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Abstract. In this paper, we have studied the diffusive predator-prey model
with Monod-Haldane functional response. The stability of the positive
equilibrium and the existence of Hopf bifurcation are investigated by ana-
lyzing the distribution of eigenvalues without diffusion. We also study the
spatially homogeneous and non-homogeneous periodic solutions through
all parameters of the system which are spatially homogeneous. In order to
verify our theoretical results, some numerical simulations are also presented.
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1 Introduction

One of the important themes in both theoretical ecology and applied math-
ematics is the dynamic relationship between predators and their prey due to
its universal existence and importance in population dynamics (see [%,9]).
Predator-prey interactions have shaped all life on earth and this underlying
commonality helps to explain the recent development of parallel indepen-
dent research paths in many diverse fields. For instance, the persistent
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threat of immediate violent death is a hallmark of predator-prey interac-
tions that has profound implications for human psychology, neurobiology,
physiology, developmental biology, ecology and evolution. The first model
to describe the size (density) dynamics of two populations interacting as
a predator-prey system was developed independently by Lotka (1925) and
Volterra (1931). Since the classical Lotka-Volterra models suffer from some
unavoidable limitations in describing precisely many realistic phenomena
in biology, in some cases, they should make way to some more sophisticated
models from both mathematical and biological points of view.
Ruan and Xiao [10] proposed a predator-prey model with Monod-Haldane-

type functional response of the following form:

du
o = =) - 2 (1)
dv
_ pBuww
@~ T ek

where v and v are population densities of prey and predator, respectively;
r is the birth rate, K is a carrying capacity, 5 is the maximum uptake rate
of the prey and p is the conversion rate of prey into predator, v is the death
rate of predator and « is half-saturation. The predator consumes the prey
with Monod-Haldane response.

Then, after nondimensionalization and reduction of parameters, we take

= — F=rt
U= —, 0=, t=rt,
K lll

and rescale the parameters via,

a =

a . BB 7
K?’ uK2r’ K’ r

This leads to (after dropping the tildes) model (1) becomes

du
i u(l—u) — alfs%

(2)
dv

_ d-
=t ).

For considering the spatial effect on the population dynamics, we have
the spatial version of the model (2) as the following initial boundary value
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problem:
?;:dlAU+U(1_U)_C%’ e, t>0,
?;:dQAv—i-c(—v—l-aTq;Q), zeQ t>0, 3)
%:%:07 x €, t>0,
L u(z,0) = up(z) >0, v(z,0) =vo(z) >0, ze.

Here A is the Laplacian operator on Q € RY, where d; and dy denote
respectively diffusivity of prey and predator which are kept independent of
space and time. The no-flux boundary condition means that the statical
environment {2 is isolated and v is the outward unit normal to 0€2. The
initial values ug(z), vo(x) are assumed to be positive and bounded in €.

Many researchers have investigated the stability and Hopf bifurcation of
predator-prey system with various functional response [2—1,6,7, 11-15,17,

,20,21]. In particular predator-prey model with nonmonotonic functional
response was considered [5,16,19,23]. The spatially homogeneous and non-
homogeneous Hopf bifurcations occur at the positive steady state of diffu-
sive Holling-Tanner model studied in [7] and diffusive predator-prey model
with predator saturation and competition response discussed in [11, [2].
Wang and Wei [18] analyzed Hopf bifurcation and steady state bifurca-
tion of diffusive predator-prey system with Ivlev-type functional response
and also showed that the Allee effect has significant impact on the dynam-
ics. In [1], Baek et.al., studied the impulsive predator-prey systems with
Monod-Haldane functional response and seasonal effects, they studied the
local and global stabilities of prey-free solutions by using the Flquet theory
of impulsive differential equations and comparison techniques. Ruan and
Xiao [10] discussed the global dynamics of the predator-prey system with
this nonmonotonic functional response and proved that the system would
undergo a saddle-node bifurcation, Hopf bifurcation and the Bogdanov-
Takens bifurcation. Zhang [22] studied the Hopf bifurcation analysis of
three-species diffusive predator-prey model with Monod-Haldane with de-
lays. Motivated by the discussions, in this article, we study the stability and
Hopf bifurcation of a diffusive predator-prey model with Monod-Haldane
response.

