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Abstract. Linear systems of equations with Z-numbers have recently attracted some interest. Some
approaches have been developed for solving these systems. Since, there are many ambiguities and un-
certainties in such issues, there is no analytic solution for these kinds of systems. Therefore, numerical
schemes are usually used to estimate the solution of them. In this research, a computational scheme for
solving linear systems involving trapezoidal Z-numbers is presented. The proposed approach is designed
in such a way that it is firstly converted the Z-numbers coefficients to the corresponding fuzzy numbers
and then using a ranking function, the fuzzy coefficients are converted to real coefficients. In this trend,
after two stages, firstly, the original Z-numbers system becomes a fuzzy linear system and the fuzzy sys-
tem is converted to a real system. Then, the obtained crisp linear system is solved based on the artificial
neural network algorithm. Finally, two sample trapezoidal Z-numbers systems are solved based on the
given approach to illustrate the process of the proposed algorithm.

Keywords: Z-Numbers, Trapezoidal Fuzzy number, Weighted Z-number, Linear system of equations, Artificial
Neural Networks, Ranking Function.
AMS Subject Classification 2010: 34A30, 03E72, 92B20, 65F99, 62N05.

1 Introduction

Fuzzy linear systems are one of the considerable mathematical models in science and engineering and
presenting any efficient method to evaluate the solution of such systems is important. Fuzzy system of
equations have been considered by many researchers to develop this subject [1, 5, 15, 21–23, 25, 38, 50].
Artificial neural networks (ANN) were applied in [38] to solve fuzzy linear systems of equations. In
real world problems considering the reliability of uncertain information is essential. Thus, in order to
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remove this drawback in information analysis, Zadeh [48] introduced the concept of Z-number in 2011
to model uncertain information. Z-number is combined with two parts, the first part is restriction and
the second part is reliability, which consists of thinking of humans. Z-number has an extreme ability
to demonstrate human knowledge in comparison to the classical fuzzy number [2, 10, 11, 36, 43, 46].
One of the issues with the Z-number is the yielded results can not be represented in the form of Z-
number. Many researchers applied Z-number in their works, such as arithmetic of discrete or continuous
Z-numbers [3, 4], Z-evaluations [42], the Z-Advanced numbers process [6], solving system of equations
[36], sensor data fusion [30], ranking Z-numbers [43], Z-numbers DEA [9], and other decision making
models with Z-number [27, 31, 33, 39, 44–46]. Ranking Z-numbers is also an important topic in solving
some issues with uncertainty. Many ranking approaches of Z-number suggested such as ranking using the
concept of value and ambiguity at levels of decision-making [14], ranking by using tangent function [18],
ranking by defining the sigmoid function of Z-number [19], ranking based on the developed golden rule
representative value [13] and others.

In [28], the authors proposed an algorithm to solve a triangular Z-number system of equations by
means of an aspect of the neural network. In this work, we develop this idea to propose an approach by
means of another ranking function to approximate the solution of a Z-based linear system of equations
(LSE) in the form ÃZY = b̃Z , where Y is a crisp unknown vector and ÃZ and b̃Z are the trapezoidal Z-
numbers coefficients matrix and right hand side vector, respectively. In order to compute the vector Y ,
at first by applying a special conversion method, the Z-numbers are converted to regular fuzzy numbers,
then a ranking function is used to convert the obtained fuzzy numbers to the crisp real numbers. Finally,
the system is solved by the ANN algorithm.

The novelty of this work can be summarized as follows:
• Considering a trapezoidal Z-number LSE with Z-number coefficients of matrix and also Z-number
right hand side vector,
• Converting the required Z-number system by choosing a ranking function and a conversion method, to
determine a crisp LSE,
• Applying the ANN technique with backward propagation in the proposed algorithm to solve the ob-
tained crisp LSE.

In Section 2, the notions of fuzzy numbers and concept of Z-numbers are recalled. Section 3 estab-
lishes some methods for converting the weighted Z-number to the regular fuzzy number. In Section 4 the
review of the ANN method and the proposed algorithm to solve the LSE with trapezoidal Z-number co-
efficients are presented. In Section 5, two sample trapezoidal Z-number systems are considered to solve
based on the given algorithm and all steps of the presented algorithm are described in detail. Finally,
concluding remarks are summarized.

2 Preliminaries

Here, some definitions of fuzzy sets theory ( [47]) such as fuzzy number and also the concept of Z-
numbers with their properties are reviewed.

