 ∈ A is called q-regular
at zero if

lim
n→∞

f (zqn) = f (0), ∀ z ∈ A.

Definition 4. ( [1]) A function f is called q-absolutely continuous on [0,a] if it is q-regular at zero, and
there exists k > 0 such that

∞

∑
j=0
| f (tq j)− f (tq j+1)| ≤ k, ∀ t ∈ (qa,a]. (4)

If (4) holds then it can be extended throughout (0,a]. To see this, it is enough to examine the case
x ∈ (0,a]. Actually, if x ∈ (0,a], then there exists t ∈ (qa,a] and k ∈ N such that x = tqk. Then

∞

∑
j=0
| f (xq j)− f (xq j+1)|=

∞

∑
j=k
| f (tq j)− f (tq j+1)|6

∞

∑
j=0
| f (tq j)− f (tq j+1)|< ∞.

Definition 5. ( [1]) The space of all q-absolutely continuous functions defined on [0,a] is A Cq[0,a],
where a > 0.

Definition 6. ( [7]) If f is a real continuous function on a q-geometric set A, the q-derivative of a function
f is defined by

(Dq f )(z) =
f (z)− f (qz)

z−qz
, z 6= 0,

(Dq f )(0) = lim
z→0

(Dq f )(z).

Under similar conditions, higher order q-derivatives can be expressed as follows:

(D0
q) f = f and Dn

q f = Dq(Dn−1
q f ), n ∈ N.

Definition 7. ( [7]) q-Integral is defined by

Iq( f ) =
∫ a

0
f (t)dqt = a(1−q)

∞

∑
n=0

f (aqn)qn, 0 < |q|< 1, a ∈ R, (5)

∫ b

a
f (s)dqs =

∫ b

0
f (s)dqs−

∫ a

0
f (s)dqs, a≤ b a,b ∈ R. (6)

Definition 8. ( [15]) The left-sided Riemann-Liouville fractional integral (RLFI) is defined as

0Iα
t f (t) =

1
Γ(α)

∫ t

0
f (τ)(t− τ)α−1dτ, t > 0,

and the right-sided RLFI is written in the following form:

tIα
b f (t) =

1
Γ(α)

∫ b

t
f (τ)(τ− t)α−1dτ, t 6 b.

Definition 9. ( [7]) The function q-gamma is defined as follows:
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Γq(x) =
(1−q)(x−1)

(1−q)x−1 , x ∈ R \{0,−1,−2, . . .}, 0 < q < 1,

that satisfies Γq(x+1) = [x]qΓq(x).

Definition 10. ( [7]) The q-RLFI is defined as follows:

(Iα
q f )(x) =

1
Γq(α)

∫ x

0
(x−qt)α−1 f (t)dqt, α ∈ R+, x ∈ [0,1],

and (I0
q f )(x) = f (x).

Definition 11. ( [1]) If N0 = N ∪{0}, then the ceiling function is defined as dxe := min{n ∈N0 : x 6 n}.
Definition 12. ( [7]) The q-RLFD of a function f of order α is defined by

(Dα
q f )(x) = (Dm

q Im−α
q f )(x), ∀ α > 0.

Remark 1. ( [8]) The following formulas that will be used later:

[a(t− s)](α) = aα(t− s)(α), (7)

tDq(t− s)(α) = [α]q(t− s)(α−1), (8)

(xDq

∫ x

0
f (x, t)dqt)(x) =

∫ x

0
xDq f (x, t)dqt + f (qx,x). (9)

Note 1. ( [7]) For q ∈ (0,1), the notation [a]q is defined as

[a]q := 1−qa

1−q , a ∈ R.

Definition 13. ( [7]) For α ∈ R, we define

(a−b)(α) = aα
∞

∏
n=0

a−bqn

a−bqα+n .

Definition 14. ( [4]) If X and Y are Banach spaces and A ∈B(X ,Y ), then A is completely continuous if
for any sequence {xn} in X such that xn→ x weakly, it follows that ||Axn−Ax|| → 0.

Definition 15. ( [1]) Let η be a real number and let p be a positive number. L p
q,η [0,a] is the space of

all functions f defined on (0,a] satisfying

|| f ||p,η := sup
x∈(0,a]

(
∫ x

0
tη | f (t)|pdqt)

1
p < ∞.