The plan of the article is as follows: In Section 2, we analyze the local
stability and Hopf bifurcation of system (2). In Section 3 and 4, bifur-
cations of spatially homogeneous and non-homogeneous periodic solutions
are rigorously proved the system (3) with numerical example and some
concluding comments are made in Section 5.
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2 Local stability and bifurcation analysis

It is straightforward to check that equation (2) admits three distinct equilib-
rium solutions namely (i) E1(0,0), (i) E2(1,0) and (iii) Ey(us,vs). Note
that E1 = (0,0) represent extinct of both prey and predator. By direct
calculation we find that the eigenvalues of the associated Jacobin matrix
are —1 and c¢. Hence the equilibrium point Fj is a saddle point and it is
unstable. The equilibrium point E2 = (1,0) represents either no the preda-
tor or only prey. The eigenvalues of the Jacobin matrix of (2) at Ea are

—1 and ¢ (ﬁia — 1) . Thus we conclude that the equilibrium point FEj is

globally asymptotically stable if 14% < 1. On the other hand if 1_% > 1
then the eigenvalues are real, distinct but opposite sign indicating that Ey
is a saddle point and it is unstable.

Next we consider the third equilibrium point E, = (u., v,) where

B 2
u*:%(d—i—\/d?—éla) >0, v, = (a u*)l)(a+u*) > 0.

From the biological point of view, it is more interesting to study the dynam-
ical behavior of the positive equilibrium point E, = (u,v,). The Jacobian
matrix of the system (2) at the positive equilibrium point E, = (us, vs) is

o+ 2buzv* _ by
T (et ud)? (a +u3)
Lo(c) = 2 2 @
cdvg(a — uz) (a+ uZ) — dus
crw ()

The characteristic equation of Lg(c) is given by A2 — AT + D = 0, where

—(c 4 uy)(a + u2)? + uy(acd + cdu? + 2bu,vy)

T = trLy(c) = G ’
and
2 2
D = detLo(e) = Cvala—ud) + (2u. — D(a+ ) (o + us(ue — b))

(a+ug)?

The roots of the characteristic equation are

T 1 ——— T 1 =7
)\]_:5"_5 T2—4D, )\225—5 T2—4D

From the above, it is clear that the eigenvalues are real and distinct (real
only) if T2 > 4D (= 4D).
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Let the roots of characteristic equation be complex, that is Ay = p(c) +
iw(c) and Ay = p(c) — iw(c) where p(c) = % and w(c) = 3v4D — T2
Obviously the equilibrium solution E, is a stable spiral when p(c) < 0
while unstable p(c) > 0. If p(c) = 0, then we get

i [2bus vy — (@ + u?)?]
(at a2)((a T o) —du)’

Co =

In this case FE is a center. Next

@(C” — i
de” "7 (a4 u?)

<0,

where (H) = (a+u2)—du, > 0. By the Poincare-Andronov-Hopf bifurcation

theorem, the system (2) undergoes a Hopf bifurcation at E, when ¢ = ¢y.
Thus we have the following.

Theorem 1. Assume that the condition (H) holds. The equilibrium (u., vy)
of the system (2) is locally asymptotically stable when ¢ > ¢y and unstable
when ¢ < cy; the system (2) undergoes a Hopf bifurcation at the positive
equilibrium (u., v.) when ¢ = ¢y.