Definition 1. [17] A function F̃ : R→ [0, 1] is said to be a fuzzy number when the following conditions
are satisfied:

(1) F̃ is normal, that is ∃a ∈ R such that F̃(a) = 1,
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(2) F̃ is fuzzy convex set

(i.e. F̃(θx1 +(1−θ)x2)≥min
{

F̃(x1), F̃(x2)
}

f or all x1,x2 ∈ R,θ ∈ [0,1]),

(3) F̃ is upper semi-continuous on R,

(4) the closure of supp(F̃), i.e. the
{

x ∈ R : F̃(x)> 0
}

is compact set.

Let E denote the set of all fuzzy numbers. The r−cut set, 0 < r≤ 1, of a fuzzy number is defined as a
closed interval [F̃ ]r = {x∈R : F̃ (x)≥ r}= [F̃(r), F̃(r)], for all r∈ [0,1] (see [8]), where F̃ , F̃ : [0,1]→R,
as the end-points of r-cuts of F̃ are increasing and decreasing functions, respectively.

Definition 2. [49] Let F1,F2 ∈ E and [F̃1]r = [F̃1(r), F̃1(r)], [F̃2]r = [F̃2(r), F̃2(r)] and r ∈ [0,1]. Then

[F̃1 + F̃2]r = [F̃1(r)+ F̃2(r), F̃1(r)+ F̃2(r)],

[−F̃1]r = [−F̃1(r),−F̃1(r)],

[F̃1− F̃2]r = [F̃1(r)− F̃2(r), F̃1(r)− F̃2(r)],

[β F̃1]r = [β F̃1(r),β F̃1(r)], (β ≥ 0),

[β F̃1]r = [β F̃1(r),β F̃1(r)], (β < 0).

Definition 3. [16] A triangular fuzzy number T̃ can be defined by a triple (t1, t2, t3) in which the values
t1, t2 and t3 are real numbers with following membership function:

T̃ (x) =


0, −∞ 6 x 6 t1,
x−t1
t2−t1

, t1 6 x 6 t2,
t3−x
t3−t2

, t2 6 x 6 t3,

0, t3 6 x 6+∞.

(1)

Definition 4. [40] A generalized trapezoidal fuzzy number can be expressed as T̃ = (t1, t2, t3, t4;ω)
where the values t1, t2, t3 and t4 are real numbers, ω ∈ (0,1] is a constant, and the membership function
of T̃ is defined as:

T̃ (x) =



0, −∞ 6 x 6 t1,
ω(x−t1)

t2−t1
, t1 6 x 6 t2,

ω, x ∈ [t2, t3],
ω(t4−x)

t4−t3
, t3 6 x 6 t4,

0, t4 6 x 6+∞.

(2)

In the special case of ω = 1, T̃ is called the normal trapezoidal fuzzy number, which is denoted by
T̃ = (t1, t2, t3, t4).
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Yager in [41] proposed a ranking function like R for a given fuzzy number F̃ with [F̃ ]r = [F̃(r), F̃(r)]
as follows:

R(F̃) =
1
2

∫ 1

0
r
(

F̃(r)+ F̃(r)
)

dr, (3)

which is reduced for the trapezoidal fuzzy number T̃ = (t1, t2, t3, t4) as:

R(T̃ ) =
t1 + t2 + t3 + t4

4
. (4)

The following ranking property is satisfied for F̃1, F̃2 ∈ E and any a ∈ R:

R(aF̃1 + F̃2) = aR(F̃1)+R(F̃2).

Definition 5. Let T̃ and T̃ ′ be two normal trapezoidal fuzzy numbers, then

1. T̃ ≺ T̃ ′⇔R(T̃ )< R(T̃ ′).

2. T̃ � T̃ ′⇔R(T̃ )> R(T̃ ′).

3. T̃ ≈ T̃ ′⇔R(T̃ ) = R(T̃ ′).

Definition 6. [7,32] The ordered pair (F̃ , R̃), where F̃ is the restriction of an uncertain variable on real
values and R̃ is a measure of reliability of F̃, is called a Z-number, denoted by Z̃ = (F̃ , R̃).