For simplicity, we shall use the symbols Lp
q [0,a] , L p

q [0,a] and || f ||p to denote Lp
q,0[0,a] , L p

q,0[0,a]
and || f ||p,0, respectively.

Definition 16. ( [1]) A C(n)
q [0,a], n∈N, denotes the space of all functions f on [0,a] such that f ,Dq f , . . . ,Dn−1

q f
are q-regular at zero and Dn−1

q f ∈A Cq[0,a].

Lemma 1. ( [7]) Let α,β ≥ 0 and f be a function defined on [0,1]. Then (Iβ
q Iα

q f )(x) = (Iα+β
q f )(x) and

(Dα
q Iα

q f )(x) = f (x).

Therefore, we will conclude the following lemma.

Lemma 2. ( [7]) Let α > 0 and p be a positive integer. Then, the following equality holds:

(Iα
q Dp

q f )(x) = (Dp
q Iα

q f )(x)−
p−1

∑
k=0

xα−p+k

Γq(α + k− p+1)
(Dk

q f )(0). (10)
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3 Main results

In this section, we study the existence of positive solution for the q-FBVP (1) - (3).

Theorem 1. If y ∈C[0,1] and 3 < α ≤ 4, then the problem −Dα
q u(t) = y(t) with boundary conditions

Dα−3
q u(0) = 0 and Dqu(1) = D2

qu(1) = 0 has a solution u(t) =
∫ 1

0
G(t,qs)y(s)dqs, where the Green’s

function G is

G(t,s) =
1

Γq(α)



(
α2(q)

α2(q)−α3(q)
(1− s)α−3− α3(q)

α2(q)−α3(q)
(1− s)α−2

)
tα−1− (t− s)α−1

+
(

α1(q)
α3(q)−α2(q)

(1− s)α−3 + α1(q)
α2(q)−α3(q)

(1− s)α−2
)

tα−2, 0≤ s≤ t ≤ 1

(
α2(q)

α2(q)−α3(q)
(1− s)α−3− α3(q)

α2(q)−α3(q)
(1− s)α−2

)
tα−1

+
(

α1(q)
α3(q)−α2(q)

(1− s)α−3 + α1(q)
α2(q)−α3(q)

(1− s)α−2
)

tα−2, 0≤ t ≤ s≤ 1

(11)

and [α−1]q = α1(q), [α−2]q = α2(q), [α−3]q = α3(q).

Proof. By using Lemmas 1 and 2, the following relationship can be obtained:

−Iα
q y(t) = u(t)−

4

∑
j=1

Dα− j
q u(0)

tα− j

Γq(α− j+1)
,

and we have

u(t) =
Dα−1

q u(0)
Γq(α)

tα−1 +
Dα−2

q u(0)
Γq(α−1)

tα−2 +
Dα−3

q u(0)
Γq(α−2)

tα−3

+
Dα−4

q u(0)
Γq(α−3)

tα−4−
∫ t

0

(t−qs)α−1

Γq(α)
y(s)dqs.

According to the initial condition Dα−3
q u(0) = 0, since 3 < α ≤ 4, we have Dα−4

q u(0) = 0. Then

u(t) = A1tα−1 +A2tα−2−
∫ t

0

(t−qs)α−1

Γq(α)
y(s)dqs, (12)

where for i = 1,2, we have Ai =
Dα−i

q u(0)
Γq(α−i) . Now by first q-derivative of u and by relation (8), we get

Dqu(t) = [α−1]qA1tα−2 +[α−2]qA2tα−3−
∫ t

0
Dq

(t−qs)α−1

Γq(α)
y(s)dqs.

According to (9), we have

Dqu(t) = [α−1]qA1tα−2 +[α−2]qA2tα−3−
∫ t

0

[α−1]q(t−qs)α−2

Γq(α)
y(s)dqs. (13)
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For the second condition of BCs, we get the second q-derivative of u, so

D2
qu(t) = [α−1]q[α−2]qA1tα−3 +[α−2]q[α−3]qA2tα−4−

∫ t

0

[α−1]q[α−2]q(t−qs)α−3

Γq(α)
y(s)dqs.

