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1 Introduction

Fuzzy numbers and fuzzy arithmetic operations were first introduced in the seventies of the 20th cen-
tury by Zadeh [38] and Dubois and Prade [16], respectively. Fuzzy set theory is nowadays a powerful
mathematical tool for modeling uncertainty and processing vague or subjective information [26,29]. The
field has been developed in several major directions and find applications in many different real-world
problems. Roughly speaking, two approaches to fuzzy arithmetic are available: one based on Zadeh’s
extension principle [2], the other based on interval arithmetic [18].

One of the major applications of fuzzy arithmetic is given by fuzzy differential equations (FDEs).
Indeed, FDEs provide a natural way to model dynamic systems under uncertainty [40], and have shown to
be an effective and useful technique in a large number of different areas, such as in civil engineering [32],
hydraulics [6], and population dynamics [1]. There are at least three approaches to FDEs: the first based
on Zadeh’s extension principle, a second one on families of differential inclusions, and a third using
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some appropriate derivative for fuzzy valued functions. Under certain conditions, the three approaches
are equivalent, although in general they differ [9, 10, 30]. Different ways can be also used to realize each
one of the three approaches.

One of the first approaches to FDEs via Zadeh’s extension principle was proposed by Buckley and
Feuring [7], where a solution to a FDE is generated using Zadeh’s extension principle on a classical
solution of its ordinary differential equation. A second way has been proposed by Barros et al.: to use
Zadeh’s extension principle to define a derivative for fuzzy valued functions and then use it to develop
the corresponding theory of fuzzy dynamical systems [1]. In this approach, the utilization of Zadeh’s
extension principle is, in practice, quite difficult, and different formulations of the same ordinary dif-
ferential equation lead to the same solution, which ensures its uniqueness. To overcome the difficulties,
a different approach to FDEs was suggested by Hiillermeier [23] (see also [11]), by taking the a-level
sets of the parameters, the initial value and the solution, and converting the given differential equation
into a family of differential inclusions. Other approaches exist, e.g., based on the definition of fuzzy
differences. Then, different ways to study FDEs correspond to many different suggestions given in the
literature on how to define a fuzzy difference.

Initially, Kaleva [24] formulated the concept of solution to a FDE by using differentiability in the
sense of the Hukuhara difference, which was first introduced by Puri and Ralescu [33]. It is well-known
that the usual Hukuhara difference between two fuzzy numbers exists only under very restrictive con-

ditions. For details, see [14, 15,24]. To overcome this shortcoming, Stefanini and Bede proposed the
generalized Hukuhara difference of two fuzzy numbers, which exists in many more situations than the
Hukuhara difference [35,36]. The same authors extended this line of research by introducing the so-

called generalized difference, which has a large advantage over previous concepts, namely, it always
exists [5,35]. Independently, in 2015, Gomes and Barros published a note on the generalize difference in
order to assure existence [19]. The literature on fuzzy differentiability concepts is now vast [2, 3, 5]. In
particular, based on the notion of strong generalized differentiability, which follows from the Hukuhara
difference and generalized Hukuhara differentiability, FDEs have been extensively investigated and sev-
eral results on existence and uniqueness of solutions are available in the literature [3,4, 9, 28].

Here we propose new differentiability and integrability concepts for fuzzy valued functions. Sev-
eral properties of the new concepts are investigated and compared with similar concepts that have been
recently introduced. Using the new notions for fuzzy derivatives and integrals, Newton—Leibniz type
formulas are non-trivially extended to the fuzzy case. Then, using the obtained results, FDEs are inves-
tigated under two different approaches. In the first approach, a fuzzy problem is transformed into a crisp
one. It is shown, under suitable assumptions, that this approach reproduces the same solutions as those
obtained via differential inclusions and Zadeh’s extension principle. Our second approach follows from
the proposed notion of derivative for a fuzzy valued function. We show that fuzzy solutions obtained
from this approach coincide with those obtained via the generalized Hukuhara differentiability concept.

The paper is organized as follows. In Section 2, parametric representations of fuzzy numbers and
their main properties are recalled. Our definitions of fuzzy derivative and integral for fuzzy valued
functions, and their relation and comparison with other recent proposals, is given in Section 3. Section 4
is dedicated to the study of fuzzy differential equations. The paper ends with conclusions, in Section 5.
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2 Preliminaries

There are several models to obtain parametric representations of fuzzy numbers and their arithmetic
operators: see, e.g., [8,17,27,37]. In [8], Chalco-Cano et al. considered two parametric representations
for each fuzzy number u as follows:

(i) the decreasing convex constraint function u : [0,1]> — R is defined by

ug(A) =Aug +(1—-ul, 0<A,a<l1; (1)

(ii) and the increasing convex constraint function u : [0, 1]*> — R by

ug(A) =Auf +(1—2A)ugy, 0<A,a<l1. )

Based on the parametric representations (1) and (2), a variant of the single-level constraint interval arith-
metic (SLCIA) was proposed, in order to exhibit the operations between fuzzy numbers, as

= i A 1)), A M|,
e o = | min (10 (A) v (), (a(2) <ve(2)
where * € {+,—, x,+}. Unlike SLCIA, Lodwick and Dubois [27] introduced the constraint interval
arithmetic (CIA) to present another fuzzy arithmetic, using a distinct parameter A for each distinct inter-
val involved in operations, as

Wa®la= [ min_ {(ng+Aulug —1a)) % (va +Au(vE —va)) )

somas (g + A — )+ (v A (v —va) |
SLCIA and CIA have some remarkable properties [8,27]. Recently, Heidari et al. [20, 21], based on
the parametric representations (1) and (2), found the solutions of fuzzy variational and unconstrained
fuzzy valued optimization problems. Moreover, Ramezanadeh et al., by considering these parametric
representations for interval numbers, investigated interval differential equations with two different ap-
proaches [34]. As an extension of the proposed approach in [34], here the a-level set of fuzzy valued
functions is expressed as a set of classical functions using the parametric representations (1) and (2).

2.1 Basic concepts of fuzzy set theory

We denote by .Z (R) the set of fuzzy numbers, i.e., normal, fuzzy convex, upper semicontinuous and
compactly supported fuzzy sets defined over the real line R. For 0 < o < 1, the a-level set of A €
F(R) is defined by [A]¢ = {x € R|A(x) > a} and for & = 0 it is the closure of the support, i.e., [A]o =
{x € R|A(x) > 0}. The relationship between crisp sets and fuzzy sets can be obtained from the following
theorems and lemma.

Theorem 1 (Stacking theorem, Negoitd and Ralescu [31]). A fuzzy number A satisfies the following
conditions:
(1) its at-level sets are nonempty closed intervals for all o, € [0,1];
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ClAlgforall0<B<a<l;
(3) N2, [A]lg; = [A]a for any sequence o; that converges from below to o €]0,1];
(4) Uz [A]o, = [Ao for any sequence o; that converges from above to 0.

Theorem 2 (Characterization theorem, Negoitd and Ralescu [31]). Let {Uy| 0 < a < 1} be a family of
subsets R satisfying the following conditions:

(1) Uy are nonempty closed intervals for all o € [0,1];

(2)Ug CUgforall0<B<a<l;

(3) N2 Uy, = Uq for any sequence o; that converges from below to o €]0,1];

(4) U, Uy, = Uy for any sequence o that converges from above to 0.

Then, there exists a unique fuzzy number A such that [A]q = Uqy for any a € [0, 1].

The notation [A]y = [ay,ag] denotes explicitly the a-level set of a fuzzy number A, where a, and
ay, are its lower and upper bounds, respectively. The following well-known result represents some inter-
esting properties associated to ag, and a; of a fuzzy number A.

Lemma 1 (See [2]). Assume thata™ :[0,1] = R and a™ : [0,1] — R satisfy the following conditions:
(1) a (&) = ay € R is a bounded, non-decreasing, left-continuous function in 10,1] and it is right-
continuous at 0;

(2) a"(a) = af; € R is a bounded, non-increasing, left-continuous function in 10,1] and it is right-
continuous at 0;

(3) a; <af for a =1, which implies ay < af; for all a € [0,1].

Then, there is a fuzzy number A € F (R) that has ay,al; as endpoints of its ot-level set [A]q. Moreover,
if A:R — [0,1] is a fuzzy number with [Alq = [ag,ay], then functions ay and a; satisfy the above
conditions (1)—(3).