The R̃, as the reliability part of Z̃, can be converted to a classical number. To this end, let R̃ =
{(t, R̃(t)) : t ∈ [0,1]}, where R̃(t) is the membership function. Then, the corresponding crisp number can
be obtained by means of the following center of gravity method:

α =

∫
S tR̃(t)dt∫
S R̃(t)dt

, (5)

where S = supp(R̃) = [0,1]. For triangular fuzzy number R̃ = (t1, t2, t3), Eq. (5) may be described as:

α =
t1 + t2 + t3

3
. (6)

Definition 7. [32] The fuzzy expectation of the fuzzy set F̃ = {(t, F̃(t)); t ∈U} is defined as:

EF̃(t) =
∫

U
tF̃(t)dt. (7)

Let Z̃α denote as the weighted Z-number (WZ-number), defined by

Z̃α = {(t, Ãα(t)) : Z̃α(t) = αF̃(t), t ∈U}, (8)

then, from (5), (7) and (8), we have

EÃα = αEF̃ , t ∈U, α ∈ (0,1],

Subject to Ãα(t) = αF̃(t), t ∈U.
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3 Methods of conversion

In the sequel, two conversion methods to convert a WZ-number to a normal trapezoidal fuzzy number
are presented.

3.1 First conversion method [32]

In this method, the WZ-number in Eq. (8) is converted to the following normal fuzzy number:

Z̃′ = {(t, Z̃′(t)) : Z̃′(t) = αF̃(
t√
α
), t ∈U}. (9)

By applying Eqs. (5), (7) and (9), we have

EZ̃′(t) = αEF̃(t), (t ∈
√

αU),0 < α ≤ 1,

Subject to Z̃′(t) = F̃(
t√
α
), (t ∈

√
αU).

The following example illustrates the mentioned scheme. Let the Z-number as:

Z̃ = (F̃ , R̃) =
[
(0.6,0.7,0.8,0.9;1),(0.1,0.25,0.4;1)

]
.

From Eq. (5), the reliability is converted to the following crisp number:

α = 0.25, Z̃α = {0.6,0.7,0.8,0.9;0.25},

where, Z̃α is the WZ-number that is converted to the following regular fuzzy number:

Z̃′ = {
√

0.25×0.6,
√

0.25×0.7,
√

0.25×0.8,
√

0.25×0.9;1}
= {0.3,0.35,0.4,0.45;1}.

3.2 Second conversion method (The proposed scheme)

In [9], first the triangular fuzzy number of the first part of Z-number is converted to the corresponding
WZ-number. Then, the WZ-number related to first part of Z-number, is converted into a regular fuzzy
number. In this work, the mentioned idea is applied for the Z-number with the first part as a trapezoidal
fuzzy number and a triangular fuzzy number as the reliability part of it.

It is noted that the method of converting WZ-number, based on its reliability, into a regular fuzzy
number, increases the domain of the ambiguity of the Z-number in case of normality. Since the member-
ship function of the WZ-number is trapezoidal, the corresponding regular fuzzy number is trapezoidal
too. Furthermore, the slope of the sides of the normal trapezoidal fuzzy number is equal to the sides of
the WZ-number and there is a relationship between the slope of sides and the value of α . Since the WZ-
number has a trapezoidal membership function with Z̃α = (t1, t2, t3, t4), then its corresponding regular
fuzzy number has trapezoidal membership function as Z̃′ = (t ′1, t

′
2, t
′
3, t
′
4). Let t2 = t ′2, t3 = t ′3, with equal

slope of sides. In order to evaluate the value of t ′1, the left side slope of Z̃α must be considered, which is
equals to α

t2−t1
and hence the left side linear equation of the fuzzy number is

Z̃′(x) =
α

t2− t1
x+h, x≤ t2.
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In order to find the value of h, we put the point of (t2,1) in this equation, so we have h = 1− αt2
t2−t1

. Thus,
the left side membership function of normal fuzzy number is obtained as follows:

Z̃′(x) =
α

t2− t1
x+1− αt2

t2− t1
, x≤ t2, (10)

where α is defined in Eq. (5). To identify the value of t ′1, we solve the equation Z̃′(t ′1) = 0 in terms of t ′1.
Thus

t ′1 =
αt2− t2 + t1

α
. (11)

The same steps are carried out to find the value of t ′4. The right side slope of the WZ-number and
its corresponding normal fuzzy number is α

t3−t4
. Then, the rule of membership function of the right hand

side of a normal fuzzy number is

Z̃′(x) =
−α

t4− t3
x+h, x≥ t3.

To find the value of h, we put the point of (t3,1) in this equation, so we have h = 1+ αt3
t4−t3

. Therefore,
the right side membership function of normal fuzzy number is obtained as follows:

Z̃′(x) =
−α

t4− t3
x+1+

αt3
t4− t3

, x≥ t3. (12)

Now, the value of t ′4 is identified by solving the equation Z̃′(t ′4) = 0, so, we get:

t ′4 =
αt3− t3 + t4

α
. (13)

Figure 1: A WZ-number and its conversion to the regular fuzzy number.