(14)
We put the value of t = 1 in (13) and (14). Therefore from (3), we have

[α−1]qA1 +[α−2]qA2−
∫ 1

0
[α−1]q(1−qs)α−2

Γq(α) y(s)dqs

= [α−1]q[α−2]qA1 +[α−2]q[α−3]qA2−
∫ 1

0
[α−1]q[α−2]q(1−qs)α−3

Γq(α) y(s)dqs = 0.

Let C1 = [α−1]q = α1(q), C2 = [α−2]q = α2(q), C3 = α1(q)α2(q) and C4 = α2(q)α3(q), then we have
a system of equations of the form:


C1A1 +C2A2−

∫ 1

0

[α−1]q(1−qs)α−2

Γq(α)
y(s)dqs = 0,

C3A1 +C4A2−
∫ 1

0

[α−1]q[α−2]q(1−qs)α−3

Γq(α)
y(s)dqs = 0.

For this system, multiplying the first term by −C4
C2

and then adding the two equations, the following
equation is obtained:

(−C4C1

C2
+C3)A1 +

C4

C2

∫ 1

0

[α−1]q(1−qs)α−2

Γq(α)
y(s)dqs−

∫ 1

0

[α−1]q[α−2]q(1−qs)α−3

Γq(α)
y(s)dqs = 0.

Then, we find the values of A1 and A2 as follows:

A1 =
α2(q)

α2(q)−α3(q)

∫ 1

0

(1−qs)α−3

Γq(α)
y(s)dqs− α3(q)

α2(q)−α3(q)

∫ 1

0

(1−qs)α−2

Γq(α)
y(s)dqs,

A2 =
α1(q)

−α2(q)−α3(q)

∫ 1

0

(1−qs)α−3

Γq(α)
y(s)dqs+

α3(q)α1(q)
α2(q)(α2(q)−α3(q))

∫ 1

0

(1−qs)α−2

Γq(α)
y(s)dqs

+
α1(q)
α2(q)

∫ 1

0

(1−qs)α−2

Γq(α)
y(s)dqs.

Now by substituting A1 and A2 in the relation (12), we get

u(x) =
(

α2(q)
α2(q)−α3(q)

∫ 1

0

(1−qs)α−3

Γq(α)
y(s)dqs− α3(q)

α2(q)−α3(q)

∫ 1

0

(1−qs)α−2

Γq(α)
y(s)dqs

)
tα1

+

(
α1(q)

α3(q)−α2(q)

∫ 1

0

(1−qs)α−3

Γq(α)
y(s)dqs+

α3(q)α1(q)
α2(q)(α2(q)−α3(q))

∫ 1

0

(1−qs)α−2

Γq(α)
y(s)dqs

)
tα−2

+
α1(q)
α2(q)

∫ 1

0

(1−qs)α−2

Γq(α)
y(s)dqstα−2−

∫ t

0

(t−qs)α−1

Γq(α)
y(s)dqs.
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By replacing integral
∫ 1

0 with
∫ t

0 +
∫ 1

t , we have

u(x) =
1

Γq(α)

[∫ t

0

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3tα−1− α3(q)

α2(q)−α3(q)
(1−qs)α−2tα−1

+
α1(q)

α3(q)−α2(q)
(1−qs)α−3tα−2 +

α3(q)α1(q)
α2(q)(α2(q)−α3(q))

(1−qs)α−2tα−2

+
α1(q)
α2(q)

(1−qs)α−2tα−2− (t−qs)α−1
)

y(s)dqs

+
∫ 1

t

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3tα−1− α3(q)

α2(q)−α3(q)
(1−qs)α−2tα−1

+
α1(q)

α3(q)−α2(q)
(1−qs)α−3tα−2 +

α3(q)α1(q)
α2(q)(α2(q)−α3(q))

(1−qs)α−2tα−2

+
α1(q)
α2(q)

(1−qs)α−2tα−2
)

y(s)dqs
]
=
∫ 1

0
G(t,qs)y(s)dqs,

then the Green’s function is obtained as

G(t,s) =
1

Γq(α)