2.2 Parametric representation of fuzzy numbers

The a-level set [A]y = [ay,agy] allows us to consider non-decreasing and non-increasing parametric
representations as follows [8]:

[Alg = {a(t,a)| a(t, o) = ag +1t(a, —ay); t €[0,1]} (non-decreasing representation), 3)
[Alg = {a(t,a)| a(t, o) = al, +t(ay —a}); t €[0,1]} (non-increasing representation). 4)

Using these parametric representations, one defines the equality relation of two fuzzy numbers.

Definition 1. We write A= B € % (R) if and only if [A]q = [Bl« for all @ € [0,1]. In other words, A = B
if and only if {a(t,a)| t € [0,1]} = {b(t,a)| t € [0,1]}, where a(t,a) and b(t,a) are non-decreasing
(non-increasing) parametric representations of [A]y and [Bq, respectively.

Remark 1. Following Definition 1, A = B if and only if a(t,a) = b(t, &) for all t € [0, 1].

Based on the parametric representations (3) and (4), the standard interval arithmetic is explicitly
extended to the fuzzy case.
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Definition 2. Let [A]ly = {a(t,a)|t € [0,1]} and [B]q = {b(t,a)| t € [0, 1]} be the non-decreasing (non-
increasing) representations of Q-level sets A,B € F(R), respectively, and A be a real number. The
parametric arithmetic AxB and A - A are defined in terms of their o-level sets:

[A%Blg = {a(ti, &) *b(t2, )| 11,1, € [0, 1]}, 5)
(A -Ala = {Aalt, )| 1 € [0,1]}, (6)

where [Alq = [ag,a], [Bla = [by,bf), and 0 ¢ [B]y in the division A = B.

Remark 2. Note that if [A] has a non-decreasing (non-increasing) parametric representation and A >
0, then [A - A]q has a non-decreasing (non-increasing) parametric representation, and if A < 0, then
[A -A]q has a non-increasing (non-decreasing) parametric representation.

Because, for each a € [0, 1], a(f;, o) x b(t, &) and a(t, o) are continuous functions in #;,#, and ¢,
respectively, one can easily check that the parametric arithmetic defined in Definition 2 is equivalent to
the fuzzy standard interval arithmetic of A * B and A - A [25], which is defined via their t-level sets by

[A%Blg = [A]a *[Bla, [A-Alqg = A[A]q forall @ € [0,1],
where
[Alg * [Bla = {c| c=axb,a € [A]q,b € [Bla}, A[A]a ={Aa| a € [A]a}.

Parametric arithmetic (5),(6) and CIA are identical, except that when the fuzzy numbers are the same,
parametric arithmetic (5) uses two parameters, while CIA uses one parameter, i.e.,

[AxA]q ={a(t,a)*xa(t,a)|t €[0,1]} inCIA,
[AxA]q ={a(t1,00) xa(tr, )| t1,1o € [0,1]}  in parametric arithmetic (5).

It is noteworthy that, by considering a single parameter for all fuzzy operands in the parametric arith-
metic, that is, #; = t, = ¢, the SLCIA is obtained.

In agreement with Definition 2, the difference has the property A — A # 0. To overcome this issue,
Chalco-Cano et al. [8] proposed C-subtraction (using SLCIA), which is equivalent to the generalized
Hukuhara difference, as follows.

Definition 3 (Chalco-Cano et al. [8]). The parametric difference (p-difference for short) of two fuzzy
numbers A,B € F (R) is given by its o-level set as

[A©,Bla ={a(t,) —b(t,a)| a(t, @) = ag +1(ag —ay), b(t,0) = by +1(bg —by); t € [0,1]},
where [A]q = |ay,a};| and [Bly = [by,bl].

If in Definition 3, the non-decreasing (non-increasing) parametric representation for the fuzzy num-
ber A and the non-increasing (non-decreasing) parametric representation for the fuzzy number B are
considered, then A©,B=A —B.

Remark 3. If a(t,a) — b(t,®) is a non-decreasing (non-increasing) function in t for all o € [0,1],
then the parametric representation of [A ©p, B is according with the non-decreasing (non-increasing)
representation.
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Remark 4. Clearly, ifu € #(R) andv € R, thenuS,v=u—vandvS,u=v—u.

Let i = h(t, @, x) be a real valued function. Throughout the paper, the following notations are used:

W= %, Ah = % and Agh = g—g. Moreover, it is assumed that the following equalities hold for the

mixed derivatives:
, 9 (on\ _a [dn\ . .,
(Aah) =5 <8a) =~ 9a (a) =Aalk),

= 2(2) =2 (%) -am

Using the parametric representation, the obtained results by Bede and Stefanini [5] and Chalco-Cano
et al. [13] are easily achieved. This follows from Proposition 1.

Proposition 1. Let A,B € Z (R) be defined in terms of their a-level sets {a(t, )| a(t,a) = agy +1t(al, —
ag); t € 10,11}, {b(t,@)| b(t, ) = by +1(bfs — by); t € [0,1]}, respectively. Then, there exists a fuzzy
number C € R z such that C = A©,, B if and only if one of the following conditions is satisfied:

<0, Yae[o,1] )
0

or

, Yaeo,1], ®)

where c(t,o0) = a(t,a) — b(t, o).
Proof. It can be easily proved from Lemma 1. O

In Proposition 1, if both conditions (7) and (8) hold, then A ©, B is a crisp number.
The p-difference of two fuzzy numbers does not always exist. For example, consider the two trian-
gular fuzzy numbers A = (12,15,19) and B = (5,9,11). The p-difference A ©, B does not exists because

[AS,Blg={T—a+t(1—a)|te[0,1]}

does not satisfy the conditions (7) and (8) of Proposition 1. To overcome this shortcoming, a new
difference between fuzzy numbers has been defined, that always exists (cf. Theorem 4 and Remark 7

in [8]).

Definition 4. The generalized parametric difference (gp-difference for short) of two fuzzy numbers A,B €
Z (R) is given by its o.-level set as

[A©4pBlo = | inf min(a(t, B) — b(t, B)), sup max(a(t, B) — b(t.B)) |

B>a 1 B>a !

where a(t,) = ag _H(aE —aE) and b(t,B) = bg —|—t(bg - bB)
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Proposition 2 (See [8]). For any fuzzy numbers A,B € F (R), the gp-difference A ©,), B exists and is a
fuzzy number. Moreover, the gp-difference and the generalized difference coincide.

Example 1. Consider the triangular fuzzy numbers A = (12,15,19), B = (5,9,11), C = (0,5,10), and
the trapezoidal fuzzy number D = (4,5,6,8). It is easy to see that the p-differences A, B and DS, C
do not exist, while their gp-differences exist:

49 Ble = | inf min(7 B+ (1~ B)). sup max(7 - ﬁ+t(1—B))]

i pza

— | inf (7 ), sup(8 — 2B)
| p=a Ba

[D©,,Cle = ﬁiggmtin(4—4ﬁ+t(—6+7ﬁ)) supmax(4 4B +1(—6+7P))

p>a

= [6,8 20,

( [mf(?)ﬁ 2) sup4 4[3}

B B>
s ;‘;z op-2]. ¢
Ba—2,4—4a], a€cl0,3]
={ [0,4—4a], a€(3,3]
[0,1], ac [% 1].

Definition 5. Ler A,B € % (R) be defined in terms of their a-level sets {a(t, )| a(t,) = ag +t(af —
ay); t €[0,1]}, {b(t,@)| b(t,a) = by + (b —by); t € [0,1]}, respectively. The metric D : F (R) x
F(R) — R U{0} is defined as D(A,B) = sup {d([A]a,[Bla)}, where

0<a<l

d([A e [Bla)) = maxla(t, @) ~ b(s, @) ©)

Relation (9) is equivalent to the Hausdorff distance between [A]y and [B]. Letk € R and A, B,C,E €
Z (R). The following properties are well-known for the metric D:

e D(A+C,B+C)=D(A,B),
e D(kA,kB) = |k|D(A,B),
e D(A+B,C+E) <D(A,C)+D(B,E),
e (Z#(R),D) is a complete metric space.
Proposition 3. For A,B € .#(R), if AS, B exists, then D(A,B) = D(A&, B,0).
Proof. 1t is easily proved from Definition 5. OJ

An immediate property, that follows from Proposition 3, is

D(A,B)=0&AC,B=0.
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3 Main results: fuzzy valued functions

Let F : . CR — % (R) be a fuzzy valued function with o-level set [F (x)]q = [fg (X), fo (x)]. Then, it
is trivial to see that a parametric representation of [F(x)], is

{fit.o () = S () +1(fo (x) = fo (X)) £ €[0,1]} . (10)

Definition 6 (See [20]). The fuzzy number L is the limit of the fuzzy valued function F : ¥ CR — % (R)
as x — a if, and only if, for every € > 0O there exists 6 > 0 such that D(F (x),L) < €, whenever |x—a| < 8.