Fig. 1 shows the weighted Z-number with height α and presents the conversion into the regular fuzzy
number as schematically. The following example shows the mentioned method. Let

Z̃ = (F̃ , R̃) =
[
(0.6,0.7,0.8,0.9;1),(0.1,0.25,0.4;1)

]
.
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From (5), the part of reliability should be converted to a crisp real numbers as follows:

α = 0.25, Z̃α = {0.6,0.7,0.8,0.9;0.25}.

Now, we find the regular trapezoidal fuzzy number using Eqs. (11) and (13) as follows:

t ′1 =
αt2− t2 + t1

α
=

0.25×0.7−0.7+0.6
0.25

,

t ′2 = t2 = 0.7,

t ′3 = t3 = 0.8,

t ′4 =
αt3− t3 + t4

α
=

0.25×0.8−0.8+0.9
0.25

.

Hence, we obtain

Z̃′ = (0.3,0.7,0.8,1.2;1) .

4 The proposed algorithm

In this section, at first a brief review of the ANN which is applied in the given algorithm is presented.
Then, the proposed algorithm to approximate the solution of the Z-number system is presented.

The ANN in backward propagation case, with the following two-stage learning algorithm, is one of
the efficient computational schemes in engineering sciences (See [12, 20]):
(1) forward computation of working signal,
(2) backward propagation of training error.

In order to solve a crisp LSE by applying the ANN method, a two-layer backward propagation neural
network is designated. Fig. 2 shows the architecture of this ANN where, wi’s show the weights of the
ANN related to the yi’s (the components of the unknown vector Y ), ai j’s, and ti, i, j = 1,2, . . . ,n, are
the inputs and output of the ANN method, respectively to evaluate the crisp linear system Ay = b, with
following objective function:

ai1

ai2

...

ain

w1

w2

...

wn

ti

input layer hidden layer

output layer

Figure 2: The architecture of an ANN to solve linear system AY = b.
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min
n

∑
j=1

(ei)
2 , ei = ti− yi.

Here, a numerical algorithm is proposed in order to approximate the solution of such systems. To this end,
the ANN with a two-layer network is considered, where the inputs are in the first layer and the weights of
the neural network are the second layer as outputs. Using optimization techniques the training of ANN
is based on minimizing the sum of squared errors [20, 38]. It should be noted that one of the important
criteria in training ANN is the repetitions that the network performs during the training. The higher
the number of repetitions in the network training, the lower the network simulation error; but when the
number of iterations exceeds a value, the error of the method will also increase.

In this work, the MATLAB Neuro Solution package is applied and the final solution is evaluated with
specific standard criteria [24, 26, 29, 34, 37, 49].

The following algorithm is introduced in order to compute the solution of a LSE with trapezoidal
Z-number coefficients as:

ÃZY = b̃Z, (14)

where, the coefficients of the matrix (ÃZ) and the components of the vector (b̃Z) are Z-numbers containing
of the trapezoidal fuzzy numbers, and the crisp unknown vector is Y = (y1,y2,y3, . . . ,yn)

T where yi ∈ R,
i = 1,2,3, . . . ,n. The MATLAB package is applied to implement this algorithm.

Algorithm 1.

1. Transform the coefficients of ÃZ and b̃Z to WZ-number by means of Eq. (5).

2. Rewrite the obtained WZ-number coefficients to normal fuzzy number coefficients to achieve the
fuzzy system as Ã′Y = b̃′.

3. Transform the obtained fuzzy coefficients, apply Eq. (4) to the classical corresponding coefficients to
get the crisp LSE as A′′Y = b′′, where A′′ = [a′′i j], i, j = 1,2, . . . ,n and b′′ = (b′′1,b

′′
2, . . . ,b

′′
n)

T .

4. Apply the following ANN steps to compute the obtained crisp LSE:

4.1. Input data ”ε” (tolerance), γ (learning parameter), random (initial) vector weight w(0) =

(w(0)
1 ,w(0)

2 , . . . ,w(0)
n )T , and let k = 0 and e(0) = 0.

4.2. Calculate t(k)i = ∑
n
j=1 a′′i jw

(k)
j , e(k)i = b′′i − t(k)i .

4.3. Evaluate the residual error as E(k) = 1
2‖b

′′−A′′w(k)‖2 = 1
2 ∑

n
i=1
(
ek

i
)2 and update the weights

by the following formula:

w(k+1)
j = w(k)

j +∆w(k)
j , j = 1,2, . . . ,n where ∆w(k)

j = γ

n

∑
i=1

e(k)i a′′i j.