α2(q)
α2(q)−α3(q)

(1− s)α−3tα−1− α3(q)
α2(q)−α3(q)

(1− s)α−2tα−1− (t− s)α−1

+ α1(q)
α3(q)−α2(q)

(1− s)α−3tα−2 + α1(q)
α2(q)−α3(q)

(1− s)α−2tα−2, 0≤ s≤ t ≤ 1

α2(q)
α2(q)−α3(q)

(1− s)α−3tα−1− α3(q)
α2(q)−α3(q)

(1− s)α−2tα−1

+ α1(q)
α3(q)−α2(q)

(1− s)α−3tα−2 + α1(q)
α2(q)−α3(q)

(1− s)α−2tα−2, 0≤ t ≤ s≤ 1.

Theorem 2. ( [9]) Let B be a Banach space and C ⊂B be a cone on B. Also, let Ω1 and Ω2 be two
bounded open sets in B with 0 ∈ Ω1,Ω1 ⊂ Ω2. If T : C∩ (Ω2 \Ω1)→ C is a completely continuous
operator so that

‖Ty‖ ≤ ‖y‖, ∀ y ∈C∩∂Ω1

‖Ty‖ ≥ ‖y‖, ∀ y ∈C∩∂Ω2,

then T has at least one fixed point in C∩ (Ω2 \Ω1).

Lemma 3. The function G defined in Theorem 1 satisfies the following conditions;

G(t,qs)≥ 0, G(t,qs)≤ G(1,qs),

G(t,qs)≥ tα−1G(1,qs), 0≤ t,s≤ 1.

Proof. From (11), we can define two functions g1 and g2 as follows:

g1(t,s) =
α2(q)

α2(q)−α3(q)
(1− s)α−3tα−1− α3(q)

α2(q)−α3(q)
(1− s)α−2tα−1− (t− s)α−1

+
α1(q)

α3(q)−α2(q)
(1− s)α−3tα−2 +

α1(q)
α2(q)−α3(q)

(1− s)α−2tα−2, 0≤ s≤ t ≤ 1
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g2(t,s) =
α2(q)

α2(q)−α3(q)
(1− s)α−3tα−1− α3(q)

α2(q)−α3(q)
(1− s)α−2tα−1

+
α1(q)

α3(q)−α2(q)
(1− s)α−3tα−2 +

α1(q)
α2(q)−α3(q)

(1− s)α−2tα−2. 0≤ t ≤ s≤ 1

According to the definition of g1, we have

g1(t,qs) =
(

α2(q)
α2(q)−α3(q)

(1−qs)α−3− α3(q)
α2(q)−α3(q)

(1−qs)α−2
)

tα−1

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)

tα−2− (t−qs)α−1

=

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3− α3(q)

α2(q)−α3(q)
(1−qs)α−2− (1−q

s
t
)α−1

)
tα−1

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)

tα−2

>

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3− α3(q)

α2(q)−α3(q)
(1−qs)α−2− (1−qs)α−1

)
tα−1

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)

tα−2.

We also have
(1− s)α−1 < (1− s)α−2 < (1− s)α−3, (15)

therefore g1(t,qs) > 0. Let t = 0, then g2(0,qs) = 0. Similar to the previous relationships, this shows
that g2(t,qs) > 0. For s ∈ [0,1] we show that tDg1(t,qs) > 0 (tD = d

dt is the classical derivative with
respect to the variable t). We have

tDg1(t,qs)

=

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3− α3(q)

α2(q)−α3(q)
(1−qs)α−2

)
(α−1)tα−2

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)
(α−2)tα−3− (α−1)(t−qs)α−2

=

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3− α3(q)

α2(q)−α3(q)
(1−qs)α−2

)
(α−1)tα−2

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)
(α−2)tα−3− (α−1)tα−2(1− qs

t
)α−2

>

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3− α3(q)

α2(q)−α3(q)
(1−qs)α−2

)
(α−1)tα−2

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)
(α−2)tα−3− (α−1)tα−2(1−qs)α−2

=

(
α2(q)

α2(q)−α3(q)
(1−qs)α−3− α3(q)