Proposition 4. For a fuzzy valued function F : . CR — Z (R),

lim F(x) = L < lim (F(x)©,L) =0.

X—X0 X—X0

Proof. 1t is easily obtained from Definition 6 and Proposition 3. O

Definition 7. Let F : ¥ C R — F(R) be a fuzzy valued function. We say that F is continuous at a € .

if and only if for every € > 0, there exists a 0 = 8(a,€) > 0 such that D(F (x),F(a)) < € forall x € .

with |x —a| < 6, that is, limF (x) = F(a). Moreover, we say that F (x) is continuous if it is continuous at
X—a

any point in ..

Definition 8 (See [39]). The Zadeh'’s extension F : % (U) — # (V) of a function f : U — V, where U
and 'V are topological spaces, is defined as follows: given u € F (U),

sup pu(s), if f'(y) #0,
Hr () = § s€r10)
0, if f'(y)=0,

forallyeV.

In general, the computation of Zadeh’s extension principle is a rather difficult task. Simplicity is
found, however, if the function to be extended is continuous [12].

Theorem 3 (See [22]). If f : R" — R™ is continuous, then Zadeh's extension F : F (R") — Z(R™) is
well defined, continuous, and [F ()] = f([u]a) for all o € [0,1].

Let C/f, € (Z(R))* be a k-dimensional fuzzy vector for which each element is a fuzzy number, i.e.,
Ch=(C1,G,...,C)T, Cje Z(R), j=1,...,k, which denotes the set of all parameters that are present
in a fuzzy valued function. Without loss of generality, consider Cl\‘, to be an ordered set with respect
to (w.r.t.) the order maintained in the function. If the fuzzy valued function FCJ5 . CR— Z(R)
is obtained from a continuous function by applying Zadeh’s extension principle, then, using a non-
decreasing parametric representation of the o-level sets for the fuzzy numbers and Theorem 3, another
parametric representation for the a-level set of this class of fuzzy valued functions is obtained:

Fes ()] = { oo ()| fen) 7 SR = Rie(t, ) € [Cha }, (an
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where the a-level set of the fuzzy vector C¥ is defined as

[CVa = {e(t, )] e(t, ) = (c1(11, @), e2(n2, @), ... cxte, @) cilt, @) = (ei)g + (i) — (ci)a),

izl,...,k,t:(tl,tz,...,k) [0,1] } (12)
By (10), since for every fixed x and o € [0, 1] Jfe(r,0)(x) is linear with respect to t and therefore contin-
uous, ming ek, fe(t.a) (x) = mingc g 1j¢ fe(t,o) (x) and max c(ta)e[Ctly feta) (x) = maxyc (o 1 fe(t,a) (%)
exist, then
Fei (x)]q = | min X), max x)| .
[Fer, ()] te[oyl]kfc(na)( ) [ l]kfcta( )

Note that the parametric variables ¢; in (11), j = 1,2,...,k, belong to the interval [0, 1]. However, the
parameter 7 in (10) depends on x, i.e.,t : . C R — [0, 1]. Let us see an example.

Example 2. Consider the fuzzy valued function
Fer(x) = (1,2,3)-x+(1,2,3) 6%, 0<x<2.
By (10) and (11), two parametric representations can be considered:

[Fe2 (0)]oe = {(1+ 0)x+ (1 + ) +1 (2= 20)x + (2 - 2a)x%) |7 € [0,1]},
={(1+o+1(2—2a))(x+x*) [t € [0, 1]}, (13)
[Fe2 (o = {fepray(0) = 1+ @+ 12— 20))x+ (1 + & +0(2-20)) [ e(t, @) € [Cila},  (14)

respectively, where [C2]q = {e(t, @) | e(t, @) = (1+ a+1(2 —2a), | + A +1(2—2a)); t = (t1,12) €
[0,1]?}. By putting #; = 0 and #, = § in (14), function (1 + a)x+ 2x* is obtained. This function can be
also obtained by setting r = %
parameter ¢ is independent from variable x, which is in contrast with the parametric representation (10).

in representation (13). Thus, in the parametric representation (11) the

Remark 5. If a fuzzy valued function does not contain the same fuzzy numbers (e.g., in coefficients),
then the parametric representation (11) coincides with that obtained from the use of CIA. Otherwise,
equivalence is not guaranteed. To see this, consider, e.g., the fuzzy valued function

FC% (x) =(2,3,4)-Ln(x) 4+ (0,1,3) -+ (2,3,4) -sin(x), 0<x<2m. (15)
Based on the parametric representations (10) and (11), one has

( (4—o)Ln(x )+aex+(2+05)sm(x)
+1((—2+420a)Ln(x) + (3 —3a)e* + (2 —2a)sin(x)), 0<x <1,
(Fra ()] = (24 o)Ln(x )+aex+(2+(x)sm(x)
o \Wla = +1((2—2a)Ln(x) + (3 = 3a)e + (2 —2a)sin(x)), 1<x<m,
(24 o)Ln(x )+ae"+(4 o) sin(x)
+1((2—2a)Ln(x)+ (3 —3a)e* + (—2+2a)sin(x)), 7 <x<2m,

and

[Fe(®)]a ={2+oa+1(2—-2a))Ln(x)+ (a+1(3—3a))e*
+2+a+n(2—-2a))sin(x), 1,t,13 €[0,1]},
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respectively, while via SLCIA and CIA we obtain
[Fci (x)]e = {(2+ a)Ln(x) + ae* + (24 ) sin(x)
+1((2—2a)Ln(x)+ (3 —3a)e* + (2 —2a)sin(x)), r€][0,1]}
and
[Fes ()] = {2+ a+1(2—2a)) (Ln(x) +sin(x)) + (@ +1'(3—3a)) ', 1,1 € [0,1] },
respectively. Therefore, the fuzzy valued function (15) has four distinct parametric representations.

The following result establishes a relationship between the limit and continuity of a fuzzy valued
function and the limit and continuity of its ¢-level set.

Proposition 5. Let i : ¥ CR — F(R) be a fuzzy valued function and

Fet ()] = { fetoo @) oo - CR = Roe(t,) € [Chla }

If lim fo(; o) (x) exists for every c(t, &) € [C¥ ), in other words, for everyt € [0,1]%, then lim Fy (x) exists
x—xg” O\ v

X—rX0
and

L}i_{EOFc/; (x)} = [Fc/; (Xo)} W [mtin)}i_%ﬂ(t,a) (x), max lim f,(;.a) (x)] :
Moreover, Fei is continuous at X if fe(.q) is continuous at xo for everyt € [0, 11¥ and a € [0,1].

Proof. Suppose lim, ., fe(t,a) (X) = a(t, &) for every c(t, o) € [C¥]4. Therefore, for every t € [0, 1] and
o € [0,1], it can be concluded that

Ve>0,36 >0: [x—x0| <06 =|fera(x)—alt,a)| <e. (16)
On the other hand, because for every fixed x € . and a € [0, 1] the functions fi( 4)(x) and a(t, o) are
continuous in t, there exist t',t” € [0, 1]¥ such that
min| fe(t.a) (%) —a(t, )| = |fe(r o0 (%) —a(t, )],

max| fe(e.) (¥) = a(t, @)| = [ fer.a)(¥) —a(t", o)l

Then, from (16), Ve > 0,3 §;, 8 > 0 such that
Ix —xo| < &1 = \fc(t’,a) (x)—a(t',a)| <&,

e —xo0| < & = | fer.a) (¥) —a(t”, )| <&.
Furthermore, f(y ) satisfies Theorem 1 (the stacking theorem). Then, a(t,a) fulfills the same prop-

erty, that is, there is a fuzzy number A such that [A], = {a(t,a)|t € [0,1]F}. Next, by choosing & =
min{d;, 65, },

D (1)A) = max {minl () alt, 00 mg e (1)~ a(t 0 <

v
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whenever |x — x| < 8. Hence, by Definition 6, lim Fei (x) = A. Moreover,
X—X0 v

[hm Fei (x)]

X—X0

=[Alq = [mtin a(t, o), max a(t, 06)]

o
= [mgn im fe(eo0 (¥), max lim fo(ea) (x)] -
The continuity of F« at xq is proved similarly, by using the continuity of f¢ «) at xo. O

Proposition 6. If Fri : 7 CR — F(R) is continuous at xo € . and [F (x)]a = { fe(t,a) (¥)]

Jea) L SR Rie(t,a) € [CX1o}, then Je(t) s a continuous function at xo for each t € [0,1* and
o< 0,1].