3 Direction of Hopf bifurcation

In this section we wish to study the nature of the Hopf bifurcation which
demands further analysis of the normal form of the system. Now we inves-
tigate the direction of Hopf bifurcation and stability of bifurcated periodic
solutions arising through Hopf bifurcation. We translate the positive equi-
librium E, = (ux, v«) to the origin by the translation @& = u—1us, 0 = v—v,.
For convenience, we denote @ and ¥ again by u and v respectively. Thus
the local system (2) becomes

du bu + ue)(v + v,)
E _ (u+u*)(1 — (U+U*)) - (a_|_ (u+u*)2)

dv (ot d(u + uy) (v + vy)
7= (o s )

9

Rewrite (5) as

du u f(u,v,c)
dt — c
(f;;) LO()(U>+<g(u,v76)>’ ©
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Figure 1: The trajectory graphs of the system (2) with a = 0.1, b = 2 and
d=1. A)c¢>cy, B) c=cp, C) c<cp.

where Lo(c) is as defined in (4) and

f(u,v,¢) = (ba; — 1)u? — baguv + bazu’v — bagu® + .. .,
g(u,v,c) = —caiu® + casuv — cagu®v + caqgu® + . . .,
with
U4V (30 — u?)
a = ———
(a+u)?
b(u? — a)
a2 = 55,
(ot )2
uy(3a — u?)
a3 = ——53
(a+u?)3
* - 7 2
0 — vi(a — Tuy)

(a+u2)?
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Therefore the characteristic roots of Lo(c) are A\ 2 = p(c) % iw(c), where

(T), w(c)=+/(4D —T?).

Note that the characteristic roots A1, Ao are a pair of complex conjugates,
when (4D - T2) > 0 and A} = iw(cg) and A2 = —iw(cy) when ¢ = ¢g.

Set the following matrix for finding normal form of system (2) with
suitable M and N

and let

(v )

be the eigenvector corresponding to A = p(c) + iw(c) with

a—l—uf

M=
bus

a+ u? 2bu2v,
—Usx w(c).

bu, (a4 u2)?

. 1 0
Bo= _u 1|
N N

Using the transformation

—p(0)>7 N =

Clearly

do T F(x,y,c)
&\ 1o
(3)-m0(0) (Gena) @

where
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with
F(z,y,¢) = (ba; —bagM — l)m2 — (bagaN)zy + (bagN)azzy

‘H)(CL?,M — CL4)J,‘3 ey

- 1

- —F -
G(x,y,c) N (l‘,y,C)—F Ngl(x7y7c)a
and
gi(z,y,¢) = —clay — aaM)a® + (caaN)xy — (cazN)a’y

+c(a4 — agM)xS e

Rewrite (7) in the polar coordinates as

7 =p(c)r +alc)rd +..., ®)
0=w(c)+cle)r?+... .
Then the Taylor expansion of (8) at ¢ = ¢y yields
= p'(co)(c— co)r + aleo)r® + ..., ©)
0 = w(cy) +w'(co)(e—co) +clco)r?+... .

To determine the stability of Hopf bifurcation periodic solution, we need
to calculate the sign of the coefficient A(cg) given by

1
.A(Co) = 1—6 I:Fxxaj -+ nyy -+ Gajajy + nyy] ’(070360)
1
+ 16&)(60) [Fa:y(Fm + Fyy) - Gzy(Gm + GZ!?J)

_Fa:msz + Fnyyy”(O,O,co)v
where

oz = 6(bagM —baq), Fuyy = Gyyy = Fyy = Gyy =0,

F.

Gray = —(2basM + 2ca3), Fyy = —bagN,

Fpp = 2(bay — baoM — 1), Gay = basM + cas,
G

M 1
vy = —QN(bal —bagM — 1) + 2NC(G2M —ay),

subscripts denote partial derivative. Thus we obtain

A(co)
P'(co)

A=—
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Now, from the Poincare-Andronov Hopf bifurcation theorem, p'(c)|._., =

—2% < 0 and, from the above calculations of A(cg), we have the following
conclusion.

Theorem 2. Assume that the condition (H) holds.

(i) If A(co) < 0, the bifurcated periodic solutions are stable and the di-
rection of Hopf bifurcation is supercritical.

(i1) If A(co) > 0, the bifurcated periodic solutions are unstable and the
direction of Hopf bifurcation is subcritical.