4.4. If E(k) ≥ ε then k = k+1 and return to step 4.2, else go to step 4.5.

4.5 Write w j, j = 1,2, . . . ,n.
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5 Illustrative examples

In the sequel, Algorithm 1 is applied on two sample trapezoidal Z-number linear systems. The learning
parameter is evaluated as γ = 1

2tr(A′′T A′′)
[35], the initial weight vector is considered as w(0) = 0, and

ε = 5×10−7 in both examples.

Example 1. Consider the Z-number system ÃZY = b̃Z, where

ÃZ =

[
[(5,7,8,10),(0.4,0.5,0.6)] [(2,2,4,4),(0.7,0.8,0.9)]
[(5,7,8,10),(0.4,0.5,0.6)] [(−4,−4,−2,−2),(0.7,0.8,0.9)]

]
,

b̃Z
T
=
[
[(7,9,12,16),(0.28,0.4,0.54)] [(1,3,6,8),(0.28,0.4,0.54)]

]
,

with the crisp exact solution y1 = y2 = 1.

Step 1. The Z-number inputs are transformed to the following weighted fuzzy number entries by means
of Eq. (6):

Ãα =

[
(5,7,8,10 ;0.5) (2,2,4,4 ;0.8)
(5,7,8,10 ;0.5) (−4,−4,−2,−2 ;0.8)

]
,

b̃α
T
=
[
(7,9,12,16 ,0.4067) (1,3,6,8 ;0.4067)

]
.

Step 2. The obtained weighted fuzzy numbers are converted to the following normal fuzzy numbers
based on the first conversion method ( [32]):

Ã′ =
[
(3.53554.94975.65697.0711) (1.78891.78893.57773.5777)
(3.53554.94975.65697.0711) (−3.5777−3.5777−1.7889−1.7889)

]
,

b̃′
T
=
[
(4.46415.73967.652810.2037) (0.63771.91323.82645.1018)

]
.

Step 3. The entries of the obtained fuzzy numbers system are converted to the following classical LSE
by applying the ranking method mentioned in Eq. (4):

A′′ =
[

5.3033 2.6833
5.3033 −2.6833

]
,

b′′T =
[
7.0151 2.8698

]
.

Step 4. Solve the above crisp LSE based on the ANN method to find the outputs in Table 1.

Table 1: Numerical results of Example 1, with ε = 0.5×10−6 using method of [32].
y1 y2

0.9320 0.7724
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If in Step 2, each element of matrix Ãα and vector b̃α is converted to normal fuzzy numbers, by
applying the proposed conversion method, we get

Ã′ =
[
(3,7,8,12) (2,2,4,4)
(3,7,8,12) (−4,−4,−2,−2)

]
,

b̃′
T
=
[
(4.0824,9,12,21.8353) (−1.9176,3,6,10.9176)

]
.

Then, after converting the coefficients of the above fuzzy linear system to the corresponding crisp
system by using the ranking function mentioned in Eq. (5), we get

A′′ =
[

7.5 3
7.5 −3

]
,

b′′T =
[
11.7294 4.5

]
.

By solving the crisp LSE A′′Y = b′′ based on the ANN method, the results of Table 2 are ob-
tained, which shows that the proposed conversion method is more accurate than the other existing
conversion method results in Table 1.

Table 2: Numerical results of Example 1, with ε = 0.5×10−6 using the proposed conversion method.
y1 y2

1.0820 1.2049

Example 2. Let

ÃZ =


[(6,8,9,10),Sure] [0̃,Certainly] [(−2,−1,0,0),Sure] [0̃,Certainly]
[(4,6,7,8),Likely] [(−4,−2,−1,0),Likely] [0̃,Certainly] [(1,3,4,5),Usually]

[0̃,Certainly] [(3,5,6,7),Usually] [(1,2,3,5),Sure] [0̃,Certainly]
[(0,1,2,4),Sure] [0̃,Certainly] [(−4,−2,−1,0),Usually] [(1,2,3,5),Likely]

 ,

b̃Z
T
=
[
[(7,9,10,11),Likely] [(8,10,12,14),Sure] [(3,5,6,7),Usually] [(1,3,5,7),Likely]

]
,

where, 0̃ = (0,0,0). Table 3 shows the classification of the reliability values into four different levels
(certainty, sure, usually and likely) [9].