α2(q)−α3(q)
(1−qs)α−2− (1−qs)α−2

)
(α−1)tα−2

+

(
α1(q)

α3(q)−α2(q)
(1−qs)α−3 +

α1(q)
α2(q)−α3(q)

(1−qs)α−2
)
(α−2)tα−3.
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According to (15), g1(t,qs) is an increasing function with respect to t. Also, we have

tDg2(t,qs) =
(

α2(q)
α2(q)−α3(q)

(1−qs)α−3− α3(q)
α2(q)−α3(q)

(1−qs)α−2
)
(α−1)tα−2

+
(

α1(q)
α3(q)−α2(q)

(1−qs)α−3 + α1(q)
α2(q)−α3(q)

(1−qs)α−2
)
(α−2)tα−3

>
(

α2(q)
α2(q)−α3(q)

− α3(q)
α2(q)−α3(q)

)
(1−qs)α−2(α−1)tα−2

+
(

α1(q)
α3(q)−α2(q)

+ α1(q)
α2(q)−α3(q)

)
(1−qs)α−2(α−2)tα−3.

According to (15), we can get tDg2(t,qs) > 0. Then g2(t,qs) is increasing with respect to t, therefore
G(t,qs) is an increasing function with respect to t for fixed s ∈ [0,1]. Suppose now that qs≤ t. Then

G(t,qs)
G(1,qs)

=
z1tα−1− z2tα−1 + z3tα−2 + z4tα−2 + z5tα−2− (t−qs)α−1

z− (1−qs)α−1

>
z1tα−1− z2tα−1 + z3tα−1 + z4tα−1 + z5tα−1− tα−1(1−q s

t )
α−1

z− (1−qs)α−1

= tα−1 z1− z2 + z3 + z4 + z5− (1− q
t s)α−1

z− (1−qs)α−1 > tα−1 z−(1−qs)α−1

z−(1−qs)α−1 = tα−1,

where

z1 =
α2(q)

α2(q)−α3(q)
(1−qs)α−3,z2 =

α3(q)
α2(q)−α3(q)

(1−qs)α−2

z3 =
α1(q)

α3(q)−α2(q)
(1−qs)α−3,z4 =

α3(q)α1(q)
α2(q)(α2(q)−α3(q))

(1−qs)α−2

z5 =
α1(q)
α2(q)

(1−qs)α−2,z = z1− z2 + z3 + z4 + z5.

Also, for t ≤ qs we have

G(t,qs)
G(1,qs)

=
z1tα−1− z2tα−1 + z3tα−2 + z4tα−2 + z5tα−2

z

>
z1tα−1− z2tα−1 + z3tα−1 + z4tα−1 + z5tα−1

z
= tα−1.

In view of Lemma 3, we can conclude the following lemma.

Lemma 4. If 0 < τ < 1, then min
t∈[τ,1]

G(t,qs)≥ τα−1G(1,qs), ∀s ∈ [0,1].

We know B =C[0,1] is a Banach space by norm ||u||= sup
t∈[0,1]

|u(t)|. Suppose τ = qn with n ∈ N, we

define C ⊂B as follows;

C = {u ∈B : u(t)≥ 0, min
t∈[τ,1]

u(t)≥ τ
α−1||u||}
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and the operator T : C→B is defined by

Tu(t) =
∫ 1

0
G(t,qs) f (λ ,s,u(s))dqs.

Remark 2. Since G and f are positive and continuous functions, we conclude that operator T : C→B
is completely continuous. Furthermore for u ∈C, (Tu)(x)≥ 0 on [0,1] and we have

min
t∈[τ,1]

(Tu)(t) = min
t∈[τ,1]

∫ 1
0 G(t,qs) f (λ ,s,u(s))dqs

≥ τα−1 ∫ 1
0 G(1,qs) f (λ ,s,u(s))dqs

= τα−1||Tu||,

where ||Tu||= max
t∈[0,1]

∫ 1

0
G(t,qs) f (λ ,s,u(s))dqs.

We will use the following two symbols:

M =
∫ 1

0
G(1,qs)dqs, N = max

t∈[0,1]

∫ 1

τ

G(t,qs)dqs.