Proof. Since F« is continuous, from Definition 1, Definition 7 and Proposition 4 it can be concluded
14
that

lim FCJ; (x) = FC'\‘, (x0) & lim (FCI\\; (x) ©p Fcl‘c/ (XQ)) =0

X—X0 X—X0

& {xli_{}}o(fc(t,a) (%) = fe(to) @) | fe(ta) - 7 SR = Roe(t, ) € [Chlo} =0.
Therefore, for each t € [0,1]% and o € [0, 1],

lim (fe(g,a) (X) = fe(t,a)(X0)) = 0= )Clg?ofc(t,(x) (xX) = fe(t,0 (X0)-

X—X0

The proof is complete. O

Remark 6. Similarly to Proposition 6, it can be shown that if F : ¥ C R — Z#(R) is a continuous
fuzzy valued function with [F(x)]q = {fy (x) +1(fof (x) — fo ()| € [0,1]}, then the real valued func-
tions f, (x) and f; (x) are continuous.

3.1 Differentiation of fuzzy valued functions

Based on the notion of p-difference, we start this section with the definition of p-differentiability of a
fuzzy valued function.

Definition 9. Let xo € |a,b[ and h be such that xo+ h €)a,b|. Then the p-derivative of the fuzzy valued
function F :la,b|— % (R) at x is defined as

Fy(x0) = lim & F(x0-+ ) €, F(x0)]

If Fj(x0) € # (R) exists, then we say that F is parametric differentiable (p-differentiable, for short)
at xg.
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Proposition 7. Let Fi :|a,b[— 7 (R) be defined in terms of its o-level set

Ferla = { fetea(09) oo s bl Roc(t, @) € [Chla }

If fet,0)(x) is differentiable at xo €]a,b| and for all a € [0,1] fo.a)(X0 + 1) — fea)(X0) satisfy the
stacking theorem, then Fy is p-differentiable at xo and there exists (Fei )p(x0) € F(R) such that

Jeta) la;b[— Rye(t, @) € [C’;]a}.

[(Fet ) = { Fi.y (0)

Moreover,
[(Fcﬁ)fp(xoﬂa = [mtinfc/(m) (xo),mtaxfé(m)(xo)} . (17)

Proof. Using Definition 3, we can write that
ey (xo+1) 8, Py ()] = { fetvan (ko) = fetuop (0)] fey bl R, e(t 1) € [Chla}

Because fq( q) is differentiable at xo for every t € [0,1]* and & € [0, 1], }lirr(l) Jeta) (x°+h})l_f°("“)(x0) exists and
o

|
[%i’%h [Py (x0 + 1) ©p e WH o

{1. fe(t) (X0 +h) = fe(ta) (X0)
= 1im
h—0 h

fefta Ja,b[— R,e(t, ) € [ckv]a} (18)

fettay la.b[— Rye(t,a) € [cs]a}.

—{Fay0)

By assumption, ft,q)(Xo + /1) — feta)(X0) is an a-level set of a fuzzy number. Thus, there exists
(Fee ) (x0) € Z (R) such that

lim [P o+ 1)y Py )] | =[Pyl (19)

[0

Equation (17) follows immediately from (18), (19), and the continuity of fc’ (t a)(xo) in t for all @ €
[0,1]. O

Example 3. Consider the fuzzy valued function F¢1 (x) = (—1,1,2)-¢"* and the or-level set [(—1,1,2)]¢ =
[~1+2a, 2—a]. By (11) the parametric representation of F (x) is

For (9)]a = {(—=1+2a+1(3—3a))e [t € [0,1]}.

1
v

It is possible to calculate its p-derivative from Proposition 7 as

[(Feo1),(0)]a ={(1-20+1Bo—3))e |t € [0,1]}.

p

Then by (17)
[Fei ()]a =[(—2+a)e™, (1 -2a)e ],

v

that is, (Fg1)/y(x) = (=2,—1,1) e,

1
\4
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The following example shows that the converse of Proposition 7 is not true.

Example 4. Let Fi (x) = A- g(x) be a fuzzy valued function with A = (=3, —1,1,3) and

X, x>0
glx) = —x, x<0.

From Definition 9,
1
);(0)]05 = },Loﬁ [FC‘V (h)Sp Fc‘v (0)]a

= { lim Jewa)(h) = fet,)(0)

[(Fe

1
v

h—0 h

[ (-34+20+1(6—-4a))(x), x>0
ﬂ“m@y_{(—3+2a+ﬂ6—MﬂX—@,x<0 JGKLH}

_ | “34+20+1(6—-4a), x>0 B
- {fc(l,a)(x) fc(tﬂ)(x) - { 3—2a+t(—6+4a), x<0 e [07 1]} - [—34—2(1,3—206}.
Then, Fi (x) is p-differentiable at x = 0 and (Fclv )»(0) = A but

| (3420 +1(6—4a))x
Je(t.a)(x) = { (=34+20+1(6—4a))(—x), x<0

is not differentiable at x = 0 for every ¢, o € [0, 1].

Theorem 4. Let F :|a,b[— F (R) be defined in terms of its a-level set as [F (x)]o = { fir,a) (X) = fo (x) +
1(fa (x) = fo (x))| £ € [0,1]}. Suppose that function f, o (x) is a real valued function, differentiable w.r..
x and t, uniformly w.r.t. o € [0,1]. Then, function F is p-differentiable at a fixed xq € a,b] if and only if
one of the following conditions is satisfied:

)>0 )<0
(Aafiia) (x0) <0,  or (Aafir.a)) (x0) >0,
0 0

for all a € [0,1]. Moreover, p-differentiability and generalized Hukuhara differentiability coincide.

Proof. The first part of this theorem can be proved by Lemma 1. For the second part, using Proposition 7,
we have

[F[;(XO)](Z:{}li_r}(l)fa(x0+h)+t(f(;r(x0+h)_fa(xo_l:h))_fa(XO)_t(f;(xo)_fa(xo))‘tE [071]}
» (x — fo (x T (x — fo(x 5 (x — fo (x
:{}lligg)fa(O‘i‘h})l fa(O)_'_t/llii%fa(o—i_h})l fa(O)_t}ziL%fa(o—i_hf)l fa(O)‘ZE[O,l]}

= {(fa) (x0) +1((fa) (x0) — (for)'(x0)) [t € [0, 1]} .

If the first condition hold, then (fy ) (x0) < (f4) (xo) for all & € [0,1]. Thus, it follows from the non-
decreasing representation that

[Fy(x0)]a = [(fo)'(x0), (fa)'(x0)],
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which is coincident with the (i)-gH-differentiability concept. If the second condition hold, then (f;; )’ (xo) >
(fa) (x0) for all & € [0, 1]. Thus, by the non-increasing representation,

[Fy(x0)]ee = [(fa)'(x0), (for)' (x0)];
which is coincident with the (ii)-gH-differentiability concept. UJ

Remark 7. Due to Definition 9 of p-derivative and the two parametric representations (10) and (11) for
fuzzy valued functions, it cannot be expected, in general, that the derivative of a fuzzy valued function
coincides on the two representations. In fact, the sign of the independent variable x is not considered
in the p-derivative, based on representation (11), while the p-derivative on representation (10) depends
on the sign of x. For example, consider the fuzzy valued function Fea (x) = (—=1,2,3)x+ (2,4,5)€",
X € [—3,06]. Its corresponding parametric representations are

F [ {B—a)x+(2+2a)e" +1((—4+2a)x+ 3+ a)e') [t €[0,1]}, —3<x<0
Fe (o =\ (214 30)x+ (24 20)e +1((4— 2a)x+ (B—a)e?) | £ €[0,1]}, 0<x<6

and
[FC%(x)]a ={(-14+3a+1(4—-4a))x+2+2a+1(3-3a))e |1, € [0,1]}.