4 Stability and direction of spatial Hopf bifurca-
tion
In this section, we mainly focus on the existence of spatially homogeneous

and non-homogeneous periodic solutions bifurcating from the Hopf bifur-
cation of the reaction-diffusion system

( Ou buv
a:dlum—l-u(l—u)—m, l'e(o,lﬂ'),t>0,
ou wUv
(%—dgvm+c<—v—|—a+u2>, x € (0,lm), t >0, (10)
ou Ov
5—%—0, l’eo,lﬂ',t>0,
u(z,0) = uo(z) > 0, v(z,0) =vo(z) >0, € (0,lm).

To cast our discussion into the framework of the Hopf bifurcation theorem,
we translate (10) into the following system by the transition & = u—u,, 0 =
v — v,. For the sake of convenience, we still denote & and ¥ by u and v
respectively. Thus the reaction-diffusion system (10) becomes

Zt—dlum:]:(c,u,v), z € (0,lm), t >0,
ou
i dovye = G(e,u,v), x € (0,im), t >0, (11)
uz(0,t) = ug(lm,t) =0, v,(0,t) = vy(Im,t) =0, t>0,
u(z,0) = ug(x), v(z,0) = vo(x), z € (0,ln).
Define

b(u + uy) (v 4 vy)
(a+ (u+u.)?)

d(u+ uy) (v + v*)>
(a+(utw)?) J

Floyu,v) = (u+us) (1 — (u+uy)) —

)

G(a,u,v) =c <—(v +ou,) +
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where F,G : R x R? — R are C°° smooth with F(c,0,0) = G(c,0,0) = 0.
Now we define the real-valued Sobolev space
X:{(u,v) € [HQ(O,ZW)]Q s (Ug, Vo) |g=01r = 0} ,
and the complexification of X :
X=X ®iX = {u; +iug : up,ug € X}.

The linearized operator of the system (10) evaluated at (u.,vy) is

L) ( di 25 + Ale) B(c) ) |

C(c) do 25 + D(c)

with the domain Dy ) = X¢ where

2buv, dv. (a — u
A(C) = Fu(c7070) = —Ux + ﬁu C<C) = gu(C,0,0) = M’
B(C) == fv(67070) — —ﬁy D(C) = gv(c7070) =—cC <W> ’

with (us,vs) as defined in Section 2.
The following condition is essential to guarantee that the Hopf bifurca-
tion occurs:

(H1) There exists a number ¢ € R and a neighborhood O of c# such
that for ¢ € O, L(c) has a pair of complex, simple, conjugate eigenvalues
p(c)+iw(c), continuously differentiable in ¢, with p(c) = 0, wg = w(c) >
0 and p'(c?) # 0; all other eigenvalues of L(c) have non-zero real parts for
ce 0.

Now we recall the Hopf bifurcation result appearing in [21] and apply it
to the analysis of our model. It is well known that the eigenvalue problem

"

—¢" = pp, e (0,ir); ¢'(0)=¢'(Ir) =0,

has eigenvalues i, = 7—22 (n=0,1,2,...), with corresponding eigenfunctions

¢n(z) = cos("F). Let
= b, )OS T

(!
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be an eigenfunction of L(c) corresponding to an eigenvalue p(c), that is,
L(c)(p,)T = p(c)(¢,1)T. Then, from a straightforward analysis, we obtain
the following relation:

Ln(c)<Z: > :;@)(Z:), n=01,2...,

where
L) = ( —d1%2 + A(c) ?(c) ) |
C(e) —dar + D(c)

It follows that eigenvalues of L(c) are given by the eigenvalues of L, (c) for
n=0,1,2,.... The characteristic equation of L,(c) is

p* = To(c)p+ Dn(c) =0, n=0,1,2,...,

where
( 2buv, (a + u?) — du, (dy + do)n?
Tn = —Ux — - . - )
(©)=—wt Grae ( (a+ ) ) E
2
n
Dn(c) = (A(e)D(e) = B(e)D(c)) + di 55 D(c) (12)
n? n2 20uv,
do dy = + 1y — —xF ),
e ( e (a+u$>2>