Now, we show the main result of the existence of a solution of the problem (1) - (3).
Let 0 < r1 < r2, we define the following two sets:

Ω1 = {u ∈C : ||u||< r1}, Ω2 = {u ∈C : ||u||< r2}.

Theorem 3. Assume τ = qn with n ∈ N and f (λ ,s,u(s)) is a continuous positive function. If there are
two constants r2 > r1 > 0 so that

M max
s∈[0,1],u∈C∩∂Ω1

f (λ ,s,u(s))≤ r1,

N min
s∈[τ,1],u∈C∩∂Ω2

f (λ ,s,u(s))≥ r2,

then problem (1) - (3) has a solution u such that u > 0 for t ∈ (0,1].

Proof. Since the operator T : C→C is completely continuous, we only prove that equation Tu = u has a
solution u that satisfies u(t)≥ 0 for t ∈ (0,1]. For u ∈C∩∂Ω2, we have ‖u‖= r2. Considering Lemma
4, we have

||Tu||= max
0≤t≤1

∫ 1

0
G(t,qs) f (λ ,s,u(s))dqs≥ max

0≤t≤1

∫ 1

τ

G(t,qs)dqs min
s∈[τ,1],u∈C∩∂Ω2

f (λ ,s,u(s))

= N min
s∈[τ,1],u∈C∩∂Ω2

f (λ ,s,u(s))≥ r2,

therefore ‖Tu‖ ≥ r2 = ‖u‖. For u ∈C∩∂Ω1, we have ‖u‖ = r1 on [0,1]. By using Lemma 3 it follows
that

||Tu||= max
0≤t≤1

∫ 1

0
G(t,qs) f (λ ,s,u(s))dqs 6 max

0≤t≤1

∫ 1

0
G(1,qs) f (λ ,s,u(s))dqs

= M max
s∈[0,1],u∈C∩∂Ω1

f (λ ,s,u(s))6 r1,
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then we get ‖Tu‖ 6 r1 = ‖u‖. Theorem 2 states that the operator T has a fixed point in C∩ (Ω2�Ω1).
Therefore u(t)> 0 for t ∈ (0,1] and u is a solution of problem (1) - (3), so the proof is complete.

Example 1. Let α = 3.5 and q = τ = 0.1. Define function f (λ , t,u) = 3u
λ
+u2, where u is a continuous

function on [0,1], therefore f = O(1), for a positive real large parameter λ . We have

M =
∫ 1

0
G(1,qs)dqs≈

1
1.17

×0.07 = 0.05 > 0.

Moreover, there is the following approximation

∫ 0.1

0
G(1,qs)dqs≈ 0.008,

and
∫ 1

0.1 G(1,qs)dqs =
∫ 1

0 G(1,qs)dqs−
∫ 0.1

0 G(1,qs)dqs. By τ = 0.1, we have
∫ 1

0.1 G(1,qs)dqs≈ 0.04, and

N = max
0≤t≤1

∫ 1

τ

G(t,qs)dqs >
∫ 1

0.1
G(1,qs)dqs≈ 0.04 > 0.

Now, define r1 = 16 and r2 = 28000. Then, note that

M max
s∈[0,1],u∈C∩∂Ω1

f (λ ,s,u(s))6 0.05×16(3+16) = 15.2 6 r1,

N min
s∈[τ,1],u∈C∩∂Ω2

f (λ ,s,u(s))> 0.04× (0.03)2×28000×28000 = 28224 > r2.

Therefore, by using Theorem 3, the following problem

(D3.5
0.1u)(x) =

3u
λ
(x)+u2(x), 0 < x 6 1,

with the following conditions

D0.1u(1) = D2
0.1u(1) = 0, D0.5

0.1u(0) = 0

has a positive solution in C∩ (Ω2�Ω1).

4 Conclusion

By considering a q-fractional boundary value problem, the fixed point theorem and Green’s function of
problem (1) - (3), it was proved that the problem has a positive solution. For this problem, we assume
that the given function is bounded with respect to parameter λ . We used q-derivative calculus to get the
Green’s function of this problem. In the method of proving the results, an operator is introduced. We
show that this operator has a fixed point and thus this fixed point becomes a solution to the problem.
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