The steps of Algorithm 1 are determined as follows:

Step 1. Find the weighted fuzzy number entries:

Ãα =


(6,8,9,10;0.9333) (0̃;1) (−2,−1,0,0;0.9333) (0̃;1)
(4,6,7,8;0.6) (−4,−2,−1,0;0.6) (0̃;1) (1,3,4,5;0.75)

(0̃;1) (3,5,6,7;0.75) ((1,2,3,5;0.9333) (0̃;1)
(0,1,2,40.9333) (0̃;1) ((−4,−2,−1,0;0.75) (1,2,3,5;0.6)

 ,
b̃α

T
=
[
(7,9,10,11;0.6) (8,10,12,14;0.9333) (3,5,6,7;0.75) (1,3,5,7;0.6)

]
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Table 3: Classifying the reliability values and related fuzzy numbers.

Reliability levels Corresponding fuzzy numbers
Certainly (1, 1, 1),

Sure (0.8, 1, 1),
Usually (0.65, 0.75, 0.85),
Likely (0.5, 0.6, 0.7).

Step 2. Convert the above entries to the following regular fuzzy numbers based on the method in [32]:

Ã′ =


(5.80,7.73,8.69,9.66) 0̃ (−1.93,−0.97,0,0) 0̃
(3.10,4.65,5.42,6.20) (−3.10,−1.55,−0.77,0) 0̃ (0.87,2.60,3.46,4.33)

0̃ (2.60,4.33,5.20,6.06) (0.97,1.93,2.90,4.83) 0̃
(0,0.87,1.73,3.46) 0̃ (−3.46,−1.73,−0.87,0) (0.77,1.55,2.32,3.87)

 ,
b̃′

T
=
[
(5.42,6.97,7.75,8.52) (7.73,9.66,11.59,13.53) (2.60,4.33,5.20,6.06) 0.772.323.875.42

]
.

Step 3. Convert the above fuzzy components to achieve the following crisp system using the ranking
function (Eq. (4)):

A′′ =


7.9701 0 −0.7246 0
4.8412 −1.3556 0 2.8146

0 4.5467 2.6567 0
1.5156 0 −1.5156 2.1302

 ,
b′′T =

[
7.1651 10.6268 4.5467 3.0984

]
.

Step 4. Solve the yielded crisp LSE by the ANN technique, the final computed results are reported in
Table 4.

Table 4: Approximate solution of Example 2, by applying conversion method in [32].

y1 y2 y3 y4

1.0579 -0.0215 1.7581 1.9456

If in Step 2, each element of matrix Ãα and vector b̃α is converted to the normal fuzzy numbers,
by applying the proposed scheme, the following results are found:

Ã′ =


(5.8571,8,9,10.0715) 0̃ (−2.0715,−1,0,0) 0̃
(2.6667,6,7,8.6667) (−5.3333,3,−2,−1,0.6667) 0̃ (0.3333,3,4,5.3333)

0̃ (2.3333,5,6,7.3333) (0.9285,2,3,5.1429) 0̃
(−0.0715,1,2,4.1429) 0̃ (−4.6667,−2,−1,0.333) (0.3333,2,3,6.333)

 ,
b̃′

T
=
[
(5.6667,9,10,11.6667) (7.8571,10,12,14.1429) (2.3333,5,6,7.3333) (−0.3333,3,5,8.3333)

]
.

Then, using ranking function (Eq. (5)), the following results are obtained:
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A′′ =


8.2322 0 −0.7679 0
6.0834 −0.9333 0 3.1666

0 5.1666 2.7679 0
1.7679 0 −1.8333 2.9166

 ,
b′′T =

[
9.0833 11.0000 5.1666 4.0000

]
.

At last, by solving the above crisp LSE based on the ANN scheme, the results in Table 5 are
obtained.

Table 5: Approximate solution of Example 2, by applying the suggested conversion method.

y1 y2 y3 y4

1.2005 0.4425 1.0407 1.2979

As we observe in Tables 4 and 5, since the proposed conversion method contains the whole support
of each fuzzy number (first part) into the Z-number, the final results of the proposed scheme are more
accurate than the method in [32].

6 Conclusion

In this work, solving a trapezoidal Z-number LSE based on the suggested algorithm was discussed. In
this case, the given system was converted to a crisp LSE. Then, the ANN method was applied to get
the final results, which are more accurate than the method in [32]. The suggested algorithm may be
performed on other Z-numbers complicated systems.

Acknowledgments

The authors thank the anonymous reviewers for their constructive feedback to improve the quality of this
work.

References

[1] S. Abbasbandy, R. Ezzati, A. Jafarian, LU decomposition method for solving fuzzy system of linear
equations, Appl. Math. Comput. 172(1) (2006) 633–643.

[2] R.A. Aliev, O.H. Huseynov, R.R. Aliyev, A.A. Alizadeh, Arithmetic of Z-Numbers: Theory and
Applications, World Scientific, 2015.