Their p-derivatives are given by

7 [ {B—a)+2+20)e +t((—4+20)+ 3+ a)e*) |t €[0,1]}, —3<x<0
[Ci<x>]°‘_ {(=143a)+(2+2a)e* +t((4—20)+(3—a)e') |t €[0,1]}, 0<x<6

B-—a+2+2a)e",—1+3a+(5—a)e], —3<x<0
1430+ (2420)e"3—a+(5—a)e'], 0<x<6

and

(7

Cv(x)]“ ={(—-14+3a+1(4—-4a))+ 24+20+1(3—-3a))e'|t;,r, € [0,1]}

=[-143a+2+2a)e" 3 —a+(5—a)e,
respectively, which are clearly not the same.

According to Theorem 4, when f{; o) (x) is differentiable, two cases can be considered for the defini-
tion of p-differentiability, corresponding to the non-decreasing and non-increasing parametric represen-
tations (3) and (4).

Definition 10. Let F :|a,b[— .7 (R) be a fuzzy valued function and
[F(0)la = {fr.) () = for (x) +1(fa (x) = for (¥))t € [0,1]}
with f(; o) (x) differentiable at xo €|a,b[. Then,

e F is called i-p-differentiable at x¢ if

[Fy(x0)]a = {(for) (x0) +1((fa)'(x0) = (fa)'(x0))| £ € [0, 1]}, (20)
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e F is called d-p-differentiable at xg if
[Fy(x0)]a = {(fa ) (x0) +1((fo)' (x0) — (fa)'(x0))] £ € [0,1]}. 2D

The concept of switching point can be extended as follows.

Definition 11. A point xo €]a,b| is said to be a switching point for the differentiability of F, if in any
neighbourhood N of x( there exist points x| < xy < xp such that

type-1: at x; (20) holds while (21) does not hold and, at x», (21) holds and (20) does not hold;
type-11: at x| (21) holds while (20) does not hold and, at x,, (20) holds and (21) does not hold.
Using Definition 11 and Theorem 4, it is easy to find switching points.

Example 5. Let us consider the fuzzy valued function F :] — 10, 10[— .% (R) defined by

F(x) = (2,4,5,8)- (cos(x) - ;i) .

Its a-level set is

[(8 =3a)(cos(x) — 35), (2+20a)(cos(x) — 35)], —10 <x < —1.5004
[F(x)]a =< [(2+20)(cos(x) — 35 )], —1.5004 < x < 1.5004
(8 =3a)(cos(x) — 35), (2420 (cos(x) — 55)], 1.5004 < x < 10,

which is illustrated in Figure 5. We have

3sin(x) + 3%, —10 < x < —1.5004
(Aafo.m) (x)=1{ —2sin(x)—%, —1.5004 <x< 1.5004
3sin(x) + 7, 1.5004 <x < 10,
—2sin(x) — g, —10 <x < —1.5004
(Aafio) (x) =14 3sin(x)+3,  —1.5004 < x < 1.5004
—2sin(x) —g, 1.5004 <x < 10,
sin(x) + ¢, —10 <x < —1.5004
(Afuny) (x) =4 —sin(x) — &, —1.5004 <x < 1.5004
sin(x) + 1¢, 1.5004 <x < 10.

The derivatives of Ag f(0,q)s Aaef(1,0) @a0d A, f(; 1) are given in Figure 5 and, from Definition 11 and Theo-
rem 4, it can be deduced that the function is p-differentiable and the points x; = —1.5004, x, = 1.5004,
x3 = —5.9052 and x4 = 5.9052 are switching points of type-II. Additionally, the points x5 = 0, xg =
—3.3527 and x7 = 3.3527 are switching points of type-I.

Based on the notion of gp-difference introduced in Definition 4, the following gp-differentiability
concept is proposed, which further extends the notion of p-differentiability.
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sl — Lower bounds
— Upper bounds
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Figure 1: Function of Example 5, (a) at-level set, (b) derivatives of the a-level set.

Definition 12. Let x( € |a,b[ and h be such that xo+h €a,b|. Then the gp-derivative of the fuzzy valued
function F :]a,b|— F (R) at x is defined by

!
Fyp(x0) = ,lzlj% h [F(x0+h) Sgp F(x0)] -

If Fy,(x0) € .F (R) exists, then F is said to be generalized parametric differentiable (g p-differentiable,
for short) at xg. In the following theorem, a characterization and a practical formula for the gp-derivative
is given.

Theorem 5. Let Fy t]a,b|— F(R) be such that [FC’§ (o = {few.o) )| fer)  [a,b] = R, ct,a) €

(CK1o ). If fe(t,a) is a differentiable real valued function w.r.t. x, uniformly w.r.t. o € [0,1], then Fex (x) is
gp-differentiable at xy €a,b[ and

[(Fe )gp(x0)]a = [igf min (fé(t,ﬁ)(x0)> ; Sup max (fc/(t,B)(xO))] :

B>a ¢t B>a

Proof. From Definitions 4 and 12,
1
/ _ . - . . o o
[(Fet )gp(x0)]oc = lim [ dnf min(fee.oo o+ 1) = fe(t.) (Xo)),;gg max(fe(t.o) (0 +5) = fe(t.a) (XO))] :

Since fe(t,q) is differentiable, then

o t

[(Fet)gp(x0)]o = [ﬁlgf min (fé(t,ﬁ)(%)) ,Eg%mtax (fc/(t,ﬁ)(xo))]

for any a € [0, 1]. The rest of the proof is similar to the proof of Theorem 34 of [5]. 0
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-1 -0.5 0 0.5 1
X

Figure 2: The a-level set of the gp-derivative of function in Example 6.

Similarly, if F :]a,b[— .# (R) is a fuzzy valued function with ¢-level set

[Fla = { fir.o) (%) = foo (%) +1 (for (%) = fo (x)) [ £ € [0,1] },
then

[FY, (x0) o = [mf min (/. 5)(x0))  sup max (f(;,ﬁﬂxo))] .

Bza 1
Example 6. Consider function F : [0, 1] — .% (R) having the a-level set

[F()]a = {fr.a) ) fr,00 (¥) = @ +1(x* +1—a);t € [0,1]} .
The derivatives are
(Aafiom) () = (Aafia) () = (Afir) (¥) =2x.

From Theorem 4 and Definition 10, the function is not p-differentiable but it is gp-differentiable:

F) (x)]q = | inf min(2Bx + 2tx), sup max(2fx + 2tx
&p
ﬁZa t BZ(X t

[inf (2Bx+2x),sup(2Bx)], —1<x<0
B>a B>a

Linf (2Bx), sup (2Bx+27)], O <x<l1

p>a
) [4x20x], —1<x<0
| Rox,4], 0<x<1.

The a-level set of Fy,(x) is shown in Figure 2.

Example 7. Let us consider the function F : [0, 1] — .# (R) defined by

639

[F(x)]o = {f(,m (| f 1,00 (X) = xe " + 062(6_"2 +x—xe ") +1(l— (12)(2€_x2 +ef—xe ")t €10, 1]} )
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— Lowér bounds‘
[|— Upper bounds

) 0.2 04 0.6 08 1 ! )
X X

Figure 3: Example 7, (a) derivatives of the a-level set, (b) a-level set of the gp-derivative.
We have

(A(Xf(O,a))/ (.X) = Za(l _ 2X€7x2 P +xe7x)7
(A(xf(lﬂ))’ (x) = 2a(e" —1— 2xe_x2)7
(Atf(m))/(x) =0.