Therefore the eigenvalues are determined by

ple) = Tl £ \/T’z(c) —4Dul) 010

If the condition (H1) holds, we see that, at ¢ = ¢, L(c) has a pair of
simple purely imaginary eigenvalues +iwy if and only if there exists a unique
n € NU{0} such that +iwp are the purely imaginary eigenvalues of L, (c). In
such a case, denote the associated eigenvector by ¢ = ¢, = (an,bn)? cos o,
with a,, b, € C, such that L,(c)(an,bn)” = iwo(an, by)T or L(c)q = iwoq.

We identify the Hopf bifurcation value ¢! which satisfies the condition
(H1) taking the following form, if there exists n € NU {0} such that

To(c™) =0, Dy(c®) =0 and T;(c?) #0, D;(c?) # 0 for any j # n, (13)

and for the unique pair of complex eigenvalues p(c) £ iw(c) near the imag-
inary axis p/(cf) # 0. It is easy to derive from (12) that T},(c) < 0 and
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Dp(c) > 0, if 2busv. < (a + u2)?, which implies that (0,0) is a locally
asymptotically stable steady state of system (10).
If 2bu,vs > (a + u?)?, we define

Us|(a uz 2 _ 2bu, v,
R e R (14

Hence the potential Hopf bifurcation point lives in the interval (0, ¢j]. For
any Hopf bifurcation ¢ in (0,c], p(c?) & iw(cH) are the eigenvalues of
L(c™) where

p(cf) = Tn(zc \/D Y —p2(cf),
and
P = SToe) < 0. (15)

From the above discussion, the determination of Hopf bifurcation point
reduces to describe the set

= {c" € (0,¢] : for some n € NU {0}, (13) is satisfied} ,

when a set of parameters (dy,ds,a,b) are given. In the following, we fix
(d1,da,a,b) > 0 and choose [ appropriately. First 66{ = ¢ is always
an element of A; for any [ > 0 since Tp(cll) = 0, Tj(clf) < 0 for any
(j > 1), Dy(cfl) > 0 for any m € NU {0}. This corresponds to the Hopf
bifurcation of spatially homogeneous periodic solution. Apparently 66{ is
also the unique value for the Hopf bifurcation of the spatially homogeneous
periodic solution for any [ > 0. Hence in the following we look for spatially
non-homogeneous Hopf bifurcation points.

Note that, when ¢ < ¢, it is easy to show that T;,(c) = 0 is equivalent to

. (a +u?)n?(dy + do)
O P(la+u) —du)

C = C

Substituting it into the second equation of (12), we have

4 2 2bu2v du, — (a + u?)
D,(¢) = —d2Z _’L YRR S [ A (e UL )
© = - (e (e g ae (M)
@(aJru )(d1+d2)
(a+u2) — du, +0

[bv.(a — u) + (2u. — 1)(a + uZ)(a + us(u — b))]
(a+u3)? '

where © =
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Let

2bu? v, du, — (a+u?) O(a +u2)(dy + da)
Bn= [ d —u, T ) et * _ * ’
o= (o (o i) i ) s

then D, (c) > 0 if and only if

n? - —By + /B + 4d36¢}
12 2d? '

So all the potential Hopf bifurcation points can be labeled as Ay = {c/ }nN:() for
some N € NU {0} where

g . (at+ul)n?(di +dy)

T R+ u?) —du.)

(16)
That is,
O<cl <cll <<l <cll =, (17)

satisfying
(a4u?)—du. ; « H
N (—cn)  —Bo++/B:+ Ad70cy

= dy + dy 22

Now we only need to verify whether D;(cI) # 0 for i # n. Here we derive a
condition on the parameters so that D;(cH) > 0 for each i = 0,1,2,.... Since

it 2 ((dlcf —dacy)((a+ u?) — duy)

Hy _ H
Dz(cn)_d1d2ﬁ+ﬁ (a—i—uE)Q > +Cn @,

we choose the diffusion coefficient dy as small as possible so that dq C,I;I —dach > 0,
that is, given the fixed N defined by (17), for every 0 < n < N, dy < €(l,a,b, N),
where

ch((a+u?) —du,) N?