[3] R.A. Aliev, A.A. Alizadeh, O.H. Huseynov, The arithmetic of discrete Z-number, Inf. Sci. 290
(2015) 134–155.



A neuro-fuzzy approach to approximate ... 765

[4] R. Aliev, O. Huseynov, L. Zeinalova, The arithmetic of continuous Z-numbers, Inf. Sci. 373 (2016)
441–460.

[5] T. Allahviranloo, Numerical methods for fuzzy system of linear equations, Appl. Math. Comput.
155 (2004) 493–502.

[6] T. Allahviranloo, S. Ezadi, Z-Advanced numbers processes, Inf. Sci. 480 (2019) 130–143.

[7] T. Allahviranloo, S. Ezadi, On the Z-Numbers. In: S. N. Shahbazova, M. Sugeno, J. Kacprzyk,
(eds) Recent Developments in Fuzzy Logic and Fuzzy Sets, Studies in Fuzziness and Soft Comput,
Springer, Cham, 391 (2020) 119–151.

[8] G.A. Anastassiou Fuzzy Mathematics: Approximation Theory, Part of the book series: Studies in
Fuzziness and Soft Computing 251, Publisher Springer Science & Business Media, 2010.

[9] A. Azadeh, R. Kokabi, Z-number DEA: A new possibilistic DEA in the context of Z-numbers, Adv.
Eng. Inform. 30 (2016) 604–617.

[10] S. Bandyopadhyay, S. Raha, P. Kumar Nayak, Matrix Game with Z-numbers, Int. J. Fuzzy Log.
Intell. 15 (2015) 60–71.

[11] R. Banerjee, S.K. Pal, A Decade of the Z-numbers, IEEE Trans Fuzzy Syst, 30 (2022) 2800–2812.

[12] S. Chakraverty, S.K. Jeswal, Applied Artificial Neural Network Methods for Engineers and Scien-
tists, World Scientific Publishing Co. Pte. Ltd., 2021.

[13] R. Cheng, J. Zhang, B. Kang, Ranking of Z-numbers based on the developed golden rule represen-
tative value, IEEE Trans. Fuzzy Syst. 30 (2022) 5196–5210.

[14] R. Chutia, Ranking of Z-numbers based on value and ambiguity at levels of decision making, Int. J.
Intell. Syst. 36 (2021) 313–331.

[15] M. Dehghan, B. Hashemi, Iterative solution of fuzzy linear systems, Appl. Math. Comput. 175
(2006) 645–674.

[16] Y. Deng, Z. Zhenfu, L. Qi, Ranking fuzzy numbers with an area method using radius of gyration,
Comput. Math. Appl. 51 (2006) 1127–1136.

[17] D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Applications, Academic Press, New
York, 1980.

[18] S. Ezadi, T. Allahviranloo, New multi-layer method for Z-number ranking using hyperbolic tangent
function and convex combination, Intell. Autom. Soft. Comput. (2017) 1–7.

[19] S. Ezadi, T. Allahviranloo, S. Mohammadi, Two new methods for ranking of Z-numbers based on
sigmoid function and sign method, Int. J. Intell. Syst. 33 (2018) 1476–1487.

[20] S. Ezadi, T. Allahviranloo, Numerical solution of linear regression based on Z-numbers by im-
proved neural network, Intell. Autom. Soft Comput. (2017) 1–11.



766 S.M. Hashemi Moosavi, M.A. Fariborzi Araghi, Sh. Ziari

[21] H. Farooq Hasan, A. Sultana, A New Approach to Solve Fuzzy Linear Equation A ·X +B =C, IOSR
J. Math. (2017) 22–30.

[22] M.A. Fariborzi Araghi, M.M. Hosseinzadeh, Solution of general dual fuzzy linear systems using
ABS algorithm, Appl. Math. Sci. 6 (2012) 163–171.

[23] M.A. Fariborzi Araghi, A. Fallahzadeh, Inherited LU factorization for solving fuzzy system of linear
equations, Soft Comput. 17 (2013) 159–163.

[24] L.V. Fausett, Fundamentals of Neural Networks: Architectures, Algorithms and Applications, Pear-
son Education India, 2006.

[25] M. Friedman, M. Ma, A. Kandel,Fuzzy linear systems, Fuzzy Sets Syst. 96 (1998) 201–209.

[26] K. Gurney, An Introduction to Neural Networks, CRC press, 1997.