The a-level set of (Aq f(o_’a))/(x), (Aq f(l’a))'(x) and (A, f(tvl))/(x) are given in Figure 7. Tt is easy
to check with Theorem 4 and Definition 10 that F(x) is d-p-differentiable on the subinterval [0,x;]
and i-p-differentiable on the subinterval [x,, 1], where x; ~ 0.6103 and x, ~ 0.7106, while it is not p-
differentiable on the subinterval [x;,x;] (see Figure 7). However, F(x) is gp-differentiable with

[Fep(0)]a

= [ inf mtln (( x)e 4+ B2(1— 2re ™ — e +xe ) +1(1— [32)(—4)667“”2 +e* —e”‘—i—xe*x)> ,

B>a

sup max ((1 —x)e 4+ B3(1— 2re ™ — ¢ +xe ) +1(1— [32)(74)ce_x2 +ef—e " +xe_x)) }

B>o

[I%gf (1 —2xe ™ + (1-B%)(e* -1 —2xe’x2)), sup (1 —x)e ™+ B2(1 —2xe —e4xe ™)), 0<x<0.6367
o

= - B>a
[ﬁigg((l —x)e 4 P21 —2xe " — e +xe—X)),§gp(1 —2xe ™+ (1-B2) (e —1—2xe ™)), 0.6367<x<1
> >o
[1 —2xe*x2 +(1—a2) (e —1—2xe ), (1—x)e ™ + a2(1 — 2xe™ —e*X+xe*X)} , 0<x<0.6103
- xz,(l —x)eF 4+ a2 (1 —2xe ™™ — e~ 4 xe V)], 0.6103 < x < 0.6367
[1—2xe 21— 2xe ™ + (1—a?)(e*—1 —2xe_"2)], 0.6367 < x <0.7106
[

(1—x)e —x+a2(1 —2xe —e"‘—i—xe‘"),l—2xe‘x2 +(1—o?)(ef—1 —2xe‘x2)], 0.7106 <x < 1.

The a-level set of Fy,(x) is shown in Figure 7.
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3.2 Integration of fuzzy valued functions

The integral of a fuzzy valued function Fy, : [a,b] — Z (R) with [FC/; (Do = {feta)X) | feta) : la,b] —

R, c(t, ) € [C¥]o}, is defined level-wise by
Je(ta) © [a,b] = R is integrable w.r.t. x for every c(t, ) € [CX)a

[/ab Fey (x)dx] L {/abfc(t,a) (x)dx
(22)

The same comment of Remark 7 holds for the concept of definite integral of a fuzzy valued function. To
gain a better understanding of this issue, we give the following example.

Example 8. Consider function g defined by g(x) = 1 —x and the triangular fuzzy number A = (0, 1,2).
Then, based on the parametric representation (11),

[/03A-g(x)dx]a: {/()3(06+t(2—205))(1—x)dx‘t6 [07”}
Z{—;a+t(—3+3o¢)|te [0,1]}

—3+§a§a
- 277 27|

while using the parametric representation (10) we obtain
3
[/ A-g(x)dx}
0 o
1 3
= {/ o(1—x)+1(2—-2a)(1 —x)dx—l—/ 2-—a)(1—x)+t2a—-2)(1 —x)dx’ te€|o, 1]}
0 1

5

= {—4+ §a+t(5—5a)| te [0,1]}
2 2

5 5
= [—4—1—05,1 —a} .

Proposition 8. Ler F [a,b] — .7 (R) be a fuzzy valued function and [Fcf, ()] = {fet,0) (0]
Jeta) * [a;b] = Rye(t,a) € [CK]a ). If fe(e,0) (%) is integrable w.r.t. x, then Fy. is integrable and

b b b
[ / Fex (x)dx} = [mtin / Je(t,a) (X)dx, max / feto) (x)dx] .
a o a a
Proof. It follows from (22). O
Proposition 9. Continuous functions F : ¥ C R — % (R) are integrable.

Proof. Follows immediately from Proposition 6. O

The integral satisfies the following properties.
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Proposition 10. Ler F(x) and G(x) be two integrable fuzzy valued functions. Then,
(1) JJF(x) dv= [} F(x) dvt [IF() dv, B<2<y.
(Z)fg(a-F(x) +b-G(x)) dx = a~ng(x) dx—i—b-ng(x) dx, a,beR

Proposition 11. Let Fpi : [a,b] — .7 (R) be continuous. Then,
(1) function Gpn(x) = f;FC"‘,(”) du is p-differentiable and (Gpy)',(x) = Fe (x);
(2) function Hgn(x) = fxb Fei(u) du is p-differentiable and (Hgy)},(x) = —Fg (x).

Proof. Suppose that [Feg (x)]a = {fe(eo () fe(eo : [a:8] = R,e(t, &) € [Ch]o}. Then,

(G (x) a—[/FCA ] {/fcm )du

From Proposition 6, fe(q) is continuous. Then, [ fe(,q)(u)du is differentiable for each t € [0, 1]*
and a € [0,1]. Additionally, let us observe that if Je(t.a) satisfies the stacking theorem, then function
Ji fett.o) ()du fulfills the same property. Therefore, using Proposition 7, Gps (x) is p-differentiable and

(G la = { ([ e @) [ ) Rt €

= { fettar et [ab] = Roe(t @) € [CEa |
= [Fey (9l

The second part can be proved similarly. O

fetay © la,b] = Re(t, ) € [C’f,]a},

Furthermore, using Theorem 4 and Remark 6, Proposition 11 holds for the fuzzy valued function
F: CR— Z(R) with a-level set {f (x) +1(fq (x) — fo (x))]t € ]0,1]}.

Proposition 12. If F is p-differentiable with no switching point in the interval [a,b), then

/bF;(x)dx =F(b)©,F(a).

Proof. Because there is no switching point, by Definition 11 F is i- p-differentiable or d-p-differentiable
in the interval [a,b]. Let F be i-p-differentiable (the proof for the d-p-differentiable case is similar).
Then,

[/abF[;(x)dx} _ {/b(<fa)’(x)+z((f;)’(x)—(fa)'(x)))dx\te [0,1]}

= {fo (b) - f;(a)+t(fa(b) fa (@)= fo (b) + fo (a )!te [0, 1]}
= {fo (B) +1 (fof (b) = fo (b)) — (f (@) +1 (f5 (a) — f (@) |t € [0,1]}
=[F ()@pF(a)]a

Thus, the proof is complete. OJ
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Theorem 6. Let F with [F(x)]q = {fq (x) +1(fg (x) — fo ()| € [0,1]} be p-differentiable with n
switching points at d;, i =1,2,....n, a=dy <d| <dy < ...<d, <dyy1 = b and exactly at these
points. Then,

n |: d; di+l

F(b)o,F(a) :; d._lF;(x)dx@p(—l) ; Flg(x)dx].

Moreover,

and if F(d;) is crisp fori=1,2,...,n, then fabFé(x)dx =F(b)—F(a).

Proof. Consider one switching point only. The case of a finite number of switching points follows easily.
Let F be i-p-differentiable on [a,d] and d-p-differentiable on [d,b]. Then, by Proposition 12,

/ F dx@p / F

(F(d)©pF(a) ©p (=1)(F(b) O, F(d))

(F(d)SpF(a))©p (F(d)Sp F (D))
F(b) @p F(a).

The last equality follows from

(F(d)SpF(a))Sp (F(d)©p F (b))

={(fo (@) +1(f5 (d) = fo (D)) — for (@) —1(fy (a a) )
— (for (d) +1(fo (d) = fo () = fo (B) —1(for (B ) o (b)) e €011}
= {fo (b) = for (@) +1(for (b) = fo (b) = f (@) + f (d ))\IG[O 1]}
={(fa (b)+t(fa( )= fa (0))) = (fo (@) +1(fq (@) — fo (a)))lr €0, 1]}
F

= [F(b)&, Fl@)] .
a
Then, by Propositions 10 and 12,
b !/ d ! b !
/a F!(x)dx = / F!(x)dx+ /d F!(x)dx = (F(d) &, F(a)) + (F(b) €, F(d)).
If the values F(d;) are crisp for all switching points d;, i = 1,2,...,n, then from Remark 4 it follows that

n+1
/abFI;(x)dx =Y (F(di)©p F(di-1)) = (F(b) = F(dn)) + (F(dn) = F (dp—1)) + -+

i=1
+ (F(dy) —F(dy))+ (F(d\) — F(a))

)
= F(b)— F(a).

The proof is complete. OJ
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4 Application to fuzzy differential equations
In this section, the following fuzzy differential equation is considered:
Yo = Fex (x,Ypy), Yoy, (x0) = A, (23)

where Fi : [a,b] x 7 (R) — Z (R) is a given fuzzy valued function and A is a fuzzy number. Remark |
gives a useful scheme to solve the fuzzy initial value problem (23). Let

Yo (x)] o = {yd(t,a)(x) |)7d ta) - [a,b] = Rid(t, &) € [DY]q},
[FCG(X,YD?/()C))](X = {fc(t’7 (x Yd(t,) ( ))’fc t',o [avb] xR —>R;C(t/,06) € [Cl\{/]a}v

and
Al = {a(t”, a)|a(t",0) = ag +1"(af —ay);t" €[0,1]}.