(a+u2) 12
l,a,b,N) := x 0. 18
E( aa7 K ) CS((G“{‘U%)—du*) N2 > ( )
(a+u?) 2

Therefore D;(c) > 0.

Then summarizing our analysis above and using Hopf bifurcation theorem
in [21], we have the main result of this section on the existence of both spatially
homogeneous and non-homogeneous periodic solutions bifurcating from Hopf bi-
furcation.

Theorem 3. [21] Assume that (a+ u?)? < 2bu,v,. For any ct, defined by (16),
if there exists € = €(l,a,b, N) defined by (18) such that 0 < do < €, then the system
(10) undergoes a Hopf bifurcation at each c = cfI (0 < n < N). With s sufficiently
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small, for c = c(s), c(0) = cI, there exists a family of T|(s)— periodic continuously
differentiable solutions (u(s)(x,t),v(s)(z,t)) and the bifurcating periodic solutions
can be parametrized in the form

u(s)(z,t) = s (aneQﬂit/T(S) + dne—Qm‘t/T(s)) cos B 4 o(s?), -
v(8)(2,t) = s (b 2™/ T() 4 b, e 2T/ T(5)) cos B 4 o(s?),
27 1 Re(a(cl))
T(s) = = (1 + mps* +os4,T:—(ImUcf — (e ),
(9= 214 ra) 4 ols"), =~ (Tmto(e) - FATE et
and
47 47 Re(o(cH))

T// _ =" ——_—" (7 H =&\t ) H .

0 = m =~y (1mGotethy - F et

If all eigenvalues (except +iwl) of L(cH) have negative real parts, then the bifur-
cating periodic solutions are stable (resp. unstable) if Re(o(ct)) < O(resp. > 0).
The bifurcation is supercritical (resp. subcritical) if

—@Re(a(cf)) < O(resp. > 0). Moreover
(i) The bifurcating periodic solutions from ck are spatially homogeneous which

coincide with the periodic solutions of the corresponding ODE system.

(ii) The bifurcating periodic solutions from ¢ n >0, are
spatially non-homogeneous.
Next we follow the methods in [21] to calculate the direction of Hopf bifurcation

and the stability of the bifurcating periodic orbits bifurcating from ¢ = ¢j. We have
the following result.

Theorem 4. [21] For the system (2), the bifurcating (spatially homogeneous)
periodic solutions bifurcating from ¢ = ckl are locally asymptotically stable (resp.
unstable) if Re(o(ckt)) < 0 (resp.> 0). Furthermore the direction of Hopf bifurca-

tion at ct is supercritical (resp. subcritical) if Re(o(ck)) <0 (resp. >0).

Proof. Following the notations and calculation in [21], we set

2= (a0 bo)T — (1 ejl(a+u?) — du,) —wo<a+u£>>T

b
(T = (oletud) bic((atud) —dus)  —ibu. )"
¢ = 0.2/ = 2worl(a + u2) "2worl(a +u2) )