[27] F. Hasankhani, B. Daneshian, T. Allahviranloo, F. Modarres Khiyabani,A new method for solving
linear programming problems using Z-numbers’ ranking, Math. Sci. 17 (2023) 121–131,

[28] S.M.R. Hashemi Moosavi, M.A. Fariborzi Araghi, Sh. Ziari, An algorithm for solving a system of
linear equations with Z-numbers based on the neural network approach, J. Intell. Fuzzy. Syst. 46
(2024) 309–320.

[29] S.S. Haykin, Neural Networks and Learning Machines, New York: Prentice Hall, 2009.

[30] W. Jiang, C. Xie , M. Zhuang , Y. Shou , Y. Tang, Sensor data fusion with Z-numbers and its
application in fault diagnosis, Sensors 16 (2016) 1509.

[31] M. Joghataee, T. Allahviranloo, F.H. Lotfi, A. Ebrahimnejad, S. Abbasbandy, A. Amirteimoori, M.
Catak, Solving Fully Linear Programming Problem based on Z-numbers, Iran. J. Fuzzy Syst. 20
(2023) 157–174.

[32] B. Kang, D. Wei, Y. Li, Y. Deng, A method of converting Z-number to classical fuzzy number, J.
Inform. Comput. Sci. 9 (2012) 703–709.

[33] B. Kang , Y. Hu , Y. Deng , D. Zhou, A new methodology of multicriteria decision-making in
supplier selection based on Z-numbers, Math. Probl. Eng. 2016 (2016) 1–17.

[34] S. Kriesel, A Brief Introduction on Neural Networks, Citeseer, 2007.

[35] F.W. Lewis, S. Jagannathan, A. Yesildirak, Neural Network Control Of Robot Manipulators And
Non-Linear Systems (Series in Systems and Control), 1st Edition, CRC Press, 1999.

[36] Z. Motamedi Pour, T. Allahviranloo, M. Afshar Kermani, S. Abbasbandy, Solving a system of linear
equations based on Z-numbers to determinate the market balance value, Adv. Fuzzy Syst. (2023)
1–28.

[37] M.A. Nielsen, Neural networks and deep learning, Determination Press, San Francisco, CA, 2015.



A neuro-fuzzy approach to approximate ... 767

[38] M. Otadi, M. Mosleh, S. Abbasbandy, Numerical solution of fully fuzzy linear systems by fuzzy
neural network, Soft Comput. 15 (2011) 1513–1522.

[39] J.-Q. Wang, Y.-X. Cao, H.-Y. Zhang, Multi-criteria decision-making method based on distance
measure and choquet integral for linguistic Z-numbers, Cogn Comput. (2017) 1–16.

[40] Z. Xu, S. Shang, W. Quin, W. Shu, A method for fuzzy risk analysis based on the new similarity of
trapezoidal fuzzy numbers, Expert Syst. Appl. 37 (2010) 1920–1927.

[41] R. Yager, A procedure for ordering fuzzy subsets of the unit interval, Inf. Sci. 24 (1981) 143–161.

[42] R. Yager, On Z-valuations using Zadeh’s Z-numbers, Inter. J. Intell. Syst. 27 (2012) 259–278.

[43] R. Yager, On a View of Zadeh’s Z-numbers, IPMU 3 (2012) 90–101.

[44] A.M. Yaakob , A . Gegov, Interactive topsis based group decision making methodology using Z-
numbers, Int. J. Comput. Intell. Syst. 9 (2016) 311–324.

[45] B. Yang, G. Qi, B. Xie, The pseudo-information entropy of Z-number and its applications in multi-
attribute decision-making, Inf. Sci. 655 (2024) 119886.

[46] J. Ye, Similarity measures based on the generalized distance of neutrosophic Z-number sets and
their multi-attribute decision making method, Soft Comput. 25 (2021) 13975–13985.

[47] L.A. Zadeh, Fuzzy Sets, Inf. Control 8 (1965) 338–353.

[48] L.A. Zadeh, A note on Z-numbers, Inf. Sci. 181 (2011) 2923–2932.

[49] H.J. Zimmermann, Fuzzy Set Theory and its Applications, Springer Science & Business Media,
2011.

[50] A. Ziqan, S. Ibrahim, M. Marabeh, A. Qarariyah, Fully fuzzy linear systems with trapezoidal and
hexagonal fuzzy numbers, Granul Comput. 7 (2022) 229–238.


	1 Introduction
	2 Preliminaries
	3 Methods of conversion
	3.1 First conversion method kang2
	3.2 Second conversion method (The proposed scheme)

	4 The proposed algorithm
	5 Illustrative examples
	6 Conclusion