From Definition 1, the differential equation (23) can be considered as

Vage O Vi) : [0 = Rid(t,a) € [Dy]o}

= {fe(v.0) (5 Yaa) ) fe( o) 2 [@, 0] x R — Rie(t, @) € [Cy]a},
Vat) (x0) Vaca) : [a:b] = Rid(t, @) € [Dyla}

={a(t",a)|a(t", &) = ay +1"(a} —ag);t" €[0,1]}.

Then, by Remark 1, there exist t’' € [0,1]% and ¢ € [0, 1] such that
= fett,a) (X Va(ta))> Va(ea) (X0) = a(t”, a). (24)

Theorem 7. Let f : [xo,x0 + 1] x B([ay,ag],r2) x B([0,1]¥,r3) x B([0,1],74) — R be Lipschitz w.r.t.
second, third and fourth variables, i.e.,

3L st f (@) — fCom s @)l| < Lilly —wl,
3L, s.t. ”f(xvyatly a) _f(x7y7s7 (Z)H < LQHt/ —S”,
= L3 s.z. ||f(xayat/7 (X) —f(X,)’at,aﬁ)H < L3||(X - ﬁ”v
respectively. Then, the initial value problem
Y = [yt a), yix) =at", @) =ag +1"(ay —ag)
has a unique solution
X
vt d @)= [ flund o)du+al", @)
Xo
Moreover, if f is continuous in t', then the solution y(x,t” ¢, @) is continuous int' and t".

Proof. For the first part, see Theorem 9.6 of [2]. The second part follows immediately from the continuity
of f and y(xo) w.r.t. t' and ¢”, respectively. O
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Theorem 8. Let f : [xo,x0+71] X B([ag,ag],r) x B([0,1]¥,r3) x B([0, 1],r4) — R. Assume f is Lipschitz
w.r.t. y, t' and @, i.e., there exists Ly, L, and L3 such that

[ fe(e o) (%,3) = fe o) s W) | < La[ly —wl,

[ fow ) (%,Y) = fes.o) (0 0) | < Lot — s,

| fe(w ) (X,) = few gy (5, 0) || < Ls|la— B

Then, the fuzzy initial value problem (23) has a unique solution.

Proof. Since fy(y q)(x,y) satisfies the hypothesis of Theorem 7, then the ordinary differential equation
corresponding to (23), i.e.,

Yaa) = fet.a)(X:Vaa))s Yaray(o) = alt”, ),
has a unique solution

yaa @ = [ Sy () duta(t", ).
X0

In addition, the conditions of Theorem 1 hold for

s (e Yoy ()] = { feao (a0 0 e © [a6] X B > Rie(t', @) € [Ch] )
and
Al = {a(t”, a)la(t”,a) =ay +t"(a}, —ay);t" €0, 1]} .

Then, it is easy to check that

o () = { v (09 Yt ) = [ v+ ale” @)t ) € DY

is the a-level of a fuzzy set according to Theorem 2. Subsequently, the fuzzy initial value problem (23)
has a unique fuzzy solution Yy (x). O

Let fe(t,a)(X,Ya(t,a) (X)) be Lipschitz w.rt. y, t' and . Because for every fixed x and a € [0, 1],
Je(t,0) (X Ya(.) (X)) and yg¢ o) (x0) = a(t”, o) are continuous functions in t' and ¢”, respectively, then, by
Theorem 7, equation (24) has a unique solution yq(¢ o) (x) = y(x,¢",t', ) that is a continuous function in
t’ and t”. Therefore, min y(x,7”,t', ) and max y(x,7”,t', &) exist with

.t .1

[Yng (x)]e = [min y(x,2”,t' o), max y(x,t" .t )] (25)
tl,l" tl,t//

foreach d(t, @) € [D}]q.
Now we show that the fuzzy solution of (23) obtained by our approach above coincides with the
solution obtained by the method of differential inclusions [11,30].

Theorem 9. Let U be an open set in [0,1]72. Suppose that Je(t'00)(%;Ya(e,) (X)) is continuous and,
for each (t",t',a) € U, there exists a unique solution yg q)(-) = y(-,t",t', &) of problem (24), where
y(-,1",t', @) is continuous on U. Then, there exists a fuzzy solution Yp: (x) of (23) such that

YD"', (x) = Z(X,A,Cic,)

forall a < x < b, where f,(x,A,C(‘,) is its fuzzy solution via differential inclusions.
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Proof. By Theorem 8, the fuzzy differential equation (23) has a unique solution Yy (x) such that for each
o€ [0,1]
Yoy (o = {Vago) (%)| d(t, @) € [DY]a},

where yq(,q)(-) = y(-,1",t', ) is a solution of (24). From (3) and (12),

Yoy, (0)]a = {¥(x,a,¢,0)| a € [A]a, ¢ € [CY]a}
= i‘(xv [A]Oh [CI\C/]OM OC)
= [i,(x,A,CS)LX

for any fixed t' € [0, 1] and ¢” € [0, 1], which shows, from Definition 1, that Yy (x) = L(x,A,C}). O

Corollary 1. Let U be an open set in [0,1]*72. Suppose that Je(.0) (X Va(e,) (X)) is continuous and,
for each (t",t',&) € U, there exists a unique solution yy o)(-) = y(-,t",t', &) of problem (24) where
y(-, "t &) is continuous on U. Then, there exists a fuzzy solution Yp: (x) of (23) such that

Yoy (x) = L(x,A,Cy)
forall a < x < b, where I:(x,A,C{‘,) is its fuzzy solution via Zadeh’s extension principle.
Proof. The result follows from our Theorem 9 and Corollary 1 of [30]. O

Our approach has the advantage that allows to obtain the main properties of ordinary differential
equations in a natural way. Additionally, one can get algorithms for obtaining a fuzzy solution as an
extension of known algorithms for ordinary differential equations.

Another approach is possible, based on the definition of p-derivative for fuzzy valued functions,
using the parametric representation (10). In such approach, more than one solution exists. The existence
of several solutions may be an advantage when one searches for solutions that have specific properties,
such as periodic, almost periodic or asymptotically stable. Precisely, the following fuzzy differential
equation can be considered using the p-derivative:

Y =F(x,Y), Y(x) =4, (26)
where Y and F are fuzzy valued functions defined in terms of their a-level sets
Y (0)]a = {ya () +1(yg (x) = yo (x))[t € [0, 1]},
[F(x,Y (0)]a = {fa (%YarYa) +1(fa (6YarYa) = fa (%:Yaya))l €011},

and A is a fuzzy number with [A]o = {ag +1(al —ay)|t € [0,1]}. If we write (26) in terms of its ct-level
set, then, from relations (20) and (21), the two following cases can be obtained:

{0a) () +1((r) (x) = (vg) ()|t € [0,1]}
L = {fa (¥ Ye) 1 (fa (6, Vg Ya) = fo (Vg ya))lt € [0,1]},
{va (x0) +1(vg (x0) — yg (x0)) |t € [0,1]} = {ag +1t(ag —ag)|t €[0,1]},

{0g) () +1((vg) (x) = (v§) ()| € [0,1]}
IL. = {fa (0, y0:Y8) 1 (fa (6, ¥aYa) = foa (6 yaya )t € [0,1]},
{Va (x0) +1(v§ (x0) =y (x0)) |2 € [0,1]} = {ag +1(ag —ag)lt €[0,1]}.
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Finally, for fixed x, two systems can be deduced:
¢ 27)
o
(X)), Ya(x0) = ag

{ (V)" (x) = fo (.55 (x),y5 (%)), yg(x0) =a
(Ya)'(¥) = fa (6,54 (x),55 (%)), yg(x0) =a
(Ya)'(x) = fo (6, v (%), ¥ (x)), ya(x0) = ag-
In this approach, the unicity of the solution is lost, but that it is an expected situation in the fuzzy

context. Nevertheless, we can speak of existence and unicity of two solutions (one solution for each
lateral derivative), as is shown in the following result.