such that (¢*,q) = 1 and (¢*,q) = 0. Then, by direct computation, we get

co = x1 +1iy1, do = X2 +1Y2, €0 = x3, fo = T4, go = x5 +1ys5, ho = Te + iYs,
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where
* 2\ _ d 2
1= 2arh— 1) — 2app@U0F W) Zdus) oy pwelatun)
bu bu,
* 2\ _ d . 2
To = —2cay + 2cas c((a +;2‘) Y >7 Yo = —2ca2w0(ZT+u*)a
* 2\ _ d
25 = 2arh — 1) — 2appDUAH U2) = duts)
by
* 2\ _ d
Ty = 726(11 +2C(12 CO((G+U*) U*)7
buy
* 2\ d . —92b 2
s —6b GSCO((U‘+U*) U ) —as ), ys= UISWO(Q<FU*)7
buy bus
* 2 —d . 2 2
2o = 6 ag - asch((a+ ug) — duy) o= caswo(a + u*)'
bu bu
Then
* 1 2 * 2
(0", Qqq) = m[(wo(a +ui)zy + cp((a+uy) — dus)ys — busys)
Fi(wo(a +ud)yr + buszs — c5((a +uf) — du)a)],
(@5, Qqz) = W[WO(G + ul)zs + i(buszs — ¢ ((a+ul) — duy)zs)],
—x 1 *
(7", Qqq) = m[(%(a + ui)xl —cpl(a+ Uz) — dus)y1 + bu.yz)
Fileh((a+ u) — du)ay +wola + u2)yr — bunzs)),
. 1 o
(7", Qqq) = m[wo(a +ul)ws +i(ch((a+ul) — duy)ws — bu.xy)],
* 1 *
(0", Caqq) = m[(wo(a +ud)ws + cg((a+uf) — du.)ys — bu.ye)

+iwo(a 4 u2)ys + buwas — cg((a+ u?) — du.)ws)].

Direct computation gives

Hao = ( i > —{a", Qqq) ( b ) —{T", Qqq) ( %Lg )
Hi = < jcg ) — (¢, Qaa) ( Z(()J > — (7", Qqa) ( %2 ) =0.

Then, by Yi et al. [21], it implies that weg = w11 = 0; hence

0,

<q*7 QU)20§> = <q*a Qw11q> = 0.
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After elementary but lengthy computations, we obtain

1

Re(o(ef)) = Re{ 5 " Qu) (0", Qu) + 5 " Co) |

20.)0
-1

2 * 2
= W{(Wo(a +u)zr + (@ +uy) — dus)ys — busyz)

(buara — ch((a +u2) — du,)a) + wola + u?)zs(wola +u2)y:

+bu.xs — ci((a+ u?) fdu*)xl)} {wo(a+uz)m5

" Lola +12)
c((a -+ u?) = du)ys — buugs |-

It follows from (15) that p/(c{’) < 0 and then, by Theorem 2.1 in [21], the periodic
solutions bifurcating from ¢ = ¢! are locally asymptotically stable (resp. unstable)
if Re(o(ck')) < 0 (resp.> 0). Furthermore the direction of Hopf bifurcation at ¢!

is supercritical (resp. subcritical) if Re(o(ck)) < 0 (resp. >0). O

5 Conclusion

In this article we have considered the diffusive predator-prey model with spatial
and without spatial effect. By considering the predator-prey system without spa-
tial effect we find that the distribution of the roots of the characteristic equations
of the local system (2) at each of the feasible equilibria and stability of positive
equilibrium point is investigated. In particular, the system (2) undergoes a Hopf
bifurcation at the positive equilibrium (u., v.) when ¢ = ¢q (see Figure 1). This pa-
per shown that modest changes in the parameters ¢ namely death rate of predator
lead to dramatic changes in the qualitative dynamics of solutions. Also provided
suitable remedial measures to maintain the balance of the ecosystem. Moreover
when the direction of the Hopf bifurcation is supercritical, the bifurcating periodic
solution is stable and when the direction of the Hopf bifurcation is subcritical, the
bifurcating periodic solution is unstable.

The positive constant steady state solutions of the system (10) are locally
asymptotically stable when 2bu.v, < (a + u?)?. When 2bu,v, > (a + u?)?, is the
unique homogeneous Hopf bifurcation point where spatially homogeneous orbits bi-
furcate from (u.,v.) for any I > 0. Further there exists multiple non-homogeneous
Hopf bifurcation points ¢, with 1 < n < N, satisfying 0 < ¢l <l | < ... <
el < cll = ¢f. At these points, spatially non-homogeneous periodic orbits bifur-
cate from (u.,v,) for suitable [ > 0.
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