Theorem 10. Let F : [a,b] x F (R) — Z (R) be continuous and assume that there exists a constant L > 0
such that
D(F(x,¥), F(x,2)) < LD(Y,Z)

forallx € [a,b] and Y,Z € .F (R). Then problem (26) has two possible solutions on |a,D).
Proof. Follows from Theorem 6 of [9]. O

Example 9. Consider the fuzzy differential equation

{ Yo (¥) = Yo (x) + (=2,1,4) - cos(x),

You (0) = (1,2,3), xe [0,4]. 29

Using the first approach, the solution of the problem is obtained from the ordinary differential equation

Vit () = =Yy (¥) + (—24 30 +1'(6 — 6&)) cos(x),
Yaa)(0) =1+ a+1"(2—-2a), 11" €]0,1], x€0,4],

with solution

cos(x) +sin(x) —e™*

2

Yao)(x) = (=2+3a+1'(6—6a)) +(I+a+1"(2—-2a))e "

Hence, the a-level set of the solution (29) is

cos(x) +sin(x) —e™*

2

[Yp2 (x)]a = {(—2+3a +1'(6—6a)) +(A+a+t"2-2a))e| 1" €]0, 1]} ,

which is the a-level set of the fuzzy valued function
cos(x) +sin(x) —e™*
2

On the other hand, from (25), the lower and upper bounds of the solution is obtained as

Yo () = (=2,1,4)- +(1,2,3) .

(24 30) LI () 4 gy,
. ,(f‘_3“)w+(3—a)e”‘], x €[0,2.2841],

[(4—3a) SR~ 4 (1 4 g)e, |
(~2+30) R 4 (3 q)e], xe [2.2841,4],

Yoy ()] =
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—LO\)VGF boﬁnds
3 — Upper bounds||

Figure 4: Example 9, lower and upper bounds for the solution of (29) (first approach).

which is represented in Figure 4. Now, let us to use the second approach for the fuzzy differential
equation (29). Systems (27) and (28) are

., —yi(x)+(—=2+3a)cos(x), 0<x<Z,
(yoc)(x>:{ y&(x) + (4 —30) cos(x), §§x§42,
iy = § Va@+(-3a)eos(n), 0<x<3,
Ya —Vg(®)+ (—2+3a)cos(x), § <x<4,

[ ya(0)=1+a, yi(0)=3—a,

and

(o Yo (X)+(4—=3a)cos(x), 0<x<Z,
(Ya) (x):{ —Yg () + (=24 3a)cos(x), F<x §24,
v yE)+(—243a)cos(x), 0<x< Z,
(V) (X)—{ —yi(x)+ (4 —3a)cos(x), E<x<4,

( Ya(0) =140, y;(0)=3-a,
respectively. As stated previously, equation (29) has exactly two solutions: one of them is
Y1(x)]e =[(2—1.5c) cos(x)—(1 — 1.5¢) sin(x) —2.5(1 — at)e* + 1.5¢ %,
(—14+1.50)cos(x)+ (2—1.5a)sin(x) +2.5(1 —a)e* + 1.5¢ 7],

for 0 <x < 7, and for 7 <x <4 one has

[Y1(x)]e = [(—1+ 1.5a) cos(x) + (2 — 1.5a) sin(x) — 3.1236(1 — a)e* + (1.5+1.2891 x 10" P ax)e ™,
(2—1.50) cos(x) — (1 — 1.5a) sin(x) +3.1236(1 — a)e* + (1.541.2891 x 10~ ax)e ™,
that starts with (i)-p-differentiability, and there is no switching point on its trajectory. The second one
starts with (d)-p-differentiability and has two switching points at x; = 0.2916 and x, = 2.8501 so we
have to switch to the case of (i)-p-differentiability. Therefore,
[Ya(x)]a = [(2— 1.5a)(cos(x) +sin(x))—(1 —2.5a)e ™™,
(—1+ L.5a)(cos(x) +sin(x)) + (4 —2.5a)e 7],
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| Lower bounds
— Upper bounds

Figure 5: Example 9, lower and upper bounds of (a) i- p-differentiable and (b) d-p-differentiable solutions
of (29).
0<x<0.2916,

¥ (1)) = [(2 — 1.5at) cos(x) — (1 — 1.5a) sin(x) — 0.75312(1 — a)e* + 1.5¢*,
(—1+ 1.5a)cos(x) + (2 — 1.5a) sin(x) +0.75312(1 — &)e* + 1.5¢ ],

02916 <x < %,

[Y2(x)]e = [(—1+1.5a)(cos(x)+sin(x)) — (15.886 — 17.386¢)e ",
(2—1.50)(cos(x) +sin(x)) + (18.886 — 17.386c)e™ ],

T < x<2.8501, and

YV2(x)]q = [(—=141.5¢t) cos(x) + (2 — 1.5a) sin(x) — 0.10803(1 — @)e* + 1.5¢ %,
(2— 1.50)cos(x) — (1 — 1.5a) sin(x) +0.10803(1 — a)e* + 1.5¢ ],

2.8501 < x < 4. The solutions are presented in Figure 5.
In our next example, we consider a simple model for financial institution accounts and interest.

Example 10. Consider a customer who wants to make a deal with a financial institution. He wants
to invest an amount Yy by making a long-term deposit and earning from the offered interest from the
financial institution. The financial institution offers the customer an interest rate of 5% annually, with
the agreement that the money will remain deposited at the financial institution from the first day that
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the capital is productive. Additionally, deposits or withdrawals can exist in addition to capital gains.
Assume that the deposits or withdrawals take place at a constant rate K, where K is positive for deposits

and negative for withdrawals. Then, the rate of change of the value of the capital, ‘%, is
dy
Ir =0.05-Y+K, Y(0)=VY,. (30)
X

It is obvious that the customer wants to compare the results of different capital programs, to see what
rates of K and Y are profitable. In this way, the parameters K and ¥, can be considered to be uncertain.
Depending on the nature of the uncertainty, the problem can be modeled by different methods such as
stochastic analysis, interval analysis, and the fuzzy concept. Here we model the problem by means of
fuzzy numbers by setting K = (—160,0, 160) and Yy = (3000,3500,4000).
From our first approach, the corresponding ordinary differential equation is
y&(m) (x) = 0.05yq(t, ) (x) + (=160 + 1600 + (320 - 320a)),

Ya(t,a)(0) = 3000 + 5000 +¢”(1000 — 1000x), t',¢" €[0,1].
Hence, by the first approach, the fuzzy solution

—160,0, 160)

Yp2 (x) = (3000,3500,4000) - "> + ( 0,03 (295 1)

is obtained, which is represented in Figure 10 for 50 years.
Using our second approach, the two following systems are obtained:

(vg)'(x) = 0.05y5 (x) + (— 160+ 160a), v (0) = 3000+ 500
(y3) (x) = 0.05y% (x) + (160 — 160e), v (0) = 4000 — 500,

(y) (x) = 0.05y% (x) + (160 — 160c),  yg(0) = 3000 + 500t
(y5) (x) = 0.05y5 (x) + (— 160+ 160a), yg(0) = 4000 — 500c.

By considering (i)-p-differentiability, the solution
[¥1(x)] o = [(37000 — 200)e%%* —3200(ac — 1), (7200 — 37000 )e™5 +3200(0r — 1)]

is obtained, with no switching point. The second solution starts with (d)-p-differentiability and has one
switching point at x = 2.9036, where it switches to the case of (i)-p-differentiability. Therefore, the
solution is

[¥2(x)] o = [(3700c — 3700)e %% 4-3500e" %% — 3200( et — 1),
(3700 — 37000t )e 95 4 3500€%95* + 3200( o — 1)],

for 0 < x <2.9036, and

27100+ 102400c 231900 — 1024000
[¥2(x)] o = [( i > 0% —3200(a — 1), < ) 0% £ 3200(a — 1) |,

37 37

for 2.9036 < x < 50. The solutions are shown in Figure 6.
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x10*

— Lowér bounds‘
sll— Upper bounds

x10*

|— Lower bounds
— Upper bounds

Figure 6: Example 10, lower and upper bounds of (a) the solution by the first approach and i-p-
differentiability and (b) d-p-differentiable solution of (30).
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5 Conclusion

Based on parametric representations of a-level sets, two novel representations for fuzzy valued functions
were introduced. Using them, two analytical approaches for fuzzy differential equations were proposed.
In the first approach, the fuzzy differential equation is converted into a crisp differential equation. Then,
the transformed equation is solved, which gives the solution to the original equation. It is shown that
this approach is related to Zadeh’s extension principle via differential inclusions, in the sense that both
make use of the classical derivative and, under certain conditions, give rise to the same solution. In the
second approach, the fuzzy differential equation originates two systems, in such a way that two possible
solutions may be attained. In this case, the solutions are coincident with the ones obtained by using the
generalized Hukuhara differentiability concept.
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